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It is shown that the perturbation theory solution previously given for the damped harmonic oscillator 
is exact. The expression given for the conductance is also exact. 





N an earlier paper,! hereinafter to be denoted by A, 
the Hamiltonian of a harmonic oscillator coupled 
to a resistance was taken as 


R=} (p+0%¢") +Het (0/VC). (1) 


In (1), He is the unperturbed Hamiltonian of the 
resistance, q and p are the coordinate and momentum 
of the oscillator, and Q is a function of the coordinates 
and momenta of the resistance. C is a constant which 
is the capacity of the oscillator if it is an electrical 
oscillator. 

If the oscillator is in an eigenstate of its unperturbed 
Hamiltonian with energy Ey, then using first-order 
perturbation theory, the transition probability can be 
written 


2x 
W.=—| (nthe) |(En|Q| Ent ha) 


2 


x Ke VC Er—ha) 
+p(Er—hw)|(Er|Q|Er—hw)|? 


x|(2-|? le,+n0| |. (2) 
(Be/Zaiert hey) 


In (2), p(Er+%w) is the density in energy of the 
quantum states of the resistance in the vicinity of 


* Supported by the Office of Naval Research. 

t Present address: Institute for Advanced Study, Princeton, 
New Jersey. 

1J. Weber, Phys. Rev. 90, 977 (1953). In the earlier paper all 
squared matrix elements are squares of absolute values. 


Er+hw. w is the natural frequency of the harmonic 
oscillator. 

Let us consider the higher order perturbation theory 
approximations to (2). Suppose the original eigenstate 
of the harmonic oscillator is y,, and the original eigen- 
state of the resistance is dm. 

Because of the linear nature of the interaction term 
p0//C, the only harmonic oscillator matrix elements 
which are not zero are those to states ¥m41. This means 
that if the oscillator is in the state ¥,,, the only two 
states to which it can go are Ym41, and Y»—1. The higher 
order approximations all involve the two adjacent 
states as intermediate states. If the oscillator is in the 
state Ym, it must pass through either the state Y41 or 
the state Yn: before going to any other state. The 
calculation of the statistical exchange of energy includes 
all higher approximations by considering only the two 
adjacent states, and therefore (2) is: exact for this 
purpose.” 

The remainder of A was concerned with statistical 
averaging of expressions obtained from (2) for a 
resistance in equilibrium with a heat bath at a temper- 
ature 7. The result for the energy of a harmonic 
oscillator which is coupled to a resistance at temperature 
T, at time /=0, is 


poles hw Gt 
-[ garner’ | -exo( =) 


Gt 
+U,p exp(-—). (3) 
C 


2 It is assumed that the dissipative element has a dense distri- 
bution of eigenstates, that the perturbation expansion converges, 
and that the expression (2) does not vanish. 
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In (3) G is the conductance function® defined in A by U as a function of time is 
2 Re[G.(w1) | 


hw 2 
— aes id cnanik ais » U=U) x Ki s 9 ; 
G=nel1 exo( =f p(Ert+hw) exo C(1+*/|w|*) | ni 


x |(Er|Q|Ertho)|2o(Er)f(Er)dEr. (4) In (5), w: is the complex natural frequency of the 
damped oscillator, w is the natural frequency of the 
Expressions (3) and (4) are exact for the Hamiltonian undamped oscillator, and ReG,(w;) is the real part of 
(1), and describe the approach to equilibrium of an the conductance G, evaluated for the complex w:. We «__ 
oscillator which is coupled to a resistance in equilibrium wish to show that G.(w)=G(w), where G(w) is defined 
with a heat bath at temperature 7, and which has by (4). Comparing (3) with (5), we see that = 
energy U» at time /=0. 
It remains to be shown that expression (4) is the 2 ReG. (wr) _ Glo (6) 
same as the classical frequency dependent conductance 1+w?/|e,|? 
measured by the response of the conductance to har- 
monic driving forces. For an ensemble of oscillators Now in (5) imagine C to become very large and L to 
consisting of an inductance L, capacity C, and con- become very small such that the undamped frequency 
ductance G,(w), the classical expression for the energy remains the same. Then it is clear that w:—w. Since 
nearer G,(w) is real, it then follows from (6) that 
* The conductance is the reciprocal of the resistance if there is | 
no series reactance associated with the resistance. G.(w)=G(w). (7) 
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Fluctuation Dissipation Theorem* 
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The fluctuation dissipation theorem (Nyquist formula) is shown to be exact and a number of generaliza- 
tions of it are given, including a four-dimensional formulation which is useful in the quantum theory of fields. 
The more general theorem can be used to calculate vacuum expectation values of field operators, and to 
deduce covariant commutation relations for the fields. For a four-potential field, the vacuum expectation 
values for operators at two space-time points x and x’ are 


, h dya([x—x’ ],w) 
Ap(a)Aa(x) on” fe OXI), 
where dyq is a dissipation tensor. 
The covariant commutation relations are 
h _ d a —x’ 32) —~Caq /— 7 
[Au(x),a(x’)]== f [dy (x x’ ],w) d (Lx xJw)], 


@ 





A well-defined cut-off procedure is given for calculating observable fluctuations in cases where the theorem 
gives infinite results. 

For measurements with a linear device which has energy E= hw,, the observable fluctuations of the vacuum 
electromagnetic fields are given by the exact expression 


v=" - R(w)wadeo. 


INTRODUCTION networks, states that the mean squared fluctuation 


YQUIST! first deduced the fluctuation dissipation voltage in an angular frequency interval dw is given by 
theorem, using classical statistics. His work was (V2)=2kTR(w)deo/n. (1) 
prompted by Johnson’s experiments on electrical noise. 
The Nyquist formula, applicable to linear electrical In (1), R(w) is the real part of the impedance function. 
aia a Later Callen and Welton? gave a quantum-theoretical 
Offic of only hens sprains gama of Maryland under deduction of (1) and showed that it was applicable to a 


p 
¢ Guggenheim and Merck (National Research Council) Fellow. ._———— 
1H. Nyquist, Phys. Rev. 32, 110 (1928). 2H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 





FLUCTUATION 


wider class of phenomena than electrical noise alone. 
They applied it to Brownian motion and pressure 
fluctuations in a gas. Their expression for the mean 
squared force fluctuations is 


2 £ hw 
72\ = — R(w)| — 
(v?) =f (of + 


They deduced (2) using first-order perturbation theory. 
In this paper we will show that (2) is exact for systems 
which meet a certain definition of linearity, and we will 
discuss certain useful generalizations and other forms 
of this equation. These generalizations enable the 
theorem to be used for calculating expectation values in 
quantum theory, including field theory. Covariant 
commutation laws for the fields are also deduced from 
these generalizations. 


hw 
— |e (2) 
exp(hw/kT)—1 


EXACTNESS OF THE FLUCTUATION DISSIPATION 
THEOREM 


In order to show that the more general expression (2) 
is exact, we employ a number of relations which have 
already been deduced by Callen and Welton.? The 
following expressions (3), (4), (5), (6), (7), and (9) area 
partial summary of their paper. 

We assume that a system which may be driven by 
external forces has a Hamiltonian of the form 


H=Hyt+VA. (3) 


Ho is the Hamiltonian in the absence of driving forces, 
V,. represents an external driving “force,” and Q is a 
function of the coordinates and momenta of the system. 
The impedance function Z(w) is defined to be the ratio 
of the Fourier transforms of V, and Q and the resistance 
function R(w) is the real part. The admittance function 
Y (w) is the reciprocal of the impedance function and the 
conductance function G(w) is the real pat of the 
admittance function. 

First we calculate the ensemble average of the 
quantity @?, in the absence of external driving forces. 
The Hamiltonian is Ho and for the mth eigenstate we 
write (Q2) nn=dom(Q)nm(Q)mn- We replace the summation 
over m by an integral and take the ensemble average. 
Let p(£) be the density in energy of quantum states in 
the vicinity of E and let F(Z) be a statistical weighting 
factor. Then the ensemble average of Q? is given by 


(Q*)= J ; he J : p(E)F(E) 


X {|(E+hw|Q| £)|2p(E+hw) 
+|(E—helQ|F)|*9(E—Ra))4E |e. (4) 
We can make use of the definition of the impedance 


function Z, to deduce, from (4) an expression for the 
ensemble average of the force fluctuations V?, again in 
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the absence of external driving forces. The result is 


w= fF izieK f 


0 
X {| (E+hw|Q| E)| 9p(E+hw) 
+ |(E—hw|Q!| E)| ‘(Eh aE | (5) 


co 


p(E)F (E) 


We make use of the relation F(E+%w)/F(E) 
=exp(—fw/kT), and make a change of variable in the 
second integral of expressions (4) and (5). We can then 
write for (Q?) 


a hw 
(Q?)= f he'|+exn( -—) | 


xf |(E+hw|Q| E)|%p(E+hw) 
0 


Xp(E)F(E)dEdw, (6) 
and for (V?) 


v= f Z|" 1+exp( 


xf |(E-+-ho|Q| E)|2p(E+hw) 
Xp(E)F(E)dEdw. (7) 


We can calculate the ensemble average of Q*, using 
the same procedure which was employed to obtain (6). 
The result is 


co) hw C) 
@=f il +-ew(-—)] f |(E+hw|Q| E)|? 
0 kT/ Jo 
Xp(E+hw)p(E)F(E)dEdw. (8) 


Expressions (6), (7), and (8) are ensemble averages, 
for the unperturbed system with Hamiltonian Ho. Now 
we imagine the external driving forces to be applied so 
that the Hamiltonian is given by (3), with V, varying 
sinusoidally with time with angular frequency w. Using 
first-order perturbation theory we calculate the transi- 
tion probability, assuming first that the system is in an 
energy eigenstate. From this the exchange of energy and 
power can be calculated. The exchange of power is then 
averaged over an ensemble and the result is proportional 
to the square of the amplitude of the external driving 
force. The conductance function can then be shown to be 


re) 


x i I(E-+he|Q| E)|%p(E+ho)p(E)F(EME. (9) 
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We now imagine the external forces to be removed. 
Callen and Welton substitute the perturbation theory 
result (9) into (7) to obtain expression (2) for the mean 
squared (spontaneously) fluctuating forces, in terms of 
the system response to external forces. In an accom- 
panying note,’ it has been shown that expression (9) is 
exact for systems having a dense distribution of 
eigenstates and which can be coupled to a harmonic 
oscillator by a term proportional to Q. p is either a 
coordinate or momentum of the harmonic oscillator and 
Q is a function of the coordinates and momenta of the 
system, independent of the harmonic oscillator coordi- 
nates. Such systems will have power dissipation quad- 
ratic in the amplitude because for large amplitudes 
(where the notion of amplitude has a meaning) the 
damped linear oscillator has power dissipation quadratic 
in the amplitude. 

On the other hand, if a system is known a priori to 
have power dissipation quadratic in the driving forces, 
then it follows without any other criteria that expression 
(9) must be exact even though it was obtained using 
first-order perturbation theory. This is true because all 
higher order terms in the perturbation expansion lead to 
dissipation higher than quadratic in the driving forces, 
and the contribution of all higher order terms must 
therefore be zero. 

We adopt the definition that dissipative systems are 
linear if they have power dissipation always quadratic in 
the driving force amplitude, for large harmonic driving 
forces. This is consistent with the usual definition that 
linear systems are those which are described by linear 
differential equations. From the foregoing remarks it is 
clear that for linear systems the first-order term in 
perturbation theory gives exact results.‘ If a dissipative 
system is not known a priori to be linear, then a 
sufficient criterion for linearity is that it couples to a 
harmonic oscillator by a term linear in either the oscil- 
lator coordinate or momentum. 

It can also be shown that a dissipative system which 
has a Lagrangian® quadratic in the coordinates and 
momenta, and coupling terms to external forces which 
are linear in the coordinates and momenta will satisfy 
our definition of linearity. 

For linear systems, then, we can substitute the exact 
expression (9) into (6), (7), and (8) to obtain the fol- 
lowing exact forms of the fluctuation dissipation theorem : 


@ G( f+ mse 
=f . exp(hw/kT)—1) 


tee fT ae hw hw 
W)== f R(o|—+— —__ 
0 2 exp(hw/kT)—1] 


” hG( (w)f1 1 7 
2) == — dw. 
= =f « La” exp(ha/kT)—1| 


8 J. Weber, previous paper [Phys. Rev. 101, 1619 (1956). 
“It follows from these remarks that the results given by Julius 
Jackson, Phys. Rev. 87, 471 (1952), are exact for linear systems. 
5 The author wishes to acknowledge an enlightening discussion 
of this point with Professor John A. Wheeler. 


(10) 


dw, (11) 





(12) 
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It should be noted that the definition of conductance 
(9) is the same as the classical one.*® 

Expressions (10), (11), and (12) have the following 
interpretation, for systems which meet our definition of 
linearity. Imagine the system to be driven by external 
forces such that the conductance and resistance func- 
tions are G(jw) and R(w), respectively. Then, in the 
absence of driving forces, there are fluctuations given by 
expressions (10), (11), and (12). For T=0 these ex- 
pressions give the zero-point fluctuations. 

Callen and Welton employed (11) to calculate expec- 
tation values of the square of the electric field intensity 
at a point. Their divergent result contained a term 
having the form of the Planck distribution law. In the 
following sections we generalize the theorem so that 
(convergent) expectation values for field operators at 
different space-time points can be calculated. 


MODIFICATIONS OF THE THEOREM TO INCLUDE 
TIME AVERAGED QUANTITIES 


In many cases measurements are not instantaneous 
values, but are time averages over a finite time interval. 
We can generalize (10), (11), and (12) to cover such 
problems, in the following way. Suppose we have an 
operator O, and we want to calculate [Ow |? where Ow is 
the time average of O over an interval r. 


1 T T 
[On ?=— f f 00’ dtdt’, 
Tdy oo 


(13) 


1 T T 
(Onyua=— ff L(Eal0| En) exp en! 


X(Em|O| En) exp(—twnamt’)didt’. (13A) 


Instead of starting with (O?),,, we can start with 
(13A) to deduce expressions corresponding to (10), 
(11), and (12). The results are then 


*. f f f " G(«) expLia(t—1)] 
— fae, (14) 


hu 
x| + 
2 exp(fiw/kT)—1 


in (w7/2) 
((@n))=— -f G(w) |; =| 


w7/2 
hw 

sa | 
2 exp(hw/kT)—1 


((Vn))=— =f a t R(w) explio(t—t)] 


dedtdt’, (15) 


(((Q)m)*)= 





dw, (14A) 





F 
2 * exp (Io/ kT)—1 
¢ J. Weber, Phys. Rev. 90, 977 (1953). 
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wr/2 
wary f Rw) "R— | 


wr/2 


hw hw 
x[ 
exp(hiw/kT)—1 


(Ou f 5 ee 


1 
X| ho 
2 eeeeni's —1 


@hG(w wr/2 
one pe 


Jeo (15A) 
exp[ iw(t—?’) ] 


Jacaua, (16) 





1 1 
x|- + ———_——— Jeo (16A) 
2 exp(hw/kT)—1 


Expression (15) is appropriate for situations where 
we have driving voltages, while (16) is appropriate for 
situations such as the quantum theory of the Maxwell 
field, where driving charges and currents will be 
employed. 


FOUR-DIMENSIONAL FORMULATION OF THE 
FLUCTUATION DISSIPATION THEOREM 


We imagine that a system of “charges” and currents 
interacts with a field. The field is regarded as the 
dissipative system, and it is assumed to be linear. We 
calculate the dissipation function for the field which we 
assume to be,“riven by the charges and currents. Then 
expression (16) allows us to calculate the expectation 
values of the field variables, in the absence of driving 
charges and currents. 

We follow existing convention and use Latin indices 
which can have the values 1, 2, and 3, and Greek indices 
which can have the values 1, 2, 3, and 4. A repeated 
index is to be summed over. 

The interaction Hamiltonian is assumed to be of the 


form 
H= rf fA yd 3X. 


f, in (17) is a “charge” and “current” distribution 
function. Charges and currents everywhere are assumed 
to be proportional to J(¢). f, is a function of the space 
coordinates and all four components of f, can be 
independently specified. A, represents a four-potential 
field with which the charges and currents interact. The 
function Q is defined by 


O= f feAsdoe 


We denote the Fourier transform of J by I;(w), and 
the Fourier transform of Q by Q;(w). Then the admit- 


(17) 


(18) 


DISSIPATION 


THEOREM 
tance is 

Y@)= 
The conductance is 
G(w) = Re(iwQs(w)/T;(w)). 


We assume that the conductance can be written in the 
form of an integral over the charges and currents and we 
define a dissipation tensor d,« by letting 


G(w) exp[iw(t—?’)] 


Q;(w)/T;(w). (19) 


(20) 


Me f dya([Xx—X"]ww) f(t) fa(t’)dsxdyx’. (21) 


In (21), x and x’ are position four-vectors. We now 
employ (21) and (16) to write 


f (A y(x)A a(x’) fur) fale’ )daxd yx’ 
Z 


2h ¢* 7 duafufaf 1 
2p (ae 
TT 0 V o) 2 


Now expression (22) is an identity, valid for all 
regions d,xd,x’, in V; also the different components of 
f, can be arbitrarily specified. This allows us to write 


2h . dya([x—x’ ]w) 
(A u(x)A a(X’)) r=— pein Prank) te Tae ae 
Tv 





exp (hw/kT) —1 


K dud yxd 4x’. (22) 


0 Ww 


(23) 


x|-+— —__—}a 
2 exp(hw/kT)—1 


In most cases the temperature-independent part of 
(23) is all that is needed, since this gives us (corre- 
sponding to T=0) the vacuum expectation values: 


h Dei w)do 
(Ay(x)Aa(2))o= -f maT 


We can employ expression (24) to write the covariant 
commutation rules: 


[A u(x),A a(x’) | 
e ya ({x- x’ ],w) —da,([x’— 


w 





(24) 


x'],«) 





dw. (24A) 


Equations (23) and (24) are four-dimensional formu- 
lations of the fluctuation dissipation theorem, valid 
either for a scalar field (by setting u=a) or a four- 
potential field which can be imagined to interact with a 
system of “charges” and “currents” according to (17). 

We could have discussed a tensor field by starting 
with the interaction Hamiltonian 


H=I J fuaA pads. (25) 
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We would then have 


G(w) expLiw(t—?’)] 
rm f depys([Xx—x"]s) fapfrrdsxdyx’, (26) 


and corresponding to (24) we would have 





hp dapys([x—x']w)de 
(Aas(x)A4s(x"))o=- f or([x—x"]s)deo 


T 


(27) 


w 


We illustrate the usefulness of (24) by employing it to 
calculate expectation values for the Maxwell field.’ 

For the Maxwell field we have a four-potential which 
interacts with the four-current, and the interaction 
Hamiltonian is 


1 
H=-- ft 4.0040 
c 


J (t) 
=—— } f,(r)A,(x)dsx. (28) 
Cc 
We let 


I=-J()/e, Q= f fol)Ap(x)dex. (29) 


To calculate the conductance we assume all quantities 
to be harmonically varying with time; then the ratio of 
Fourier transforms of Q and J will be simply the ratio of 
Q to J and the conductance 

—iw f fuAydsx 
T / 


Ge)=Re(“) «ee veer ae | 


(30) 
s(w) /¢ 
We can evaluate (30) by noting that A, is given in 
terms of the four-current density Jf, by the retarded 
potentials (in Lorentz gauge) 


ons, a 


1 eJf,expl—i(w/c)|r—r’| |dgx 
Sj f ek al 

c |r—r’| 

Inserting (31) in (30) gives us 


G(w) = — Wye 





x f fault) fa(r’) sinl (w/c) |r—r’| ]dsxdsx’ 
|r—r’| , 
Comparing (32) with (21) we see that the dissipation 


tensor is 
5, sin[ (w/c)|r—r’| ] exp[iw(t—?’)] 





pa 


(33) 


\r—r| 


7 The electromagnetic field is linear, the vacuum js not. 
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Inserting (33) into (24) gives 
(Ay (x)Aa(X’))o 
h *sin[ (w/c)|r—r’| Jexp[iw(t—?’) Jdw 
iid | 


[r—-r’| 





(34) 


T 


Equation (34) may be written in a more familiar 
form by noting that 


sin[ (w/c) |r—r’| | 


(w/c)|r—r’| 





1 T 
=—- f exp —i(w/c)|r—r’ | cos6] sin6dé, 
249 


and introducing a four-vector K such that: K;?+K;? 
+K;?=w/c?. (34) then can be written 


(A,(x)A a(X))o 
heb wa 
r J exp(iK- (x—x’) }8(K2)0(K) dK. 


T 


In (35) we have taken d,K =d3KdKo, and 

KY+K?+Ky+Ke=K?=KY+Ke4Ky—Ke, 
6(K)=1, Ko>0, 
0(K)=0, Ko<0. 


From (35), the well-known covariant commutation 
law for the Maxwell field can be immediately written as 


[A,(x),4 a(x’) ] 


heya 
-- J exp[iK: (x—x’)8(K%)e(K)deK, (35A) 


2 


where e(K)=+1 for Ky>0 and e(K)=—1 for Ky<0. 
At temperature 7, (35) becomes 


hebya 1 1 
(Ay(a)Aa(x"))e=— f ;+ 
i 2 exp(hKoc/kT)—1 


Xexp[iK - (x—x’) ]6(K*)6(K)d.K. 





(35B) 


Expression (35) is the well-known result of the 
quantum theory of the Maxwell field. In making this 
calculation we have worked with two fields, the electron 
field and the Maxwell field which was regarded as the 
dissipative system. It is apparent that the relation (16) 
can be used at least in field problems where we have an 
interaction Hamiltonian of the form (17) or (25), and 
we are calculating expectation values for a classically 
describable field. Extension of this formalism to spinor 
fields may be possible and is being investigated. The 
connection between dissipation and vacuum expectation 
values appears to be quite fundamental. For example a 
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Fic. 1. Electric circuit in equilib- 
rium with a heat bath. C 


connection is implied between gravitational radiation 
and the quantization of the gravitational field. 


CUT-OFF PROCEDURE FOR CALCULATING 
OBSERVABLE FLUCTUATIONS 


Let us consider two electric circuits illustrated by 
Figs. 1 and 2. 

If the circuits are in equilibrium with a heat bath at 
temperature 7’, then from classical statistical mechanics, 
we shall expect that for both Fig. 1, and Fig. 2, the 
capacitor voltage fluctuations (V*) is obtained from 


AC(V?)= 447, 
(V2)=kT/C. 


(36) 


If expression (1) is integrated over all frequencies, it 
gives (36) for both Fig. 1 and Fig. 2. 

For the circuit of Fig. 1, expression (2) gives (G is 
constant) 


3 w*L*G 
vy=- f 
rly wL*G?+(1—wLC)? 
hw hu 
«| ae (37) 
2 exp(hw/kT)—1 





Equation (37) diverges logarithmically, because of the 
temperature independent part. For the circuit of Fig. 2 
expression (2) gives (R is constant): 





” R 
V2)=- 
vw") (1—w*LC)?+-w*C?2R? 
hw hw 
=+— (38) 
2 exp(hw/kT)—1 


Equation (38) does not diverge. If R is small it reduces 
to the simple form 


1 Fhiw har 
( Vv?) = _|~"+ | 
CL2 = exp(hwo/kT)—1 





(39) 


where wo is the natural frequency. 

We see then that expression (2) gives different results 
for two situations, and one result is divergent. Classi- 
cally we should expect to obtain the same result for both 
cases.$ 

Actually, the circuits of Figs. 1 and 2 are not good 
models of physically realizable circuits. At low fre- 


8 In this section it is assumed that apparatus energy is low so 
that pair creation is of no consequence. 


Fic. 2. Electric circuit in equilib- 
rium with a heat bath. 





quencies a circuit can be described as a set of conducting 
boundaries having many modes corresponding to solu- 
tions of the field equations which satisfy the boundary 
conditions. At frequencies above the x-ray region, the 
circuit is better described as an ensemble of particles. 
For high energy, the cross section of the circuit particles 
will be small, and the high-frequency contribution to (2) 
or (15) will be mainly from the vacuum fields. For the 
vacuum, 


1 T T l l 
(V2)=— f f f f (E;E;’)dl dl'didt’. (40) 
r 0 o “oe “e 


It is well known that (40) diverges for the vacuum.® We 
can conclude from this that (2) and (15) diverge, as they 
stand, for all physically realizable networks. However 
the experiments which are actually done to measure 
electrical noise do not measure the quantity given by (2) 
and (15). We seek a modification of (2) and (15) to 
cover actual experiments. This can be done in the 
following way. 

Measurements are usually carried out by interacting 
with a system at certain times, to measure an eigenvalue 
of some operator, or its time average over a short time 
interval. The system returns to equilibrium with the 
heat bath between interactions. The interaction will 
induce transitions, with exchange of energy between the 
measuring apparatus and the system. If energy hw; is 
exchanged, the transition will involve!’ matrix elements 
(E+hw;|O|E) of the operator O. The measuring appa- 
ratus is usually not a thermodynamic system and its 
energy is well defined. Ordinarily, for example, low- 
frequency noise measurements are carried out using 
electrons, with well-defined energy. 

We denote the wave functions and energy eigenvalues 
of the measuring apparatus by y, and Ea, and the wave 
functions and energy eigenvalues of the thermodynamic 
system by y, and £,. If the measuring" apparatus has 
energy E,=hw, then it is clear that all matrix elements 
(Ea—hw|O|E.) will contribute zero for w>w,.. Now 
energy is conserved in these transitions and therefore we 
can say that for transitions in which the system gains 
energy, eigenfunctions having eigenvalues exceeding 
E,+hw, will not contribute to the observed fluctuations. 
Eigenfunctions having eigenvalues < £,—fw, will con- 
tribute because the system energy is not well defined, 


* Expression (40) diverges because it is a line integral, while 
expression (22) does not diverge because it is a volume integral. 

© Expression (3.5) of I suggests this procedure for carrying out 
measurements of Q?, by measuring |(E,|Q|E,+hw)|?. 

11 We assume that the measurements are carried out with a linear 
device. 
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since only its temperature is known. Accordingly we 
should rewrite (4), as 


@)= i) 4 he (ere) 


“0 


X |(E+hw|Q| E)| (E+ha)dE |e 


+ f ; he f ” p(EVF(E) 


x [(E—he|Q] £)| (E—ha)dE |e (41) 


A similar cutoff can be applied to (5). With this 
modification we obtain for the observable fluctuations 
of current, voltage, and function Q the general forms 
corresponding to (10), (11), and (12) as 


Qn=- f mer [+ re le 

Winds ot Lecaeanenal 

2 £” Gw)hwdw 

+- | —————, 
: exp(iiw/kT)—1 oF 


Tv 


” 2 ” RI f= hw a 
\ a | “L2 rT TI 


2 7” Ri(w)hadw 
Te arr ag 
wo. exp(hw/kT)—1 


2 p< hG(w) 1 
oe eee 
ro w 2 exp(hw/kT)—1 


x 2 ¢ hG (w)dw (44) 
we wLexp(hw/kT) — i] 





and for the time averaged quantities (14), (15), and (16) 
we have 


Om==, J i J J " G(w) expLin(t—t)] 


hw 
[= + an dsdtdt’ 
exp(hiw/kT)—1 


2 co) Tt T 
wha h 
wr? we M9 0 


G(w) exp[iw(t—t’) Jiewdwdidt’ 
exp(liw/kT)—1 ’ 





WEBER 


2 We Tt ? 
(== fff Re) elie) 
hw 
x| + |aeauar 
2 exp(hw/kT)—1 


2 i] T T 
toad dk 
rr We 0 0 


R(w) exp[liw(t—t’) Viwdwdidt’ 
exp(htw/kT)—1 ; 


(oan=2 f ( f f = expli(t—0)] 


x|—+— —— ata 
2 exp(hw/kT)—1 


2 « Tt T 
yatta! 
ar we WO 0 


hG(w) exp[iw(t—?’) ]dwdidt’ 
wl exp (hw/kT)—1] 








(47) 


These expressions do not diverge, and give the results of 
the kinds of measurements which can be carried out. w, 
is defined by the measuring apparatus energy E=hw,. ' 

In earlier papers,'*:'* experiments were discussed for 
observing directly the fluctuations of the vacuum 
electromagnetic fields in an enclosure. It follows from 
the preceding discussion that the observable voltage 
fluctuations are given by 


h We 
(V?)= ff R(w)wdu, (48) 
To 


and that this result is exact for fluctuations measured by 
a linear device. 


CONCLUSION 


We have shown that the fluctuation dissipation 
theorem is exact and have given the generalizations 
(14), (15), (16), (23), (24), and a cut-off procedure. The 
theorem appears to be a very fundamental relation of 
quantum theory and is of wide applicability. 


12 J. Weber, Phys. Rev. 94, 215-217 (1954). 
18 J. Weber, Phys. Rev. 96, 556-559 (1954). 








PHYSICAL REVIEW VOLUME 


101, 


NUMBER 6 MARCH i5, 1956 
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The integral equation method in the treatment of the equation of state, particularly for liquids, can be 
regarded as the problem of the solution of the reciprocal of a known matrix having the activity as a param- 
eter, and dependent on the pair potential divided by kT. The Kirkwood and Yvon-Born-Green integral 
equations are shown to be special cases of the general operation by which the equations can be derived. The 
solutions are usually made by a closure which can be called the Kirkwood approximation. If this approxima- 
tion is consistently used a considerable number of different equations can be derived, which, however, need 
not all lead to identical answers, due to the error in the approximation. The simplest method of correction 
of the approximation by successive steps leads to a divergent procedure. A very simple integral equation 
can be derived by an approximation somewhat analogous to that of Kirkwood. The solution of this equation 
does show phase transitions, but with little resemblance to those actually observed. A somewhat more 
complicated equation, of the same order of complexity as that of Kirkwood, is also derived in which the 


type of approximation used is not that of Kirkwood. 





1. INTRODUCTION 


OST theoretical treatments of liquids can be 
categorized as belonging to one of two general 
methods. The first of these is the cell or free-volume 
method. This method has the advantage of leading 
rather readily to numerical results, and is excellent for 
the treatment of the difference between the properties 
of a solution and those of the two pure components. The 
method has, however, not grown to the stature of giving 
a good description of a pure liquid which is really 
distinct from the description of the corresponding 
crystal. The second method may be termed the integral- 
equation method. This method has the advantage that 
a completely rigorous set of equations can be obtained 
and that only at the end is it necessary to make an 
approximaticn for the numerical solution. Because of 
this feature, the method appears to be extremely 
attractive. 

In the integral-equation method it is necessary to 
define distribution functions conceptually. We first 
introduce the symbol p for the number density, p= V/V. 
The distribution function, F,, as a function of the coor- 
dinates of m molecules is defined by the statement that 
p"F’,(11,°*+,n) is equal to the probability density that 
n molecules will be found at the coordinate positions 
ri,***,Fn, independently of the positions of any other 
molecules in the system. The factor p” in front nor- 
malizes the distribution functions, F,, so that their 
average value in an infinite coordinate space is unity, 
that is, 


in| 1/0) f f+ f Padre --ar| 1 (1.1) 


If these distribution functions are written as 


F,=expl— (1/kT)W,.(11,° . Tn), (1.2) 
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it is known that the functions W, are, in a classical 
system, the potentials of average force of m molecules 
at the positions of the coordinates. In the limit of zero 
density when there are no other molecules in the 
system, these potentials become the normal potentials 
between » molecules, 


(1.3) 


and it is usually assumed that the true potential, U,, 
is the sum of the pair potentials, 


Ua(ni,- ++ a= LDL ulris), reg=|ti—4;|. 


n>i>j>1 


W (p00, ys r,)= U,(n,° : * Tn). 


(1.4) 


The integral-equation method then uses rigorous equa- 
tions which relate the distribution functions F, for n 
molecules to integrals over the distribution functions 
Frim for a larger number of molecules, n-++m, and 
indeed it is possible to obtain a form in which it is 
necessary only to integrate over the distribution func- 
tion for one molecule more than n. In particular, one is 
interested in the pair distribution function F2, which 
for a liquid depends only on the distributions between 
the two molecules, 


F2(11,82) = F2(| t1— 12! ) = F2(r12), (1.5) 


and this can be determined in terms of an integral of 
the distribution function of three molecules, F3. It is 
then necessary to make some closure, and the usual 
assumption is that 


F;(11,82,Ts) -_ F2(r12)F 2(r23)F 2(r31), 
W 3(¥1,82,¥3) = We(12)-+We(r23)-+we(rs1). 


This assumption was first made by Kirkwood! and 
called by him the principle of superposition. 

It is important to understand the nature of this 
approximation in the use of the integral equations. It 
is actually an approximate assumption which is then 


1 J. G. Kirkwood and E. Monroe, J. Chem. Phys. 9, 514 (1941). 
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followed by the use of this approximation in a particular 
equation. It may well, however, be used in another 
equation and the results will not necessarily be the 
same. At the risk of appearing pedantic, we would like 
to point out that the word “assumption” is used for at 
least three different concepts, and actually three 
assumptions in just these three senses are used in the 
solution of the integral-equation method. One may use 
the word “assumption” for a statement which one 
believes to be exact but for which a rigorous proof is 
lacking. In this sense, those who would cavil over the 
derivation of the Gibbs statistics might say that the 
fundamental equation which is used is an assumption. 
However, very few would doubt its exact validity. A 
second assumption [Eq. (1.4)], that the potential is 
the sum of the potentials of pairs of molecules, is 
customarily made. This assumption is in the nature 
of the assumption of a model. It is not exactly true 
for argon or neon molecules, but one will probably 
not doubt that the results of this assumption would 
correspond reasonably closely to the behavior of these 
molecules. The point we wish to make is that if these 
two assumptions are made, and the equations handled 
rigorously, any two methods must give exactly the 
same result. This latter statement is not true for the 
Kirkwood assumption, Eq. (1.6). The assumption of 
Eq. (1.6) is certainly not exactly correct, and is not 
consistent with the previous assumptions. The result of 
its use then depends upon the exact equation and the 
exact stage at which the assumption is made. We may 
give a trivial example that may serve to clarify our 
meaning. For instance, consider the cubic equation, 
a+bx+cx*+dx=0, in which it is believed that the 
term ds? is very small in the neighborhood of a par- 
ticular root. One may then approximate dx* by the 
solution of the quadratic, a+bx+cx*=0, and use the 
resulting equation to solve for x. An utterly different 
result would be obtained if this root were used to 
eliminate the first three terms of the equation, in which 
case the next equation would be da*=0, «=0. Since the 
integral equations are relatively complicated, it is not 
easy to see in a particular case whether the numerical 
results obtained depend critically upon the approxi- 
mation. For this reason the conclusions which we will 
attempt to draw in this paper cannot be given a very 
precise numerical] character. 

In this paper we wish to discuss various forms in 
which the general integral equations can be used, and 
we will attempt to examine the nature of the Kirkwood 
approximation. In particular we will show (Sec. 4) that 
the most simple and obvious attempt to correct the 
approximation by successive corrections leads to a 
divergent method; in other words, successive correc- 
tions will eventually increase in absolute value. This 
statement does not, of course, show that the approxi- 
mation is poor. The value of a function beyond a 
singularity is not necessarily large. Many methods of 
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physics are based on using the first terms of a divergent 
series. In addition we will display several other equa- 
tions which appear to us to be not necessarily more 
difficult of numerical solution than the equations which 
have actually been used by Kirkwood 

In addition to the well-known equations of Kirkwood 
and that derived by Yvon, and Born and Green, there 
are two linear equations corresponding to each of these 
methods, the Kirkwood and the YBG. Combining our 
Jinear equations with the original Kirkwood or YBG 
equations, one finds a linear iategral equation for the 
kernel that occurs in the Kirkwood equation by itself. 
These equations all depend on the Kirkwood approxi- 
mation, that the distribution function of n particles is 
the product of those for the $n(n—1) pairs. 

We will also give a, plausibility argument for an ap- 
proximate but very simple integral equation for the 
pair distribution function alone (Sec. 5). This equation 
permits quite simple numerical solutions. It has certain 
features that make it attractive. At low activities it 
gives the correct compressed-gas solutions. It does show 
a discontinuity at a certain activity that one would like 
to associate with condensation, and a further discon- 
tinuity at a higher activity which one would like to 
associate with crystallization. However, both numerical 
values are too high, and the first discontinuity is one 
that predicts a second-order, rather than first-order, 
transition. 

An exact equation (Sec. 6) for the pair distribution 
function is written, and an approximate form, that 
would seem to be a quite good one, is also derived. This 
equation is essentially a further improvement on the 
simple one derived in Sec. 5 and although not easy of 
solution does not seem to present more difficulties than 
that used by Kirkwood. 


2. BASIS OF THE INTEGRAL EQUATIONS 


We restrict ourselves at the outset to a system com- 
posed of identical spherically symmetrical molecules, 
without internal degrees of freedom. The equations 
refer to the portion of volume V of an infinite system 
of temperature 7, and number density of molecules 
p=N/V. The method employs the grand canonical 
ensemble, so that the independent variables are chosen 
as V, T, and activity z=exp[(u—yo)/kT ], where the 
arbitrary constant, yo, is so chosen that the activity 
equals the number density in the perfect-gas limit that 
both p and z approach zero, p/z==1. 

One may then define a hierarchy of functions, G,, 
for n=0, 1, 2, ---, © which are functions of the coor- 
dinates, {m}=11, fo, -*+, fn, of m molecules, 

Go=ePVRT, G,{n}=ePY"*T(p/z)"F,{n}, (2.1) 
and the corresponding functions, G, in the limit of 
z=p-—0, for which P=0, so that 

Go=1, 


G,%=F,, (2.1’) 
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The fundamental starting equations, 


esod= BJ fo fom 


X{iaj+iNyJai Nj, 


(—z)" 
G,©{n} = Phe fo ntN 
%, N! 


x (Im) + EN) )aLN, 


can then be derived by a consideration of the Gibbs 
grand canonical ensemble. The series of (2.2) and (2.2’) 
are both absolutely convergent for finite V, but for 
macroscopic volumes they start to converge only at 
N=N, the average number of molecules in the system. 
The consistency of (2.2) and (2.2’) can readily be 
established by inserting one in the other equation, and 
obtaining an identity. 

The detailed algebra of obtaining the general integral 
equations is given in a paper by one of us.? One operates 
on both sides of Eq. (2.2) with a linear operator,’ ©, 


such that 
OGn= CEL} wel} nIGn, 
OG, =(E {7} wr {7} IG, 


where the symbol }°{v}, stands for the summation 
for all values of »y up to v= 2 of all possible m!/(n—v) !v! 
subsets, {v},, of the set {n}. The summation includes a 
single member with v=0. It is not necessary to assign 
any particular significance to the functions y,{v} 
since they drop out of the equations we wish to use. 
However, physical meaning can easily be given if we 
write the potential energy, U,, for m particles as 


Unf n} = Un {Str Ly} Wo {r} n, 


S =— kT (0/ OA),=0- 


(2.2) 


(2.2’) 


(2.3) 
(2.3’) 


(2.4) 
and, 
(2.4)’ 


In this case the functions y, can be regarded as per- 
turbations to the potential energy, U. The per- 
turbations may be such that y,“=0, unless v=2, 
in which case we would have only pair-potential per- 
turbations consistent with Eq. (1.4), or they may not 
obey this restriction, as we wish. If the y,“ are deter- 
mined by (2.4), then if the potentials of average force, 
W,, are written as 


W,{n} = dL {} nWr{ VP} n, 


lv} = (8/AX)r ower}, 


as the meaning of y,. 

If the operator D operates on both sides of Eq. (2.2), 
one gets on the left a sum of y, multiplied by G, and 
on the right, under the integration, a sum ef y, multi- 


(2.5) 
we have that 
(75°) 


2 Joseph E. Mayer, J. Chem. Phys. 15, 187 (1947). 
3German and Greek capital boldface symbols represent 
matrices. 
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plied by Gi,v. For any given numerical value of », 
which will be a subset of n+, we can sum and inte- 
grate over all values of NV greater than the number 
included in v. The result of this, after making appro- 
priate corrections for the total number of terms is to 
substitute Gn, for the functions G,,v. After some 
algebraic manipulations one may write the equation 
with only one y, on the left and the sum of integrals of 
Gy on the right. The final equations can be written 
in a simple notation: 


Vn= 7. ) Wn, 
Ym = A n Ln, 2a, 
These equations require that 


Dox Lm el, n© =5(mn)En, a, 


W=29, (2.6) 


WO=QOw (2.6) 


22 =QR=E_ (2.7) 


In these equations, W is then a functional super- 
vector, the elements, Yo, Yi, Y2, --- which are them- 
selves functional vectors, Yo=constant, y a function 
of the coordinates of a single particle, y2 a function of 
the coordinates of two particles, etc. The symbol Ww 
stands similarly for a functional supervector, and & for 
a matrix, the elements, Zm,,, of which are themselves 
matrices of continuous indices, the coordinates of the 
column of which are the continuous coordinates of m 
particles, and those of the row the continuous coor- 
dinates of » particles. These elements, Lm, ,, depend on 
p and the distribution functions F, for values of 
k<m-+n. The matrix 2 of elements L,, , contains 
(—z) in place of p and the distribution functions F, 
for k<m-+n, in the same way as the elements Ly, n. 
The matrix & is the unit matrix of elements EL», m only. 
The submatrices Em, m are (1/m!) times the sum of ihe 
m! unit matrices that can be obtained by pairing the 
coordinates of the m particles of the first set with those 
of the latter. 

The actual writing of the matrix elements, L,, , and 
L m,n, for the general case is rather complicated. We 
write the symbol 6({x}, {u}m), fora sum of m!/(m—x)! 
products, each of x= Dirac delta functions, 6(r;—r,), 
of pairs of molecules, the « delta function including each 
in turn of the x molecules, 1<i<x of the set {x}, and 
each j of the u=x molecules of a subset {u} of a set 
{m}. The sum includes every one of the m!/(m—y) !u! 
subsets {u}m, and for each of the subsets, all of the yu! 
permutations of pairing these with the molecules i of 
{x}. In this notation Ex, m= (1/m!)5({m},{m} m). 

Now define the kernels, Kx, «,m, with n=k+x, by the 
equation 


K nse, k, m= DL {r}n(— 


1 «<k,m 


Li, m=— a {x}i5({x} {1} m0" “Ki, «, mys (2.9) 


m. 


(2.8) 


Piicial Tew 
Then 


and if 


K@ 10, a 


LAY} nl) OF On erm/ Fre, (2.8') 
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then 


L 0), nm 


1 
m! 


«skim 
a {325 ({x} {4} m) 


X(—2)" "Kr mp (2.9) 


The elements Z;,, and L,, contain each the one 
term with x= which is (1/m!)5({k},{k})Kix,0. From 
Eq. (2.8) for the kernels, Ki,x,0 is unity. In view of the 
relation between Emm and 6({m},{m}m) remarked 
above, this term, which is all that remains as z—0, 
p—0, is then just the continuous unit matrix: 


Ty. x(z—0) = Ex, ky L, «(z—0) = Ex. ke 


The elements L; m, Li,m, m>k obviously go to zero 
as 2”—* or p™—* as z=p—0, and the elements Ly, m, m<k 
likewise are zero at z=p—0, since from Eq. (2.8) 
Kx, m,0o=0 if m<k. 

The matrices £ and 2 are thus both unit matrices 
at zero activity, and trivially satisfy Eq. (2.7). 

The terms L,,,, and L®,,, for general m and n are 
relatively complicated. We will have special use for 
those in which one of the indices is unity. We have 


Ly, 1(ta,%s) = eK 1, 0, 1(ta,0,%) + Ki, 1,0(ta)5(ta— Fp). 
In this K1,1,0o=1, see Eq. (2.8), and 
Ki, 0, 1(fa,0,83) a [F2(ta,ts)/Fi(ta) |— 1. 
For a fluid, and indeed, for a randomly oriented as- 
semblage of crystals, F2 depends only on rag= | fa— Fa! 
and F,=1. We define 
& (ras) = £2(ras) it F (rag) A, 
=exp[_(1/kT)W2(ras) ]—1, 
and, for z=0, 
f (rap) = 82 (rap) =expl (—1/kT)2(rag) J—1. 
Using these in the expression for L;; one has, 


L11(ta,t8)= pg (Tap) +5(ta— tp). 


(2.10) 


(2.10’) 


(2.11) 


Substitute —z for p and F™ for F to obtain 
Ly (r,r) os —2f (ras) +6(ta—fp). 
Similarly, using F:=1, we find that, 


Lr, m(Fas{m}) 


(2.11’) 


= (1/m')| omEFaent tot (m}) Pa 


+p*" ¥ ae Ta) F {mm} , (2.12) 
inl 
L® , m(Ta,{m)}) 


” (1/m of (—2) "LF 14 mf tat {m}}— Fm {m} ] 


+(-2)"4 © 6(r.—15)Fa{m)f. 2.12" 


i=1 
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Since Km, 1,0= Km, 1,0=0 for m>1, from Eq. (2.8) we 
have for m>1, that, 


Lm, 1({m} ,ts) = pK m, 0, 1({m},0,r8), 
2°... 1({m},r3) am —2K,, 0, i({m},0,r,). 


(2.13) 
(2.13’) 
Using (2.8) for K», 0,1 one obtains, 
K m,o,1({m},0,t5) 
=D {H} m(—)" LP (fa) mt 08} / Fu {2} m] 
=L{u}m(—)”"™ IT exp[(—1/kT)ua(ris)] 


£C {u}m 
i=m 


= II f(ris). 


i=l 
The Kirkwood approximation would give 


Km, 0, 1({ m} 0,15) II g(ris), (2.14’) 
i=l 

by the same operations as those of Eq. (2.14), since the 

approximation is that only we differs from zero. We 

then have 


Lm, 1({m} ,t3)2zp IT g(ris), (2.15) 


t=m 


L m,1({m)},t3)= —2 IT f (rig). (2.15’) 
i=l 


3. RELATION TO THE KIRKWOOD AND THE 
YVON-BORN-GREEN EQUATIONS 


The integral equation derived by Kirkwood,‘ and 
that first derived by Yvon® and later by Born and 
Green,* represent each a special case of our general 
scheme. In both cases, a linear operator D was applied 
to both sides of Eq. (2.1) alone, and Eq. (2.1’) was not 
considered. In both cases, the operator was such that 
one molecule was unique, namely the functions y, 
of our Eq. (2.3) were not the same for all subsets {7}, 
but indeed were all zero unless the set {v} included the 
unique molecule, say that represented as i=0. 

The Kirkwood operator consists of writing 


i=n 


Un4i(to+{n}) = U,,{n} +r ph u2(To;), (3.1) 


and differentiating with respect tok: O=—kT9O/dX. In 
the limit that \=0 the unique molecule is completely 
independent of all the others; in the limit \=1 it is on 
the same footing as the others. The Yvon-Born-Green 
operator consists of just taking the derivative with 


ont Kirkwood and E. M. Boggs, J. Chem. Phys. 10, 394 
1 : 

5 J. Yvon, La Théorie Statisque des Fluides et L’ equation d’ Etat 
(Hermann & Cie, Paris, 1935). 

°M. Born and H. S. Green, Proc. Roy. Soc. (London) A188, 10 
(1946) and see H. S. Green, Moleculur Theory of Fluids (North 
Holland Publishing Company, Amsterdam, 1952). 
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respect to one coordinate of the unique molecule, i=0; 
©= —kTA/dxo. One way to cast the equations obtained 
in our form is to merely redefine the functions y,{ v} 
to be functions of the coordinates of the set {v} plus 
the coordinates of the unique molecule, ro. The matrix 
elements Lm, and L®,,, then also depend on the 
coordinate ro as well as {m} and {m}, and depend on 
the distribution functions, F,, for k<n-+m-+1 instead 
of k<n-+m. However in both cases the choice of the 
¥,’s is such that 


¥, (ro,{v})=0 unless »=1, (3.2) 


and furthermore in both cases ¥;(rjo) is a definite 
function of well-understood significance, 


¥1 (ri0)=2(ri0), (Kirkwood), 
1 (rio) = (0/Axo)ue(rio), (Y.B.G.) 


so that the y,’s are then also related to the distribution 
functions in a defined manner, 


¥>(tot+ {v}) = (8/9) w,41(to+ {r}), 
¥(T0,{v}) = (0/dxo)w,+1(rot {r}), 


This relation can be described in another manner 
which is more consistent with our nomenclature, and 
which permits some extension of our own equations. 
All the equations of the previous section are equally 
valid for a system composed of two kinds of molecules, 
Latin and Greek, of activities 2. and 2,, respectively, if 
we only read every number, N, n, », etc., representing 
numbers of molecules as a number with two com- 
ponents, V=Na, Na, m=Ma, Ma, and replace N! by 
Na!Na! and 2% or p% by 2g%eza%@ or paXpa%«, respec- 
tively. 

The functions Fng,ng are then, of course, dependent 
ON Ma, Ma, and not only on n=mq+Mq, so that Fi, 1(r;;), 
F2,0(rij), Fo,2(rs;) are the three different pair distri- 
bution functions for a molecule of kind a and one of 
kind a, two molecules of kind a, and two of kind a, 
respectively. Similarly ¥,,,2 depend on vy, and vq. Thus 
the equations of Sec. 2 can easily be extended to a two 
or more component system. 

Now, however, choose z.=0 and hence pa=0. Many 
of the matrix elements now become zero. To obtain 
the Kirkwood equations set Una, na aS the sum of pair 
potentials, with the pair potential m2, o(r,;) of two mole- 
cules of type a that of the one component system in 
which we are interested. The pair potential ,:(r;;) 
between an a and an a molecule is taken to be 


(3.3) 
(3.3’) 


(Kirkwood), (3.4) 
(Y.B.G.). (3.4’) 


141, 1 (153) =Atde, o(7 45) = Atte (753). (3.5) 

We then find that, if O=—£70/dx, then 
¥ 1,1 (Pax) = U2(Taa) 

and all other Y,4 ..=0, whereas 


VW», 1({v} + 1a) = (0/OA)wy,1({¥} + 1a), 


(3.6) 


(3.6’) 


and, in particular 

¥1, 1(Taa) = (0/0A)wi, 1(Taa). (3.6’’) 
In this case, Eq. (2.6) for the element y¥,; becomes 
(3.7) 


where the multiplication dot means matrix multi- 
plication, that is, integration over the coordinates r, 
and rg. 

Since, when pa=0, the nonzero terms of L;,1.1,1 are 


(0/0A)ws, 1(%aa) = Lr, 1;1,1(8a,Fa} To,%p) “Mo (rog), 


L1,1;1,1(%a,%a} 70,78) = 5(Ta— 1)5(ta— tp) +5 (Ta— Tp) Pa 
X {LF 2,1(ta,8s,ta)/F1,1(rae)]—F1,1(tra), (3.8) 


where paz=p, and we obtain Kirkwood’s integral equa- 
tion, which is 


(0/dA) wi, 1 (faa) 


= (ran) +0 f (LP1(tostte)/Fa.s(rn)] 


—F,, 1(Tra)} We (Tra) dtp. (3.9) 


The equation is exact. The approximate substitution, 


P., 1(Ta,To, Ta) =F 2, o(rav)F 1, 1(taa)F'1, 1(Tba); (3.10) 
is now made, and the solution is possible since w1, 1(taa) 
=0 at \=0 and w,1(%oa)= We at A= 1. 

In a quite analogous manner, the Y.B.G. equation is 


(d, ‘OX%a)W2(Taa) = Ty, ee oe (0, ‘Oxg) U2 (Tog), 
but with the one significant difference that 
FP», 1(fa,¥o, Ta) =F3,9= Fs, 


since the potential between the two kinds of molecules 
is identical. 

In both cases, the reciprocal equation obtained by 
operating in the same manner on Eq. (2.1’) instead of 
(2.1) leads to the resulting equation 


V1 (Tae) = p Ls 3, ma, 1(Ta;¥a; {Ma} ,¥p) 


ee Yma,r({tHe),ts), (3.11) 


which again is exact. 

If now we take the Kirkwood approximation seriously, 
and assume that in all cases w,,1=0 for v¥1, then only 
¥1,1 is nonzero. The equation is 


V1 (Poa) SL 1, 1:1, 1a; 0,%8)°W1,1(7e8). (3.11) 
Now this has the advantage of being a linear equation 
since 2 is known, and only ¥,1 is unknown. Alter- 


natively, since the original form is certainly correct we 
have that Lj, 1,1,1 and L, :,1,1 are reciprocal matrices: 


L411, 4, 51, 1S Es, 51,1. (3.12) 
The nonzero part of L, 1:1,1, since z2=0, is 
L 4, 1,1,1( 05783 Tey) 
=6(tm— r.)5(ts— r,)—26(te— ry) 


X LF», 1(t6,te7)/F 1, 1(108) J—F1,1(rea) J. (3.13) 
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Written explicitly as an integral, Eq. (3.12) is now 


(o/2){ (Fo, 1(ta;8e,8a)/F 1, 1(%ea) |—F, 1(7ca)} 
~{[F, 1(Ta,¥c,fa)/F (faa) |—F;, (fea) } 


in f {[Fa,1(tostigte)/F1,1(tea)—F1,1(te0)} 


X {LP a, 1(e,8eFa)/F 1, (Pa) J— Fs, 1(r.ea) Jato. 


The equation is valid also for the case that the Greek 
and Latin type molecules approach identity, so that 
with the approximation of Eq. (3.10), we may write 


(p/2)Fo(r13) LF 2(r23)—1] 
>F, (733) [F2™ (123) —1] 


+p [ LFs(rudLFalra)—11F2 (ru) 


XCF 2 (r43)—1 drs, (3.14) 
where we have relabeled a=1, a—2, b=4, c=3. 

We would like to emphasize that the Kirkwood and 
YBG operators together lead to five different integral 
equations, when used with the Kirkwood assumption of 
Eq. (3.10). Forms 1 and 2 are the original Kirkwood 
and YBG equations, which are both nonlinear in the 
unknowns. Forms 3 and 4 are the linear forms of (3.11’) 
with either the Kirkwood or YBG functions y;,;. 
The fifth form is Eq. (3.14). There is no a@ priori reason 
to except all five equations to give identical answers; 
indeed it may well be that some of the equations give 
very closely correct results and others extremely bad 
ones. It is by no means obvious to us, however, in which 
forms the approximation should be best. 


4. DIVERGENT CORRECTION 


We have seen that the general formulation of the 
integral-equation method can be summarized in the 
statement that the two matrices £ and 2 are reiprocal 
[Eq. (2.7) ]. Furthermore, a strict adherence to the 
Kirkwood approximation in all forms of the equations 
leads to the conclusion that the two elements Zy,1.1,1 
and ZL, 1.1,: (which themselves are continuous 
matrices) are reciprocal, when they refer to a two- 
component system with one of the components at zero 
activity, and hence zero density. Since the two com- 
ponents may be chosen to have identical pair potentials 
between like and unlike molecules, this leads us to Eq. 
(3.12) for the one-component system. Now in principle 
it is possible to write the element [Z1,1;1,1}" exactly, 
without recourse to the Kirkwood approximation, in 
terms of the elements of {, as a sum of products of 
elements, with L, ;,1,1 as the leading term. Since the 
Kirkwood approximation leads to the conclusion that 
this term alone is nonzero, we may hope that the cor- 
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recting terms of the sum of products would be very 
small, and perhaps therefore converge rapidly. Actually 
we will show that the evaluation of [Z;, 1,1,1 | does lead 
to an expression which is the reciprocal to the matrix 
L,1;1,1, thus leading to a trivial identity which does 
not aid us in the evaluation. However, the demon- 
stration shows that the correcting terms of the sum of 
products in [Z1,1,1,1}-! are just the power series in the 
activity z which is known to be singular at the conden- 
sation density. This simply means that the proposed 
correction diverges. 

Since the algebra of the demonstration is relatively 
involved we shall first carry it out for a simpler case, 
namely for [1,1 }-'. 

From Eqs. (2.6) and (2.6’), we can find the reciprocal 
submatrix to any diagonal element submatrix L,,, in 
terms of 2. The functions ¥, can be chosen com- 
pletely arbitrarily. Make the choice that ¥,=0 for 
mv. Introduce the matrices 


A=2-6, 
AM=QO_E 


Au, n= Lm, n—8(m,n)Em, my (4.1) 


An, n= LO m, n—8(m,n) Em, m- (4.1’) 


With the foregoing, Eq. (2.6), for m=v, becomes 


Y=,-+A,, vy, (4.2) 


since all other terms are zero. For m=», Eq. (2.6’) is 
py, =y,tA, w+>d Z A®,, iy (4.3) 


where the prime on the summation indicates that the 
term n=v does not occur. Use (2.6') for m=nxv, 
¥, =0, to write, 


v,= —A ©. wW- De A, We. 


Now iterate by continuing to replace y, in (4.3) by its 
expression in (4.4). One finds that 


yy, = [E,, tA (0), — Don’ A®,. nA O) v 
Fn Del AM, nA neh Ono +++ Wr. 


The expression in brackets on the right is the reciprocal 
matrix to L,,,=E,,,+A,,,, as is seen by comparing (4.5) 
and (4.2). In particular, for »=1, 


Ly, = Ey 1 FA1 1— Ye’ AM, AO nd 
FEW Sx! AO, AO n pA 1— ++ 


Equation (2.9’) can now be used to express the elements 
of A® in terms of the kernels of Eq. (2.8’), and the 
expression on the right in (4.6) as a sum of integrals. 
On collecting equal powers of z the final result can be 
expressed in the form, 


Ly, 17 (1i,8j) =8(1;—1j)—2 > (2"/m!) 


m>0 


Xf foe Pexalroritmyatm), (4.2) 


(4.4) 


(4.5) 


(4.6) 
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in which the functions ke, » are sums of products of the 
kernels of Eq. (2.8’). One finds 


ke, o(ri,tj)= Ks, 0,1(14,0,r,), 
ko, 1(ti,8j3 11) = Ku, 1,1( 45 84; 1) 
XKo,o,1(ti,81; 0; 15), 
he, o(t4,853 ¥1,82) = — K1, 0, 2(ti; 9; 11,42) 


X Ko, o,1(rite; 0; r;)—Ki,1,2(ts5 ts3 11,82) 


(4.80) 


(4.81) 


p=2! 
XKo,o,1(ti,81,82; 0,14)+ DS Pp (1,82) Ki, 1,1(0s; 845 1) 
p=l 


X (Ko, 1,1(8i,015 123 F2) Ke, o,1(1:,82; 0; 15) 
+Ko1,1(ret1; 81; f2)Ke,0,1(t1,82; 0; r;) 


+K» 2, 1(14,113 i,T1; r2)K3, 0, 1(¥i,11,82; 0; rj) |, (4.82) 


where @ is the operator which permutes rm and ro. 

In these, substitute the functions f(r) defined by 
(2.10’). One finds, then, that ke, m is always a sum of 
products of the functions f(r) for 7;j, ria, Tja, aNd Tag, 
where a and 6 are members of the set {m}. It turns out 
to be expedient to separate ke, » into a sum of two terms, 
one of these, d2,m, containing those products of /’s 
which are multiplied by* f(r;;), and the other, a*», m, 
those that are not, 


he, m(¥i,8 5; {m})= f (rij) a2, m(t1,85; {m}) 
+a*», m(ri,r;; {m}). 


Having done this one finds, using fag= f (rag), 


(4.9) 


(4.100) 
(4.101) 


do, 0(¥i,8j)= Xy 
a2, (ti,8j,%1) = (1+ fia) fin, 


de, 2(¥i,8;; r1,T2) = (1+ fii) (1+ foi) 
XCfahiot fifiet fiefart firfiefie]. 


The regularity is already apparent, and can be con- 

firmed for a2, 3. The products occurring are all connected 

products of the molecule j with the set {m}, times the 

product of 1+ fia for all m members, a, of the set {m}. 
The terms a*» » are 


(4.102) 


(4.110) 
(4.111) 
(4.112) 


a*, o(14,1;)=0, 
a*, (83,753 Tr) = 0, 


a*,o(ti,05; M182) = fafisfiefei(1t fis), 


p=3! 
a*s, 3(ri,053 T1,¥2,03)=[4 2 @,p(r1,82,8s) fir i2 
p=l 


p=3! 
+ fafifis If inf ief ist x Py (1,82,03) (firfisfie 


+fiofisfifostdfiafiefisfietdfafiefisfes 
+3 al iefisfiofistdficfisfesf inf ie) 


+ firfiefisfiefisfes |. (4.113) 
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The regularity is apparent. Form the graphs of the 
various products by writing each molecule, i, 7, 1,2, ---, 
m, as a vertex, and a line for each fag in the product. All 
products occur in which the m+1 molecules, j+{m}, 
are connected, and in which there are two or more 
independent paths between i and 7. By two inde- 
pendent paths we mean that the paths may be so 
drawn as never to touch at any single vertex, that is, 
there is no “node” in the graph: no vertex of the set 
{m} which if suppressed would leave two or more 
graphs, one of which contained i, and another contained 


Our procedure from here on is as follows. In a 
previous paper’ the development for the distribution 
function for pairs, F2(r;;), for the gaseous phase, as a 
power series in the activity z, has been derived. The 
equation can be written, 


B(risd= Sr HOt f(r) Me/0y? X Ba alras)s', (4.12) 


where By, ;(r;;) is (1/1!) times an integral over the coor- 
dinates of / molecules of a sum of products of functions 


f (Tap): 


Ba m(ris) = (1/m Df fo fonmteses {m})d{m), 


(4.13) 


and bs,» is a sum of products of f’s, namely the sum 
of all connected products of f’s of the m+2 molecules, 
in which f(r;;) does not occur. We then try to express 
the sum of integrals of Eq. (4.7) in terms of integrals 
over the functions b»,,. This turns out to be possible, 
and indeed in such a form that the complete expression 
for L;,;' involves only the quantity pg. Now from Eq. 
(2.11) the submatrix Ly; is just Ei:+>:g. The reciprocal 
of this matrix is 


[Li1}'=Eu—pgtp'g-g—p'g-g-gt+---, (4.14) 


where by the products we mean matrix multiplication, 


e-e=LeP(ris) = f glrade(rnddr. (4.15) 


The expression one arrives at for L;,;~' from (4.6) is 
just the same as that of (4.14). 

Anticipating this demonstration, let us examine its 
significance. In the first place, the series of Eq. (4.12) 
has been derived in reference 6 only for the gas, namely 
for low z values for which the series converges. The same 
equation, may, however, be derived for an open system 
(grand canonical ensemble) in a finite volume, V, in 
which case (4.12) is exact, and the series is absolutely 
convergent, although terms with 10" may be the 
large ones. We can also carry out the integrations of our 
kernels in this same finite volume, V. The expressions 
are identical and both converge. We have thus succeeded 


7J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 2 (1941). 
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in proving an identity, albeit by a circuitous path. In 
addition, however, this has another important con- 
sequence. ; 

In the next section, we examine the results of the 
assumption that L®), ; is the reciprocal matrix to L1,1, 
and justify this assumption by a plausibility argument. 
Suppose that, having made this assumption, which 
would be correct if y,,.=0 for m¥1 when ¥,=0 for 
m1, we were to attempt to correct it by successive 
approximations, first adding the correction due to the 
deviation from zero of WY, then that due to ys, etc. The 
procedure would lead to the infinite series of Eq. (4.7). 
This series, however, diverges at activities higher than 
that of condensation, that is at the activities of the 
stable liquid phase. Our successive approximation 
method is not absolutely convergent. At best, it may be 
convergent for a few terms in the sense of an asymptotic 
series approximation. 

Now we have carried out the corresponding inves- 
tigation for the Kirkwood and YBG kernel. As we 
have seen in the previous section, the submatrix Z1,1;1,1 
for the case of a two-component system with the ac- 
tivity of one component set equal to zero, is the 
Kirkwood, YBG kernel. We also saw that a con- 
sistent application of the Kirkwood approximation led 
to the conclusion that this matrix was reciprocal to the 
the submatrix L :,11. Now again suppose that we 
had used the linear form, Eq. (3.11’) to solve for the 
unknown y;,1, using the Kirkwood or YBG operators, 
and using the Kirkwood approximation in the form 
¥,,o=0 unless y=1, u=1. Then we try to correct this 
approximation by adding the successive terms due to 
the deviation from zero of y,,,. The additive terms are 
again in the form of a divergent series, namely the 
power series in the activity that converges only for 
activity less than that of condensation. 

The numerical solutions of the distribution function, 
F;(r), for pairs, which have been made by Kirkwood 
do not use the linear Eq. (3.11’), but the nonlinear (3.7). 
It is not clear to us just what method one would con- 
template using to correct this by any successive approxi- 
mations. It is always possible that a convergent method 
could be found. However, the simplest method that 
suggests itself for solving the equations by use of the 
Kirkwood approximation for a zeroth-order solution, 
and then proceeding to higher order corrections appears 
to be that which we have used here. This method does 
not converge. 

In order to complete this section we shall now carry 
out the promised demonstration that Eqs. (4.7) and 
(4.14), with (4.12) for g(r) are actually identical. To 
prove this it is easier to make an equivalent demon- 
stration, namely that the reciprocal of Li;-'(r.,7;) given 
by (4.7) is actually Zi :+pg(r;;) as given by Eq. (4.12). 
Let us reexamine the products of /(r) that compose the 
integrand ke, m. This is the sum of f(r;;)@2, m+a@*2, m, Eq. 
(4.9). All products have all m+2 molecules 1, 7,1, 2,---, 
m connected. No products occur in which any of the 
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set {m} are connected to 7 or the others of {m} only 
through i. That is, the suppression of 7 as a vertex 
leaves a single connected graph of the other m+1 
molecules, j, 1, ---, m. No products occur in which 
the suppression of any single vertex a, of the set {m}, 
leaves i and j unconnected, although this suppression 
may leave one or more subsets {uu}, unconnected to the 
rest of the 2+m—uy vertices. That is, the graphs of the 
products have no nodes between i and 7. This limitation 
is explicit in the products of the functions a*,,,, and is 
also true in f(r;;)@2,m since the term f(r;;) always 
connects 7 and j and is never removed by the suppres- 
sion of any vertex a of {m}. All connected products 
other than those violating these rules occur once and 
only once in Rom. 
Now define 


ratrad= E n/m) ff ++ fitan(eaess maton, 


m>0 
(4.16) 
so that (4.7) becomes 


Ly, i(rij)=8(ti— 15) —2A2(7 55) = Enr— 2A2(7;)). 
The reciprocal of this is 


Ly1(ri) —Eut & 2"D2]}", 


nm>1 


(4.17) 


where, as in (4.15), we mean matrix multiplication in 
raising A, to a power: 


Daltrad= fi f+ fratranainnd--- 


XAo(tn, pdr: ° -dr,,. (4.18) 


The sum on the right-hand side of (4.17), with (4.16) 
for \2, can be written as a sum of coefficients times 2”, 


1y,1(ri3) = Ei, itz>- 2"Co, n(Pi5); (4.19) 
n>0 


where C2,, is an integral of a function ce, over the 
coordinates of m molecules: 


Cx ars) =(1/n!) fF fo fevaGonss tmyaim, 4.20) 


and again ¢2,, will be a sum of products of functions 
f(r) for 7:3, Pia, Tj ANd Tog With « and 8 members of the 
set {n}. Let us examine what products occur. First it is 
clear that only connected products are present, and 
secondly that no products in which the suppression of 
the vertex i leaves any subset {v},, unconnected to the 
remaining vertices, since no such produce enters any of 
the ke, m’s that compose ¢2, ». We now claim that every 
connected product not subject to this one limitation 
occurs once and only once. 

This latter fact can be seen as follows: First we 
clearly have, in ¢2,, the possibility of any number of 
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nodes since the term [ke |" belongs once in ¢c2, », having 
n nodes, and the term [e,, |! with no nodes, as well as 
all intermediates. Since the ke m’s include all graphs 
without nodes, it follows that all graphs occur at least 
once multiplied by some factor. Now this factor is 
exactly unity. Consider any single graph with v nodes, 
v <n, and with m particles between j and the first node, 
m2 between the first and second, etc. Then 


i=y+1 


v+ > ny=n. 


i=1 


Now consider the sum of all graphs with the same 
number, v, and the same numbers, ™, m2, «°° 
These graphs arise from the product 


Reo, ni(tj,¥1; {21} Re, no(¥1,82; {12})+ + Re, n(t,,083 {7%41})- 


For given number values v, 11, m2, «++, +1 there are 
n!/[[n;! different ways of assigning the numbered 
vertices to the » different nodal positions, with n; 
between the (i—1)th and ith node. The factor m! just 
cancels the m! in the denominator of Eq. (4.20) and 
the 1/[[m,! is the denominator of (4.16). 

We now turn to the expression (4.12), with (4.13) 
for the coefficients Be, »(r;;). The function be, m(r:,r;; {m}) 
is the sum of all connected products of the molecules 
i, j, 1, 2, +++, m, including those in which a subset 
{u}m is connected only through 7 to the rest of the 
m+1—y vertices, but with no factor f(r;;). Define 
now the function b;, ,(r;+{m}) as the sum of all con- 
nected products of m+1 molecules, i+, so that the 
cluster integral, 5,, which occurs in the theory of 
imperfect gases is given by 


» MNy+1- 


(nt1)bmnr=(1/n) ff . + fb, alec (oat), (4.21) 


and include };,9=1 in the definition of b;,,. Now from 
the theory of gases we have 


p= = 1b,z', 


I>1 


(/2) = (2"/n!) f f hy f bi a(tct{n))d{n). (4.22) 


n>0 


The function, 
[1+ f (rij) ]bo, n(tints; {2}) + L(Y) nf (ris)b1 (tit {7} n) 
Xb, no (tjp+{n—v})= by, nyi(ritryt{n}), (4.23) 


is then the sum of all connected products of u+2 
molecules, i, j, 1, 2, ---, #. The equation is also valid 
for n=0, if be, 9 =0. Form 


H(eu)=(/o¥ © (2"/n) ff fever 


X (ritryt{n})d{n}, (4.24) 
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and use (4.23) in this. In the second term on the left 
of (4.23) we note that there are n!/(n—v)!v! different 
subsets {v}, for every numerical value of ». We may 
replace n—v by yw, multiply by #!/v!u!, and sum over 
all numerical values of vy and u, which is equivalent to 
the sum over all » and all {v},,. With this, the integra- 
tion in the sum of (4.24) with Eq. (4.22) just gives 
(p/z)*, which cancels the term in front of the sum of 
(4.24). We then get 


T (15) = f(r) = (2/o*L1+f(ris)] DBs, n(ris)2” 
n>1 
= (rij) 
from Eqs. (4.12) and (4.13). 
Now, on the other hand we can write, 

ba nga(Ket ryt {m}) = LY} neo, no(¥i,0j, {n—v} n) 
Xbi,,(rit{r} n) 

since the expression on the right is just the sum of all 

connected products of the +2 molecules i, j, 1, +--+, . 

Use this in (4.24) and again note that there are 

n!/(n—v)!v! subsets {vy}, of size v, so that we can 


multiply by this and sum independently over the 
numbers v and m=n—», and find 


T (rij) =g (ris) = (2/e)d, 2°C2, n (Vij) 


(4.25) 


(4.26) 


from (4.20) for Con. We thus see that (4.19) leads to 
Ly,1(r:;)=E1,14+g(ri;) in complete agreement with 
(2.11). 

The equivalent demonstration for the Kirkwood 
kernel, Z1,1;1,1, follows almost identical lines, and will 
not be repeated here in detail, since it is algebraically 
slightly more complicated. The kernel Z1,1;1,1 depends 
on the coordinate of three molecules, rj, rj, and ro (and 
not four as one might assume from the notation since 
all nonzero terms contain a delta function of two of the 
original coordinates). If the equivalent development to 
Eq. (4.7) is made, the corresponding functions 
ka, m(¥i,¥;,%0; {m}) differ only from the functions ke m 
in a uniform factor, 


ks, m(¥i,0 5,00; {m}) = TI (foo +1) (fos +1) Ram (¥5,8; {m}). 


a>l 


By defining functions which always differ from those 
in the previous derivation by the corresponding factor 
one can go practically word for word through the same 
argument that we have used for Z;,; with a similar use 
of the theory of imperfect gases. Again one finds that 
the terms which must be added to L, 1.1; in order to 
obtain the reciprocal matrix to Z1,1,1,1 form a divergent 
series if the integrations are made in the limit of 
infinite volume. 


5. SIMPLE INTEGRAL EQUATION 


The submatrix elements Z;; and L,, are the 
simplest of the significant elements. It is obviously 
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attractive to use, as an initial approximation, that these 
two matrices should be reciprocal. Actually, it is pos- 
sible to present a physical argument which has some 
plausibility and from which one can deduce that they 
should be, at least approximately, reciprocals. 
Consider the perturbation interpretation of the func- 
tions ¥, given in Eq. (2.4). Let y,=0 for »¥1, and 
let yi: be some arbitrary function, for instance a 
periodic field function. The functions y, are then the 
effect of this on the corresponding functions w, [Eq. 
(2.5) ]. One may think that the primary effect of the 
external field is to alter w; from its initial zero value in 
the fluid, and that relatively little change will occur in 
the pair potentials of average force, we, or in the higher 
components, w,, v>2. That is, we may write 


¥{v}=0, v>1. 


The equation 


¥i(t1) = L1,1(81,82) yi (2), (5.1) 


is exact, and if the above assumption were correct, we 
would have approximately that 


¥1© (1:) Ly (11,82) -Yi(r2), (5.1’) 
from which, 


Ly, 1(t1,82) Ls, 1(t 2,63) = 8 (11— rs). (5.2) 


Whatever lack of conviction this argument may carry, 
one may investigate the results. 

Using Eqs. (2.11) and (2.11’) for Zi; and L®,, 
one finds the integral equation analogous to (3.14): 


pg (ric =sf(ra)+oef flrss)g(radrs (5.3) 


This is an equation for which there is a relatively simple 
solution, by means of the three-dimensional Fourier 
transforms: 


o= f 4a’ f(r)[sin2air/2eir|dr. (5.41) 
0 


sin= f 4nf°p(t)[sin2xtr/2xtr \dt, (5.42) 
0 

v= f 4nr’g(r)[sin2xtr/2xtr |dr, (5.43) 
0 


(5.44) 


g(r)= f 4nf*y (t)[sin2xir/2xtr \dt, 
0 


f tewe(radar, 


= f 4nfp(t)y(é)[sin2xtr/2mtr jdt. 
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For the transforms we have then the equation 


py=2pt p2yd, 
py (t)=20(t)/[1—29(¢)]. 


We then have for the pair distribution function, 


Fx(r)=g(r) +1, 


(5.5) 


(5.6) 

pg(r)= f 4rf2p(t)[1—2(1) }[sin2etr/2xtr dt, (5.7) 
0 

and since F,=0 at r=0, g(0)=—1 


pie f 4x2 (!)[1—20(t) Pat. 


0 


(5.8) 


To get some idea of the nature of the solution of this 
equation we may use the approximate analytical form, 


fi(r)= —exp[—a(r/1)?]+B exp{ —B[ (r/r0)?—1]}, 
(5.9) 


or the similar form, 


fo(r) = —exp[—a(r/ro)? |4+Be% (r/19)8 
X exp[ — (8/2) (r/r0)?]. 


The second term of both these functions has a maximum 
value, B, at r=ro, with second derivative —26B at 
r=ro. For large values of 8 the second term is essen- 
tially zero at r=0 in f;, and exactly zero in f2, so that 
at r—->0 both functions approach minus unity in value; 
and both approach zero at r->«. The constants a, 8, 
ro, and B can be so chosen that the function is a reason- 
able representation of /f(r):-=[exp—(1/kT)u(r) ]—1, 
when u(r) is, say, a Lennard-Jones type 6-12 potential 


u(r) =4ul_(o/r)"— (¢/r)*], (5.10) 


(5.9’) 


with minimum value — u% at r= 2!/®%, 

The Fourier transform, ¢:(¢), of f:(r) can be formed 
from Eg. (5.4) in analytical form, although in a rela- 
tively awkward one. The transform, ¢2(¢), of f2(r) is 
somewhat easier if 8 is chosen to be an even integer. 
We will use here only the less convenient but more 
flexible f;(r). The variable r= 2z/ro is introduced, to find 


6(1/2er)=Aerde* [xf —exp(—ax*) 
: +B exp[ —B(«—1)?]} sinxrdx 


= 4rrr 3 (— ajar) f {—exp(—ax?) 
0 
+B exp[ —8(x—1)*]} cosxrdzx. 
For the second term we substitute y=x—1 and inte- 
grate from minus to plus infinity since the term is 
essentially zero for «<0. The use of cosr(y+1) 
=cosr cosry—sinr sinry with the integral of the odd 
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function, sinry, at zero, leaves 


o1(7/22r9) 
= 4ar?r!(—0/dr){ — [rt /2vV/a8 ] 
Xexpl — (1/4a)7*]+B(x/s)! 
Xexp[— (1/48)7?] cosr} 
=10°(/8)*{ — (8/a)! exp[— (1/4a)7? 
+2B[cosr+ (28/7) sin] exp[—(1/48)77}}. (5.11) 
The value of the function at r=0 is 


¢1(7=0) =10°[ 4/8 }'[2B (1+28) — (8/a)!] 


-f dar’ fi(r)dr, (5.12) 


0 


and the value of the second derivative at r=0 is 


or (7 =0) = — §r0°(/8)'87 
X [2B (3+68+46") —3(8/a)*] 


--if Arr fi(r)dr. (5.13) 
0 


We will set B=3.68, B=12.4, a=0.682, and ro>=2'/® 
X0.9925e, a set of constants that seems to fit f(r) 
reasonably well for argon at 84°K; this is the tem- 
perature of the triple point of argon, at which the vapor 
pressure is 0.7 atmos. The choice was made as follows. 
Our function, fi(r), has its maximum at close to 70, 
actually with the constants chosen above at r= 1.0075 1. 
The minimum energy of the Lennard-Jones 6-12 poten- 
tial of Eq. (5.7) is at 2'/8s, which is the maximum of 
f(r). This fixes our value of ro as above. For argon,® 
uo/k=120°K, so that at 84°K we have m/kT=1.43 
and f(max)=e!“—1=3.18. We then quite arbitrarily 
chose a so that the term exp[ —a(r/ro)? ] has the value 
one-half at this maximum, (r/ro) = 1.0075. This seemed 
to us, on plotting the function, to give a reasonable 
representation of the correct function. Once we have 
made this assignment, the value of B is determined 
with only a negligible correction dependent on 8. The 
value of the second virial coefficient of Hirschfelder,’ 


B*(7*) = -3f (r/r*)? fi (r)d(r/r*) = —4.71 


for uo/kT =1.43, T*=kT/uo=0.7, was then used to fix 
B from Eq. (5.9). The value of 8= 12.4 is actually such 
that the second term is negligible (3.68e-"*) at r=0, 
and for negative r values, thus a posteriori justifying 
our integration from minus infinity. 


8 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954), p. 1110. 
® Reference 7, p. 1114. 


The unit of volume, 


v= 0° =0.7259;5, (5.14) 


is the volume of a closed packed lattice with the atoms 
at the equilibrium distance 2'/°s. With the constants 
given in the foregoing we have 


. 


sint 
o1(7/227ro) = vs (—- 0.04 cosr) 
Xexp(— 0.0277) —0.424 exp(—0.367) | (5.15) 


The function is a maximum at r=0, ¢1(0)=19.80p, 
decreases monotonically to a minimum of about — 5x) 
with 7 between w and 37/2, and rises to a second maxi- 
mum value of about 0.6% at 7 a little greater than 2r. 
The second derivative at r=0 is 


oi (r= 0) = —7.09v)= —0.358¢1(7r=0), 
¢1(r=0)= 19.800, 
$1(r) = 19.809(1—0.17972), 


(5.16) 
r<i. 


We may now get some idea of the consequences of 
the assumption of Eq. (5.2). For activities z<z» 
=[¢1(r=0) }'=0.0505/00 the solution of (5.5) for 
py(t) gives a perfectly regular function, approximately 
equal to 2¢@ for sufficiently low z-values. As z approaches 
the value 29 the function becomes singular at ‘=0, and 
as this value is crossed y(/) has a pole at some positive 
value of ¢. The principal value of the integrals which 
form pg(r) or p, Eqs. (5.7) and (5.8) remain finite, but 
the solutions will change in nature for z>z». There will 
be a second value of z, namely the value of the reciprocal 
of the second maximum in ¢, of value about z:= 1.6/2, 
at which y will have a second-order pole at values near 
2x. For greater z-values, the principal values of the 
integrals pg(r) and p will again be regular. 

It is, of course, obvious to assume that zo is the 
activity of condensation to the liquid, and z; the activity 
at which the transition to the crystal occurs. Unfor- 
tunately, both numerical values are far too high; for 
argon at 84°K condensation occurs at 0.7 atmos, at 
which point z is of the order of 0.0023/v9 instead of 
0.0505/v as given by our equation. Since 84°K is 
essentially the triple point for argon, the activity at 
which the liquid freezes to the crystal will be but little 
higher. 

Our equation has several other faults. As z approaches 
Zo in value, Eq. (5.8) will give some definite finite value 
of p, say po. As 2 is passed, z=29+Az, we find, after 
some tedious integrations, that 


p(zt+ Az) = pot Vo [4— In3 [1 0075 Pa? 
x lo (r _ 0), ‘g"" (r ~ 0) }}(Az, ‘zo)}, 
namely, there is no discontinuity in p, but only a discon- 


tinuity in its derivative with respect to z; the transition 
is of second order. 
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The solution leads to a further nonsensical result. 
The value of y(r) at r=0 is, from Eq. (5.43), seen to 
be the integral /4mr’g(r)dr, which in turn is related 
to the compressibility, 


x= (1/p)(0p/0P)r, 
by the equation, 


py(r=0)=pyo=pkTx—1. 


As z approaches 2» in value the compressibility becomes 
infinite. For all higher z-values the compressibility is 
negative. 

It is clear that this simple equation does not represent 
a satisfactory approximation. As we shall see in the 
next section, a more exact equation based on L;,; can 


be derived. 


6. SOME EXACT EQUATIONS, AND SOME 
APPROXIMATIONS 
Although the very simple approximation of the 
reciprocal nature of Li; and L,, leads to some 
characteristics of the correct solution, the equation is 
certainly not very good. The exact equation, [Eq. (2.7), 
with m=1, n=1], 


DY Li ele, 1 


k>1 


=F 1, (6.1) 


can be written in integral form by using Eq. (2.12) for 
Lyx, and (2.13’) with (2.14) for ZL, ; when k>1, and 
adding these terms to those obtained in the previous 
section by stopping the summation with the first term. 
The equation is, 


(o/2)¢ (res) = firs $Z se | 


XL1 +f (ras) ise (tat {k}) —Fi{k}] 


i=k 


XII f(ria)d{k}. (6.2) 


Equation (54’) of reference (2) with k=0, n=1, is just, 


ff fe Th soon, 


so that (6.2) can also be written as 
(p/2)Lg (ras) +1 VUf (ras) > 1) 
= (p/2)F 2(rap)/F2 (ras) 


-r~ ff. +f Pusalta+(8) 


tok 


XII f(rie)a{h). 


(o/2)=1+00 


k>1 


(6.3) 


(6.4) 


These equations are exact. Furthermore they obviously 
converge, since for k> 12, say. F; or 1,4 approach zero 
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if all of the & molecules are close enough together, 
whereas [] (ris) is zero unless all & molecules are near 
to the molecule f. 

Now the functions F;, can be written as a sum of 
products of functions of subsets, {x;},;, of molecules, 
which latter approach zero in value if any of the coor- 
dinate distances of the subset become very large. These 
functions are 


i=l 
Suk} =D {Lf vi} n}u(l—1) (—) 4 Il Fyi{vi}n, 


where >> {/{»,},}. stands for summation over all par- 
titions of the m molecules into / subsets, (1</<n), 
{»}, with 


(6.5) 


i=l 


U{ri}n={]}, 


i=] 


that is with every molecule appearing in one and only 
one subset. We then have, 


Fi{k) = Uli} AY I geslesde, 


(6.6) 


and, 


Fryi{tat {k}}= 2 bhegeriltet {k}a}Pee{k—x}u. (6.7) 


Insert (6.6) for F; into (6.3). The integrals become 
those of products of independent functions, and hence 
products of the integrals. There are k!/[]« m,!(x!)™* 
different partitions into a product having m terms of 
subsets, {x;};, with the numerical value «;==x, where 
> «n,=k. One may multiply by this factor and sum 
over all values of ,. If we define 


a= (in) ff . fetal f(ria)d{x}, 


then we have, from (6.3), 


Se | pak 


Z m«>1 nN, | «>1 


(6.8) 


(6.9) 


Insert (6.7) for Fi.41 into (6.4), noting that there are 
k!/(k—x) x! different subsets, {x},, of size x. We mul- 
tiply by this and sum independently over the numbers x 
and k—x=m. The sum of integrals over Fpl] f(ris) 
is just p/z. We obtain 


iy non ayy" Jonetetion 


XI f(ris)d{n}. (6.10) 


The first term, n=0 is g:(r.)=1. If terms up to n=1 
only are taken, since go=g, one finds 


g(ras)= Sires) +L1+ fren} f elves) fred (6.11) 
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This equation differs from the other approximate rela- 
tion (5.3) rather radically, in that part of the terms of 
the complete sum over & have been used to eliminate 
the factor p/z, and that another part of the term k=2 
introduced the additive term, f(ras)p / gf. 

If the Kirkwood approximation is used, the functions 
g, can be written as sums of products of the functions 
g2=g(ri;) for pair distances, r;;. The sum includes all 
products which are “‘connected.”’ Among the graphs of 
Zipn{Tat+{n}}, there will be many in which two or 
more subsets, {vi}, of the molecules {m} are connected 
only through the one vertex a. These products will lead 
to integrals of products of independent functions in 
(6.10). This suggests the following exact procedure. 

We define 


Qn (Fa; {}) =D {Ui ri} n}u(l—1) 1(—) 7 


i=l 


<I Si4vi{ Tat 1 v;} n} 


i=1 


(6.12) 


so that 


inl 
Sirn{tat (m}}= Vel ri} ndu II Qvi(fa; {vi}n), (6.13) 


and insert (6.13) for gi, into (6.10). Again one uses the 
same procedure as was used to obtain (6.9), namely to 
define 


Q.(ras) = (1/0!) f J dod f Qo( ta; («) I f(ris)d(n}, 
(6.14) 


and obtain, 


Fo(rag)/F2 (rap) = exp x Q,(rap)p”: 


v>1 


(6.15) 


One may now proceed to a further step, using the 
Kirkwood approximation as a guide. The functions g, 
of (6.12) would be represented by all connected graphs 
of 1+» molecules in which the suppression of the 
unique vertex a left the graph connected. These graphs 
include ones in which only one member of the set {v} 
is directly connected to a, those in which two are 
connected, plus others. The integrals, then, can be 
further simplified, since if any subset, {},, of the mole- 
cules are connected to only one of the molecules 
{v}—{n},, say the molecule i, and not directly to the 
unique a, then the integration over this subject, {7},, 
is part of the integral g1,.{rit{n}}I]/(ris). We write 
q as a sum of products of one function pm(fa; {m},) of 
rq and a subset {m},, times functions g1,.n{7;+{;}»-m}, 
where j is any member of the subset {m},-m, and the 
subset {7;},-m is connected only to 7 and possibly to 
each other. 

To write the equation correctly, we define 


Lilsm{x;}ehu 
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to mean summation over all partitions of k molecules 
into m subsets, {x;}x, 1<j<m, including subsets x;=0. 
Thus the number, /, of nonzero subsets is always 1 <m. 
Each subset {«;}, however, is numbered according to the 
particular member of a set {m} to which it is associated. 
One then writes 


qr(ta; {r}) 
=F {m) Pm(ra; {m})d {1 < mf xj} Wm} u 


m>1 


j=m 


xX IT Sites(Ki+{kj}»-m). (6.16) 


The equation gives a unique implicit definition of the 
functions pf», since for increasing values of vy one new 
pm is introduced for each succeeding value of v, namely 
the function ,. 

Now insert (6.16) for g, in (6.14) and form the sum 
in the exponent of (6.15), namely >> Q,’. The number 
of ways, for a given v value, that one can form one subset 
of size m is v!/m!(v—m)!, and the number of ways that 
one can partition y—m into m subsets {x;},-m, including 
subsets x; =0 with each subset {x;} associated with the 
jth member of {m},, 1<j<m, is (v—m)!/T] x;! One 
may therefore multiply by v!/m![] «;! and sum inde- 
pendently over the numbers m and x;. One finds 


EQlrasle'= E - ff fem(cms tm 


{fo 5 = ff foetrttay 


XIE frsdate lam), (6.17) 


From (6.10), one sees that the functions of rg which 
are left after integration and summation over x are 
f (rj) F 2(rja)/F2 (15g). We therefore define 


Pars) =(1/m') f f+ f paltei tm) 


(6.18) 
and write 


F2(1ag)/F 2 (rag) = exp © Pm(Tas)p™. 


m> 1 


(6.19) 


This formal equation has been derived without ap- 
proximation. Although we have used the Kirkwood 
assumption, and the pictures of the graphs to which 
this assumption leads, as a guide to defining the func- 
tions g, and pm, their definition is formally exact 
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whether or not the assumption holds. We can evaluate 
the first few functions p,, readily. From Eq. (6.12) for 
Gn, we have, 


Qi(Ta; ¥i)=£2(Ta,¥i)= (Fai), (6.20) 
g2(¥; 71,73) = gs (fa,¥i,¥j)— g(Taig(%aj). (6.20') 


Turning to (6.16) we find, 


pi(fa; Fs) =Qr(Ta; Fi) =E (Fai), (6.21) 


p2(fa} Ti,8j)=G2(Ta; Ti,Tj)— pr(Pa,¥i)go(Fi,85) 
— pi(Ta,¥5)g2(5,8s) 
= £3(Ta,Ti,0j)— 8 (Pai)g (Taj) 


—g(railg(ris)—g(rasg(rsi). (6.21') 


The graph corresponding to ); is, of course, the simplest 
graph, that of two vertices a ‘and i with a single line 
between them. That corresponding to 2 is the ring 
graph of three vertices with the three lines connecting 
the three pairs. In general, the graphs of p,, are those 
that compose the functions whose integrals are the 
irreducible integrals of the theory of imperfect gases, 
namely the sum of all graphs for which the m+1 
vertices are doubly connected or more. 

If we now approximate the sum in the exponential of 
(6.19) by its first member only, we find the integral 
equation 


[g2(rap) +1 VL f (rare) +1] 


=exn(» f erat fran) VL flr) +10), 
(6.22) 


an equation of the same order of difficulty of numerical 
solution as that handled by Kirkwood. The approxi- 
mation involved is certainly not that of the Kirkwood 
approximation; it is difficult to see whether it would 
be expected to be a fair one, or a very poor one. 
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7. CONCLUSION 


Many more manipulations than those shown here are 
possible with the original fundamental (2.7). We have 
carried out a considerable variety of these, and have 
neglected to record them, primarily in the interest of 
saving printed page space. Some of them may possibly 
be advantageous, but we were unable to see useful 
applications to the equations derived. 

It is clear that if the various specific closed equations 
could be more easily solved numerically we might well 
have more insight into the nature of the approxima- 
tions. Of the equations which we derive here, only the 
very simple one discussed in Sec. 5 can readily be 
solved. Even there the final solution for g(r) involves 
a numerical integration which we have not made. The 
other equations are as difficult as that solved by 
Kirkwood, although not more so, and indeed in some 
cases at least, [ the linear equations (3.11’) ] presumably 
appreciably simpler. They still represent a formidable 
task. It would be nice to know if these various equations 
give reasonably closely the same results. 

It would appear that one can describe the desirable 
characteristics of a completely satisfactory, even if 
approximate, equation. The equation should have solu- 
tions for all values of the activity, 2, except for the 
unique values at which phase changes occur, namely 
condensation and crystallization. Presumably for a 
system of spherical molecules with the Lennard-Jones 
6-12 potential these two would be the only real transi- 
tions. However, the equation should have no solutions 
over two finite density ranges, those between gas and 
liquid, and those between liquid and crystal. The type 
of linear equation that we found in Sec. 5 actually will 
have “phase transitions” at activities equal to the 
reciprocal of every one of the infinite number of maxima 
in the Fourier transform, y(¢). Since existence proofs 
for nonlinear integral equations are frequently lacking, 
it is far from easy to tell which of these have the desired 


property. 
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The covariance matrix between input and output data of a least-squares analysis is computed and hence 
the standard error of a residue may be evaluated. This leads directly to a means of evaluating the consistency 
of the data more precisely than is usually the case. This result is applied to the 1955 analysis of DuMond 


and Cohen. 





N a least-squares adjustment of data such as those 
bearing on the fundamental atomic constants,':? it 
is important to be able to assign standard deviations to 
the differences between the least-squares adjusted out- 
put data and the input data from which they are 
obtained. Unless this is done, it is not possible to make 
a well-defined decision on the significance of those 
differences. Thus, for example, in DC55? the input 
value of the wavelength conversion factor \,/A,=A was 
1.002020+30 ppm (parts per million) while the least- 
squares output value was A=1.002039+14 ppm, and 
the question arises whether the difference of 19 ppm 
indicates a significant and important discrepancy or 
whether it is indicative only of the statistical variation 
to be expected. It is certainly incorrect to calculate the 
standard deviation of the difference without considering 
the correlation which exists between input and output 
data. 
We consider a set of observational equations, written 
in matrix form® as 


Ax=C. 


To this system of linear equations must be assigned a 
weight matrix x. The least-squares solution is x*= P-'k, 
where P=AtxA and k=At*xC. The vector x* is the 
adjusted value of the vector x; from this we can com- 
pute the adjusted values of the numerical input data: 


Ct=AP“k= A[At+zA} Ata. 


The covariance matrix which expresses the correlations 
between an input numeric c; and an output numeric c;* 
can now be computed, and it turns out to be the same 
as the covariance matrix between data themselves, 
AP-'At. (Recall that the covariance between input 
data is expressed by the matrix x~'.) 

The standard deviation of the difference, ¢;*—c;, 
between an input datum and its adjusted output value 
is given by [o,?—«;** }!, where o; is the standard devia- 
tion of the input datum and o,*, that of the output 
value. This surprisingly simple result justifies the de- 
scription of the adjusted value as being compounded 
from two terms—the direct input datum itself plus a 


1J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953). 

2 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955) ; the article is referred to as DCSS. 

3 E. R. Cohen, Revs. Modern Phys. 25, 709 (1953). 


single quantity which represents the effect of all the 
other data. This effective value is statistically inde- 
pendent of the input datum even though observational 
correlations exist in the actual inputs. The variance of 
the difference c;*—c; is then just the variance of this 
effective value. The DCSS5 least-squares adjusted value 
of A referred to above is then made up of the direct 
input value plus the effective quantity (representing all 
of the other data) Agrr= 1.002044+15.5 ppm. The con- 
sistency between the direct input datum and all of the 
other input data is measured by the difference Ain— Aer 
= (24434) ppm. 

A comparison of all the final input data of DC55 is 
given in Table I. Only Eq. (6-3) (the Bearden and 
Schwarz determination of the short-wavelength limit) 
is at all discordant, and even this discrepancy is only 
slightly larger than two probable errors (assuming a 
Gaussian distribution of errors). 

It is also possible to make a direct comparison be- 
tween each input datum and the value of the same 
quantity computed by a least-squares analysis which 
omits that item. This latter value is merely the effective 
datum mentioned previously. In terms of the input and 
output data, the effective quantity is given by 


#2 
’ * bt * 
GHG +———_-(¢; —¢), 
o2—0;" 


oi =0,0;*(02?—0;")"}, 


where ¢,’ is the value of c; computed from a least-squares 
analysis which omits the direct observation, and a,’ is 
its standard error. The comparison of c; with c,’ gives a 
direct means for evaluating the consistency of any given 
measurement with all of the other data and in addition 


TABLE I. Residues of least-squares data. All errors are computed 
on the basis of internal consistency. 








Equation 


number Difference 


(DCS55) 


Input value 


Output value 


output-input 





0-1 
1-1 
2-1 
3-1 
4-1 
5-2 
6-3 


0.00+3.00 
3.50+3.78 
4.00+0.45 
—2.3042.29 
11.10+1.31 
13.50+1.10 
—5.60+8.16 


1.94+ 1.37 

» 3.45+3.46 
3.92+0.44 
—1.96+1.34 
11.35+1.13 
13.3140.99 
7.86+ 1.46 


1.94+2.68 
—0.05+1.51 
—0.08+0.07 
0.36+1.86 
0.25+0.66 
—0.19+0.47 
13.46+8.04 
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Taste II. Direct and indirect values. Each indirect value is the 
result of a least-squares solution from which the direct measure- 
ment has been omitted and hence represents the value of the 
quantity which may be inferred from the totality of other 
measurements. 








Equation 
number 
(DCSS5) 


0-1 


Indirect value 


2.45+1.53 
3.19+8.66 
0.76+2.83 
—1.77+1.86 
12.08+2.24 
12.47+2.32 
8.30+1.48 


Direct value 


0.00+3.00 
3.5043.78 
4.00+0.45 
—2.3042.29 
11.10+1.31 
13.50+1.10 
—5.60+8.16 











indicates to what extent the output value of a given 
function is determined by the indirect implications of 
that other data. 

The direct input values and the indirect least squares 
values are presented in Table II. From this table we 
see for example that the indirect value of 0-1 (the 
conversion factor from x-units to milliangstroms) is 
somewhat more accurate than the direct value. On the 
other hand item 1-1 (the Siegbahn-Avogadro number, 
N,'=NA*) is given much more accurately by the direct 
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data than by the indirect. That this was so has been 
established previously in more cumbersome ways.‘ 

The directly measured value of item 2-1 (fine- 
structure splitting ir deuterium) is more than six times 
as accurate, giving it almost forty times as much weight, 
as the indirect value. This demonstrates forcibly how 
important Dayhoff, Triebwasser, and Lamb’s measure- 
ment of the fine-structure constant is in providing a 
crucial datum for the values of the atomic constants. 
On the other hand, the situation is reversed with respect 
to the h/e determinations, (6-3) ; in this case the indirect 
value is much more accurate than the direct measure- 
ment. If the direct measurement were omitted from 
the analysis, the weight assignable to the value of h/e 
would be changed only slightly and the output value 
would be altered by less than half the probable error. 
The need for further measurements of the short- 
wavelength limit of the continuous x-ray spectrum has 
of course been previously emphasized.?.5 

‘J. W. M. DuMond and E. R. Cohen, Phys. Rev. 94, 1790 
rtf E. R. Cohen and J. W. M. DuMond, Phys. Rev. 98, 1128 
OT ‘A. Bearden and J. S. Thomsen, “A Survey of Atomic 


Constants,” The Johns Hopkins University, Baltimore, 1955 
(unpublished). 
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Field Dependence of Magnetoconductivity 


J. W. McCrure* 
National Carbon Research Laboratories, Cleveland, Ohio 


(Received October 18, 1955) 


A theoretical calculation of the magnetic field dependence of 
the elements of the conductivity tensor has been performed for a 
crystal with a general electronic energy band structure. It was 
assumed that the Boltzmann equation is valid, and that an energy- 
dependent relaxation time exists. The results are the same as would 
be given by a superposition of electron gases, whose cyclotron 
frequencies are related harmonically. The strengths of the har- 


1. INTRODUCTION 


NTIL recently, calculations of the magnetic field 
dependence of the Hall effect and magnetore- 
sistivity have been confined to materials with simple 
ellipsoidal band structures.' For general band structures, 
the limiting cases of very weak fields’ and very strong 
fields’ have been studied. Zeiger has reported a calcula- 
tion based on a particular (nonellipsoidal) model for the 
band structure of p-type germanium.‘ This paper con- 
~ * Permanent address: Department of Physics, University of 
Oregon, Eugene, Oregon. 

1 See, for instance, H. Jones, Proc. Roy. Soc. (London) A155, 653 
(1936) ; B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954) ; and 
M. Shibuya, Phys. Rev. 95, 1385 (1954). 

2H. Jones and C. Zener, Proc. Roy. Soc. (London) A145, 268 
(1934). 

3 J. A. Swanson, Phys. Rev. 98, 1534 (1955); 99, 1799 (1955). 

*H. J. Zeiger, Phys. Rev. 98, 1560 (1955). 


monics depend upon the energy band structure; in particular, 
there are certain relations among them which are required by 
symmetry. The diagonal elements of the conductivity tensor are 
found to be monotonically decreasing functions of the magnetic 
field strength. Extension of the calculation to alternating electric 
fields reveals harmonics in the cyclotron resonance. 


sists of a calculation which applies, under restrictions 
which are discussed below, at all field strengths to 
general band structures. We show that certain new 
features found by Zeiger are to be expected in general. 

In materials which contain more than one type of 
carrier, the field dependence of the Hall effect and 
magnetoresistivity may be used to separate the effects 
of the different carriers, and to obtain concentrations 
and mobilities for each type. Such analyses have been 
carried out for p-type germanium, in which the two 
carriers are light and heavy holes.*:* The separation was 
accomplished by fitting the experimental data te theo- 
retical formulas derived on the basis of spherical energy 
surfaces. To make a similar analysis on a material with 


5 Willardson, Harmon, and Beer, Phys. Rev. 96, 1512 (1954). 
6 Adams, Davis, and Goldberg, Phys. Rev. 99, 625 (1955). 
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a more complicated band structure (or to correct the 
germanium analysis), it is necessary to know the general 
form of the Hall effect and magnetoresistivity as func- 
tions of magnetic field strength for a general band 
structure. A desire to carry out such a program for 
graphite’ was the principle motivation of the present 
work, 

We discuss here only the magnetoconductuctivity 
tensor, as the components of this tensor are simpler 
theoretically than the measured quantities. The mag- 
netoresistance and Hall constant can easily be deduced 
from the conductivity tensor and vice versa. 


2. GENERAL FORM OF THE MAGNETO- 
CONDUCTIVITY TENSOR 


We now present the solution of the transport equation 
and obtain a form for the field dependence of the 
conductivity tensor. The Boltzmann equation in the 
presence of uniform electric and magnetic fields, and 
assuming the existence of a relaxation time, is® 


(¢/a)LE+VXH/c)-Vift+(fo—f)/r=0, (2.1) 


where the notation is the same as in Wilson’s book. 
The general solution of this equation has been given by 
Shockley’ and by Wilson.” We find it useful to present 
the solution here, using a different notation. 

First, let us follow Wilson and write the distribution 
function as 


f= fo—$0fr/9E, (2.2) 
where ¢ is a function which is proportional to the electric 
field strength." The Boltzmann equation now becomes 
to first order in &, 
— (e/hc)vKH-¥.6+¢/r+e8-v=0. (2.3) 
In obtaining (2.3), use has been made of the fact that 
(1/h)¥,.E=v, and that the operator (vx H) -V;, applied 
to a function of energy alone gives zero. 
The first term in (2.3) is the derivative along a path in 
k space (called the hodograph) which is formed by the 
intersection of a plane perpendicular to the magnetic 
field with a constant energy surface (see Fig. 1). To 
describe the position along the hodograph, it is con- 
venient to introduce a new variable s, such that dk/ds 
=—(e/hc)vXH. Thus, s(k) represents the time at 
which an electron, precessing around the hodograph 
when there is no electric field, would be at the point k. 


7 The field dependence of the Hall effect and magnetoresistance 
in graphite at low temperatures is remarkable, see G. H. Kinchin, 
Proc. Roy. Soc. (London) A217, 9 (1953). 

8A. H. Wilson, The Theory of Metals (The University Press, 
Cambridge, 1953), second edition, p. 196. 

® W. Shockley, Phys. Rev. 79, 191 (1950). There is a misprint in 
his Eq. (4). The lower limit of the second integral should read @ 
instead of 0. 

0 Reference 8, p. 224. 

1 Tt is clearly sufficient to solve Eq. (2.1) to first order in the 
electric field, as such a solution gives a current proportional to the 
electric field (i.e., Ohm’s law is obeyed). 
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Fic. 1. Illustration of a hodograph in the k.k, plane. The case 
shown is for EZ increasing away from the origin, so that the 
representative point precesses around the hodograph in the 
positive direction. 


In terms of the new variable, (2.3) becomes 
06/ds+o/1r+e8-v=0. 


Equation (2.4) is a first-order linear differential 
equation in one variable and is easily solved. The 
general solution is 


o--f ds'e& -v(s’) exe| — f as"/x(s")} (2.5) 


where r is a constant which is determined by the 
boundary condition. The condition on ¢ is that it must 
be a single-valued function of k; which means that it 
must be a periodic function of s, with a period equal to 
the time (7) for the particle to go completely around the 
hodograph once. It is obvious that v and 7 are also 
periodic in s with the same period. Application of the 
periodicity to (2.5) yields the result that r=—. 

The time T and the angular frequency (cyclotron 
frequency) associated with it are given by 


(2.4) 


(2.6) 


T=22/w= (n/c) o abe 


where the integration is around the hodograph, dk is an 
element of arc length on the hodograph, and 2, is the 
component of the velocity perpendicular to the magnetic 
field. 

We now make the assumption that the relaxation 
time is constant on the hodograph,” and make use of the 
periodicity in s to write v as a Fourier series, 


v= > v(m) expLimws], 
where the reality of v requires that v(—m)=v*(m). 
Substituting (2.7) into (2.5) and remembering that we 
are now assuming that 7 is independent of s, we find 
b= —7T Dme&-v(m) expLimws |/(1+imws). (2.8) 
We now have two tasks: to compute the current with 
the distribution function associated with (2.8) and to 


2 Though the integral can still be performed for a general relax- 
ation time, the dependence of the result upon the magnetic field is 
not the same. Thus, success in explaining the experimental results 
with the simple form found in this section may be evidence that 
the relaxation time is constant on the hodograph. 
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find the coefficients v(m) which appear in (2.7). We 
proceed first to the calculation of the current. 

The current due to a single band is given by the 
familiar expression 


j=[—e/(2")"] f @Pkv f=[—e/(2n)] 
x f @Pkvd(—Afo/9E), (2.9) 


where the integration is over the basic Brillouin zone. 
The total current density is given by the sum of 
contributions like (2.9) from each band. In expression 
(2.9), we may replace the integrand at any point in k 
space with the average over the hodograph which passes 
through the point. Such rewriting does not change the 
value of the integral as integration over the Brillouin 
zone includes integration around each_hodograph. The 
current may then be’ written 


j=[e/(2—)*1 f ae(—aje/aE)M, (2.10a) 


= — (w/2rer) g dsov. 


The integral in (2.10b) is over one period. 
Substituting expression (2.8) for ¢ into (2.10b), and 
using the orthogonality of the functions exp[imws ], we 


obtain 
M=) ml &-v(m) lv(—m)/(1+imwr). (2.11) 


Expression (2.11), when substituted into .(2.10a), will 
give the current and thus allow us to calculate the 
conductivity. 

Let us first define a tensor § such that M=S-&. We 
shall choose the magnetic field to be parallel to the z 
axis and examine the components of S (each of which 
gives rise to a corresponding component in the con- 
ductivity tensor). The easiest component to discuss is 


S22 Which is | )| | | 
o |v2(m)|? « 2|v2(m)|? 
S22= > - i 


mame Aimer mt 1+(meor)® 


(2.10b) 





(2.12) 


In writing (2.12), we have used the reality condition, 
and the fact that »,(0)=0." It is seen that S_,, is a 
positive, monotonically decreasing function of the mag- 
netic field (all dependence upon the magnetic field 
strength is contained in the cyclotron frequency a, 
which is linear in the magnetic field). 

The expressions for the other components of S are 
given by 


© {v2(m)vy(—m)+02(—m)v,(m) 
1+ (mwr)? 
iLv2(—m)v,(m)—02(m)vy(—m) }mwr | 


1+(mwr)? 


13 This result, which is proved in Appendix A, means that the 
orbits of electrons, in the absence of an electric field, do not drift in 
a direction perpendicular to the magnetic field. 








(2.13) 
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and 

2 2|v,-(m) |? 
S..=9/0 4. —— (2.14) 

m=1 1+ (mwr)? 
The expression for S,, is similar to that for S,,., and 
those for S,, and S,, are similar to that for S,, (with the 
important difference that the relations among the 
Fourier coefficients of the velocities are different). The 
components of S obey the general symmetry require- 
ment that S;;(H)=.5S;;(—H).* Note that S,, is the only 
component which approaches a finite limit as the 
magnetic field becomes infinite. The first term in S,, 
remains finite when the magnetic field is zero. If such a 
term is nonzero, it means that the zero magnetic-field 
conductivity is anisotropic. The term will be zero if the 
hodograph possesses sufficient symmetry. The second 
term in S,,, which is odd in the magnetic field strength, 

is responsible for the normal Hall effect. 
To find the conductivity, we must integrate S over 

the zone, obtaining 


o=[e/(2n)*] f @k(—Afo/AE)rS. (2.15) 


If one considers a case in which degenerate statistics 
apply, the quantity @/o/dE is appreciable only for 
values of E near the Fermi energy. In that case, @ may 
be expressed as an integral over the Fermi surface. In 
the fortunate case that wr is constant over the Fermi 
surface, the form of ¢ would be the same as that of S. If 
the variation of wr over the Fermi surface were small, ¢ 
could be approximated by an expression of the same 
form, using appropriate average values of wr.!® If 
Boltzmann statistics were applicable, the variation 
would probably be greater, as the conductivity will be a 
combination of S’s corresponding to different energies. 


3. AMPLITUDES OF THE HARMONICS 


We shall begin our discussjon of the Fourier coeffi- 
cients using cylindrical coordinates in k-space, and then 
transform to the variable s. Let @ be the azimuthal angle 
about the z-axis (@=0 being the direction of the x-axis) 
and let p be the distance in k-space from the z-axis. A 
given hodograph can be described by k,=constant, 
p=p(0). We may write the energy in a Fourier series, 


E= E..(0,ke) exp[in@ ], (3.1) 


where the reality of E requires that E_,=£,*. Other 
restrictions on the E,’s may result from symmetry 
requirements. If the kk, plane is a mirror plane, then 
E,, is real. If the symmetry operations include a p-fold 
rotation about the z-axis, then E, is zero unless is an 
integral multiple of p. 

The componeats of the velocity are found by taking 
appropriate gradients of the energy, 


4M. Kohler, Ann. Phys. (5), 40, 601 (1941). 
6 Tf the relaxation time is a function of energy alone, then the 
variation of wr over the Fermi surface is due to that of w. 
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Fic. 2. Possible forms for hodographs. 


v2= (1/h)> LE,’ cosé—(n/p)E, sind] exp[ind], (3.2a) 
v,= (1/h)> CE,’ sind+ (n/p)E, cosd] exp[ind], (3.2b) 


where the prime denotes the derivative with respect to 
p. We rewrite these expressions as follows: 


v2= (1/v2)(g+g*), 
vy= (i/V2) (g—g*), 


(3.3a) 


(3.3b) 
where 


g=>n(1/V2h)(E,’— (n/p) En | exp[i(n+ 1 )6}. 


We need to write v, and v, as functions of s. To do this, 
we must take the p, which appears in (3.3c) (both 
explicitly and as the argument of E,) to be a periodic 
function of @, and take @ to be a function of s (@=ws 
+periodic function of s). If this were done, we would 
have 


(3.3c) 


g=>., B(n) expli(n+1)ws ]. (3.4) 


We shall make use of the form (3.4), but not attempt to 
calculate the B’s here. It can be shown, however, by 
tracing through the steps outlined in the foregoing, that 
if certain of the £,’s are zero by symmetry, then the cor- 
responding B(n)’s are also zero. 

In terms of the B’s, the desired Fourier coefficients of 
the velocities are 


v(m) = (1/v2)[ B(m—1)+B*(—m-—1)], 
v,(m) = (i/v2)[_— B(m—1)+B*(—m—1) ]. 


(3.5a) 
(3.5b) 


Using these expressions, we may work out the combina- 
tions of velocity components which appear in (2.13), 


vz(m)v,(—m)+0.(—m)v,(m) 
= —i[ B(m—1)B(—m—1) 
— B*(m—1)B*(—m—1)], 


iLv.(m)v,(—m)—v.(—m)v,(m) | 
= —[|B(m—1)|?—|B(—m—1)|*}. 


We now consider several special cases. First, if the 
kk, plane is a mirror plane [see Fig. 2(a) ] then all the 
B’s are real and (3.6a) vanishes. This result is in 
agreement with the expectation that if the k,k, plane is 
a mirror plane, then the xy part of the zero-magnetic- 
field conductivity should be diagonal in the k,k, 
coordinates. For S,, in this case, we have 


Saal mw {_B?(—m—1)— B*(m—1)] 
sy= 1+ (mor)? ° 


m=1 


(3.6a) 


(3.6b) 





(3.7) 
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Second, if the hodograph is simply connected and is 
invariant under threefold rotation about the z-axis [as in 
Fig. 2(b) ], we have 


w7B?(0) 2wrB?(—3) 


1+(wr) 1+(2wr)? 
4wr7 B?(3) 


1+ (4w7)? 





(3.8a) 


In this same case, S,, can be written 


B0)  B%(—3) —_—BY(3) 





(3.8b) 


"1+ (wr)? 1+ (2wr)? 1+ (der)? 


Note that the third-order harmonics are missing in both 
expressions, and that the mth order term in S,, is equal 
to the mth order term in S,, times +-mwr (signs 
alternating).!® 

We next consider another possible band structure 
with threefold symmetry; one composed of three 
hodographs, each with mirror symmetry, arranged as 
shown in Fig. 2(c). We may, in this case, take S to be the 
average of the contributions from each hodograph. We 
then find 


wr[B*(—2)—B*(0) 
Aer)? 
2wr[ B*(—3)— B*(1)] 
4a clo: 











1+ (3wr)? 


and 
B*(—2)+B(0)  B(—3)+B*(1) 
eS ae 1+ (wr) 
B*(—4)+B?(2) 
i a 








(3.9b) 


Note that all the harmonics are now present. The mth 
term in $,, is equal to mwr times a quantity which may 
be positive or negative, but the magnitude of which is 
less than, or equal to, the mth term in Szz. 

If, in the case just discussed, there is the additional 
symmetry of a twofold axis through the center of each 
hodograph and parallel to the z-axis, then the B’s with 
odd indices vanish. Thus, the even harmonics in $,, and 
Szy would vanish. 

For a hodograph with fourfold symmetry [ analogous 
to the one in Fig. 2(b) ], only B’s with indices which are 

16 From Eq. (2.6), it is seen that w is positive if the energy in- 
creases going away from the center of the hodograph, and is 
negative if the energy decreases. Thus, the leading term in (3.8a) 


is negative for electrons, and is positive for holes, in agreement 
with the traditional result, 
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multiples of four will be nonzero. It follows that only odd 
harmonics appear in S,, and S,, and that the mth term 
in S,, is given by +-mwr times the mth term in S,z. If 
four hodographs having mirror symmetry are arranged 
in a cross [analogous to Fig. 2(c)], the resultant ex- 
pression is the same as (3.9). The foregoing discussion 
applies when the magnetic field is parallel to a fourfold 
[100] axis. There are also threefold axes [111] in cubic 
crystals, and the discussion of threefold symmetry 
already given applies. We shall not discuss other sym- 
metries here. 

It is to be emphasized that if the hodograph is 
elliptical, all B’s are zero except B(0). In such a case, 
there would be no harmonics, in agreement with previ- 
ous work.! 


4. FREQUENCY DEPENDENCE OF THE 
MAGNETOCONDUCTIVITY 


The results obtained in Sec. 2 can easily be generalized 
to apply when the electric field is alternating in time. To 
do so, it is only necessary to replace 1/7 by iw.+1/r, 
where w, is the angular frequency of the applied electric 
field. Note that the substitution must be made before 
the quantity 7 is factored out in the definition of §. The 
expression obtained for S is 


S=)>>n v(m)v(—m)/[1+i(mwtwa)r]. (4.1) 


Since the above expression depends upon the Fourier 
coefficients of the velocities in the same way as the 
static field S, the results of Sec. 3 still apply. 

As is well known, the real part of S gives the con- 
ductivity and the imaginary part gives the dielectric 
constant. If |mw7| is of the order of one, or greater, S 
will have pronounced maxima in the neighborhood of 
@ = mw. Such behavior is cyclotron resonance, with the 
harmonics predicted by Zeiger.‘ A recent calculation by 
Luttinger and Goodman" of the cyclotron resonance 
absorption in p-type germanium also reveals the 
harmonics. The third harmonic in p-type germanium 
has been observed experimentally by Dexter.'* The 
third harmonic disappears when the magnetic field is in 
the [111] direction, in agreement with the conclusions 
of Sec. 3. 


5. CONCLUSIONS 


In this paper we have studied the field dependence of 
the magnetoconductivity for general band structures. In 
doing so, we have made several assumptions. It would 
be important to study the effects of relaxing these 
assumptions. Perhaps the most serious is the use of the 

17J. M. Luttinger and R. R. Goodman, Phys. Rev. 100, 673 


(1955). 
18 R. N. Dexter, Phys. Rev. 98, 1560 (1955). 
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Boltzmann equation, which neglects orbital quantiza- 
tion in the presence of the magnetic field. It is known 
that the orbital quantization gives rise to the de Haas- 
van Alphen type oscillations in the conductivity as a 
function of magnetic field. 

If the experimental data could be accurately repre- 
sented by the formulas derived here (or their necessary 
generalizations), not only could the concentrations and 
mobilities of the carriers be determined, but information 
about the band structure would be gained. For example, 
the relative magnitudes of the harmonics could be used 
to fix the parameters in a theoretical expression for the 
electron energy as a function of wave number (such a 
program was suggested by Shockley in reference 9). 
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APPENDIX A 


We wish to show that the Fourier component »,(0) 
vanishes. The component is given by 


v,(0)= (a/2n) o dev. 


Let dk be the change in arc length (in k space) going 
with ds. Then 


v2(0)= (che/2ne) § dbvyi/e 


(A.1) 


(A.2) 


where i is a unit vector in the x direction and v, is the 
component of the velocity perpendicular to the mag- 
netic field [v,= (v.2+1,7)!]. Now 

dkv ,/v,=dkX H/H, (A.3) 


where dk is the vector change in k, going along the 
hodograph. Thus, it follows that 


s(0)= (he/2nett)( HX g ak) i. (AA) 


But since fdk=0, we have proven that v,(0) is zero. 
Obviously, the same proof holds for v,(0). 


19 The effect of orbital quantization on the transport properties 
has been studied by S. Titeica [Ann. Phys. 22, 120 (1935) ] and by 
B. ry deed and I. Pomeranchuk [J. Phys. (U.S.S.R.) 2, 147 
(1940) ]. 
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Ferromagnetic Resonance Absorption in a Nickel Single Crystal at Low Temperatures* 
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Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 
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The g-value and line width of the ferromagnetic resonance in nickel is found to be the same at 4°K as at 
room temperature. A small effect due to inhomogeneous magnetization in the skin depth, predicted by 
Kittel and Herring, has been observed. Values for the anisotropy constants at 4.2°K are K;= —8.3X105 


ergs/cm’, K2= — 1.4105 ergs/cm’. 





ERROMAGNETIC resonance absorption in a nickel 
single crystal has been studied at temperatures 
down to 77°K at X-band, and at 77°K and 4.2°K at 
K-band. Both the dc and the microwave magnetic 
fields were applied parallel to the plane of the specimen, 
a (110) crystal plane. From the experimental data, the 
g-value and the anisotropy constants K; and K2 were 
calculated,” taking into account effects due to the 
existence of domain walls and imperfect alignment 
where necessary.’ By using Bloembergen’s equations,‘ 
the relaxation parameter 1/72 was determined in addi- 
tion at K-band. The details of the general experimental 
method have been given elsewhere.® At both frequencies 
a tunable cavity resonator of the transmission type was 
employed. To avoid undesirable mechanical straining,*®7 
the specimen should be neither clamped nor soldered in 
place. At 9000 Mc/sec, this was achieved by using a 
strip-line resonator whose center strip, half a wave- 
length long, was formed by the specimen. At 24 300 
Mc/sec, the specimen constituted the flat bottom wall 
of a cylindrical To. cavity. Since in this mode a 
current node occurs between the bottom and side 
walls, again no conducting connection was necessary 
between the specimen and the rest of the cavity. As an 
additional advantage, the TE; mode pattern exhibits 
a circular symmetry. Thus, the component of the micro- 
wave magnetic field perpendicular to the dc field does 
not change with rotation of the dc field in the plane of 
the specimen fixed in the cavity. The electromagnet 
generating the dc was rotated, while a constant magni- 
tude of the resonance absorption was maintained. The 
specimens were prepared in the usual way.® Surface 
strain was removed by careful electropolishing and 
annealing. The results obtained at K-band are collected 


* Supported by a joint program of the Office of Naval Research, 
Army Signal Corps, and U. S. Air Force. 

¢ Now with the Proton Synchrotron Division, C.E.R.N., Gen- 
eva, Switzerland. 

1C. Kittel, Phys. Rev. 73, 155 (1948). 

21D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 

8J. Smit and H. J. Beljers, Philips Research Rept. 10, 113 
(1955); J. O. Artman (private communication) extended these 
considerations in this reference to a crystal of cubic symmetry. 

4N. Bloembergen, Phys. Rev. 78, 572 (1950). 

5K. H. Reich, Frequenz 9, 299 (1955). 

6 N. Bloembergen, Phys. Rev. 78, 572 (1950). 

7K. J. Standley and K. H. Reich, Proc. Phys. Soc. (London) 
B68, 713 (1955). 

8K. J. Standley and K. H. Reich, Proc. Phys. Soc. (London) 
B68, 713 (1955). 


in Table I. The values for K; are seen to be in good 
agreement with the earlier values obtained from static 
measurements, though not with the latest value® 
K,=—59000 ergs/cm*. This discrepancy is probably 
due to the fact that the specimen was not very pure, 
as apparent from the measurement of its electrical 
resistivity at 4°K (p= 1.03X10-* ohm cm). 

As to Ke, the only values known in the literature” are 
of similar magnitude but of opposite sign as those found 
here. Although the experimental uncertainty of the 
present value of K: is about 40%, it is unlikely that its 
sign is incorrect." 

Turning now to values of the spectroscopic splitting 
factor, a noticeable increase is seen to take place on 
going from room to liquid helium temperatures. Such 
an increase of the apparent g-value is to be expected 
as a consequence of the increase in nonuniformity of the 
microwave excitation” due to the decrease of the skin 
depth. If one uses the relation given by Kittel and 
Herring and takes A=5X10~? ergs/cm," the shift AH 
of the resonance field due to this effect would be about 
50 oersteds at 77°K and 90 oersteds at 4.2°K. Since the 
resonance field is of the order of 5200 oersteds, and since 
the unperturbed half-line-width is of the order of 350 
oersteds, it is seen that Rado’s major criticisms" of the 
relation in question do not apply in the present case. 
Taking into account the individual values of the AH- 
shift, a constant g-value g= 2.21+0.01 is found between 
room and liquid helium temperatures. 

Concomitantly with the discussed field shift, an 


TABLE I. Data for nickel obtained from resonance 
absorption at K-band. 








Temp. Ki Ke gapparent g corrected 10°/T: 





°K 10° ergs/cm? 
293 — 46 
77 —540 
4.2 —830 


108 ergs/cm* 
— 36+15 
—130+50 
—140+50 


2.20 
2.22 
2.22 


2.20 
2.23 
2.25 





9R. M. Bozorth, Ferromagnetism (D. Van Nostrand and Com- 
pany, Inc., New York, 1951). 

1 L. W. McKeehan, Phys. Rev. 51, 136 (1937). 

4 At room temperature, a negative value K2= —68 000 ergs/cm* 
was obtained previously by the writer in unpublished measure- 
ments taken at the University of Nottingham, England. 

2 C, Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 

3. Lifshitz, J. Phys. (U.S.S.R.) 9, 337 (1944); E. C. Stoner, 
Repts. Progr. Phys. 13, 107 (1950). 

4 W. S. Ament and G. T. Rado, Phys. Rev. 97, 1558 (1955). 


1647 





1648 a & 
additional broadening of the resonance line should 
occur. This broadening could not be studied in the 
present experiment, since it is of the same order as the 
experimental error in 1/72. A constant value 1/7:=4 
X 10° sec between 4.2°K and 293°K is consistent with 
the obtained results. A temperature-independent line 
width of the observed order of magnitude has been 
predicted by Kasuya’® on the basis of a theoretical 
investigation of the interaction between the ferromag- 
netic spins and the conduction electrons. 

The value of the spectroscopic splitting factor and of 
the anisotropy constants found at X-band agreed closely 
with those found at K-band. At X-band, with the dc 
field parallel to the easy direction of magnetization, 


46 T. Kasuya, Progr. Theoret. Phys. 12, 803 (1954). 
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a full resonance curve could not be observed below 
about —50°C because of the increasing magnitude of 
the crystalline anisotropy. At about —160°C, the 
resonance peaks had disappeared completely, since the 
anisotropy field shifted the resonance to higher fre- 
quencies. With the dc field parallel to the hard direction, 
the expected secondary peaks'* were observed. 

I am greatly indebted to Professor N. Bloembergen 
for his hospitality and active interest, leading to several 
stimulating discussions, to C. J. Hubbard for helpful 
suggestions concerning experimental details and to the 
Department of State for a Fulbright and Smith-Mundt 
grant. 

16 J. Smit and H. J. Beljers, Philips Research Rept. 10, 113 


(1955); J. O. Artman (private communication) extended these 
considerations in this reference to a crystal of cubic symmetry. 
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Hall Effect and Magnetic Properties of Armco Iron* 


Smon Fonert 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received November 2, 1955) 


The Hall effect for Armco iron is examined in detail over a large range of fields. The effect is given by 
a sum of the ordinary and the extraordinary effect over the range investigated, including the nonlinear 
region. It is shown that the extraordinary Hall constant is independent of field within the experimental 
error. The approach to magnetic saturation in Armco iron is examined at high fields. The Hall effect is shown 
to be useful for studying detailed behavior of magnetic properties. 


1. INTRODUCTION 


NUMBER of experiments have demonstrated!-* 

that the Hall effect in ferromagnetic materials can 
be expressed as the sum of two terms, one proportional 
to the magnetizing field, H, and the other proportional 
to the magnetization M. Thus 


Eq= (RoH+R:44M)I/t 
=[RoB+(Ri—Ro)4eM ]I/t, (1) 


where Ey is the Hall potential difference, Ro and R,’ 
are the ordinary and extraordinary Hall constants 
respectively, J is the total current, ¢ the thickness of 
the sample in the direction of H, and B the magnetic 
induction. Here we assume the sample is a thin rectan- 
gular plate (6.0 cmX2.0 cmX0.1 cm in the case of 
Armco iron) so that H is uniform throughout the plate. 


* This work was supported by the Office of Naval Research. 

t Now at the Lincoln Laboratory, Massachusetts Institute of 
Technology. 

1E. M. Pugh, Phys. Rev. 36, 1503 (1930); E. M. Pugh and 
T. W. Lippert, Phys. Rev. 42, 709 (1932). 

? Pugh, Rostoker, and Schindler, Phys. Rev. 80, 688 (1950). 

8 A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 

4jJ. P. Jan and H. M. Gijsman, Physica 5, 277 (1952). 

5S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953). 

®S. Foner, Phys. Rev. 99, 4, 1079 (1955). 

7 The R; used here replaces R:/4r in earlier publications. 


Recently a theory for R; has been given by Karplus 
and Luttinger.* The constant Ro, which should yield a 
measure of the number of conducting particles per unit 
volume and their sign, has been found to agree satis- 
factorily with estimates obtained from simple band 
models for a number of ferromagnetic materials.*:>.* 

In this paper, the previously presented experimental 
results for Armco iron (hereafter referred to as A) are 
reanalyzed in greater detail. Because of the high pre- 
cision of the measurements and the particular magnetic 
characteristics of this material, Eq. (1) can be examined 
quite accurately. The results show that within the 
accuracy of the measurements R; is independent of H 
and that Eq. (1) is obeyed over the entire range of 
fields used. The possibilities of employing the Hall 
effect to study the magnetic properties of ferromagnetic 
materials is discussed briefly."° The procedure is par- 
ticularly useful for examining the detailed approach to 
magnetic saturation at high magnetizing fields. 


2. METHOD OF MEASUREMENT 


A detailed discussion of the experimental procedures 
for the Hall effect measurements described in this paper 
®R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954). 


®E. M. Pugh, Phys. Rev. 97, 647 (1955). 
0S. Foner, Phys. Rev. 95, 652(A) (1954). 
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may be found in A.° A brief summary of the method is 
given in this section with a slightly different approach. 

In order to obtain accurate measurements, the Hall 
potential is measured with a high-precision dc appa- 
ratus> by an incremental method. A change in Hall 
potential, (AEy);, is measured for a corresponding 
change in magnetic induction (AB); with respect to a 
fixed reference field, B, chosen well above magnetic 
saturation. The magnetic states obtained by this pro- 
cedure are shown in Fig. 1, where P (or P’) is the 
reference value of B, and successive loops from P to 
%1, %2, x; are traced always returning to P before pro- 
ceeding to the next measurement. For convenience the 
portion of ZL; observed is that for B>0, although the 
entire section L; could be traversed during the measure- 
ments. After reversing between P and P’, the corre- 
sponding section Zz is investigated for the same incre- 
ments of B where B<0, and since the large hysteresis 
loop PP’ is symmetric with respect to the origin, the 
corresponding points on L; and Ly» result in the same 
magnetic state for the sample. The values of M, and 
therefore H, obtained in this manner are thus a unique 
function of B (a result which is verified to high accuracy 
by the Hall effect results at high fields). Any other 
potential which does not reverse with the direction of B 
(resistive type effects which are large at low B) is 
eliminated by observing the Hall potential as a function 
of the direction of B. 

The normal magnetization curve L; is also shown in 
Fig. 1 with a series of hysteresis loops (y,;) which would 
be obtained if the Hall potential were measured while B 
was reversed between the corresponding points. It has 
been pointed out® that this method is not used because 
of the inherent inaccuracy obtained when a small 
difference between two large potentials is observed, 
although resistive type effects are also eliminated by 
the reversal method. It is apparent from Fig. 1 that M 
as a function of B will depend on the particular method 
of measurement at low values of B. Thus a plot of 
Ey versus B for the incremental measurements may 








Fic. 1. B versus H curve illustrating the magnetic states produced 
in the material during the course of Hall measurements. 
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Fic. 2. Hall effect of Armco iron. 


show a larger slope than the reversal measurements at 
low B [compare points x and y in Fig. 1 with Eq. (1) ]. 
From Eq. (1), 


OEq t OM 


—= Ro+ (Ri— Ro)4a— 
I aB 


u—1 
= Ro+ (Ri— Ro) (—) (2) 


bb 


where uy is the differential permeability. For low fields 
u>>1 and for high fields y1, so that 0E,/0B is con- 
stant for these regions. The quantities Ro and R; can 
be determined from the measurements if two values of B 
are known for two corresponding values of M using 
Eq. (1) or if two values of 0E,/0B are known for two 
values of u in Eq. (2). Only the high-field data and the 
knowledge of 4M, (obtained by independent methods) 
are necessary to determine Ry and R;. The additional 
low-field data can be used to check the value of R:. 
Generally the linear portions of Eq versus B are 
examined because Ro and R; are easily obtained from 
this data. From Eq. (2), we see that if (Ri—Ro)>>Ro, 
the 0M/dB term may be magnified sufficiently to allow 
this term to be examined accurately. The data shows 
that the nonlinear Hall data follows the magnetic 
properties in detail. 

The data for Armco iron are shown in Figs. 2 and 3 
where the curves are normalized to J=25.0 amperes 
and ¢=0.100 cm, values quite close to the experimental 
conditions. Figure 3 illustrates the detailed behavior of 
Ex versus B at high B. The magnifying effect of R,, 
discussed above, makes it possible to observe that the 
sample is not saturated up to 26 kilogauss. Even the 
point at 26 kilogauss is almost 2X 10~-* volt below the 
indicated straight line while the three points at higher 
fields deviate by less than 1X10~* volt.!! Each point 
shown is the result of averaging 8 or more experimental 
values. 

There are several reasons for presenting the Armco 
iron data in preference to others available in A.° First, 
because of its large M,, its characteristics can be studied 
both where B>4rM, and where B<4rM, while B is 


4 This fit is slightly better than that previously reported in A. 
The corrected value of Ro is now +2.47X10-" v-cm/amp-gauss. 
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Fic. 3. High-field region of Fig. 2 with expanded scale. 


moderately large’; second, a high thermal stability was 
obtained with this sample so that the ultimate sensi- 
tivity of the measuring system could be attained; and 
third, the value of R; provides a large multiplying 
factor. Furthermore, the sample was quite pure” so 
that a detailed comparison of its magnetic behavior 
could be made with independent measurements. These 
attributes allow a careful analysis of Eq. (1). 


3. CALCULATIONS OF R, 


Two independent methods of calculating R, using 
only the low and high field data are discussed briefly in 
this section. It is shown that the values of R; obtained 
agree within the experimental error. The possible varia- 
tion of R; as a function of H is considered. 

The first method uses only the linear high-field data. 
Rp is first obtained from Eq. (2) from the high-field 
slope, 0Ey/dB, assuming u=1. Substituting 4M, 
= 721 580 gauss in Eq. (1) and extrapolating the high- 
field slope to B=0 to obtain thé value of Ey at B=0, 
R= 25.1Ro is obtained. The errors involved are approxi- 
mately 1% for B and 0.5% for 4rM,," which results in 
an error of 1.5% for this determination. The second 
method uses Eq. (2) and the slopes at low and high 
field to determine R, and Ro (the value of 47M, is not 
required here). In principle, the use of only 0E,/dB 
data should yield higher accuracy because the coil 
calibration may be eliminated. However, the measuring 
procedure for this data used incremental field changes 
from the fixed reference point at 29 kilogauss. In order 
to obtain the slopes at relatively low B-values, the 
difference between two large (AB); is required, thus 
limiting the slope methods to about 1%. From Eq. (2) 
and the slopes at high B and low B (assuming p= 1 at 
high B and u>>1 at low B) one obtains, using the low-B 
slope between the 13 and 18 kilogauss points, Ri= 25.4Ro. 
If the line through the origin in Fig. 2 is used, Ri: = 26.2Ro, 
though the slope thus obtained cannot be very accurate. 
These independent methods of calculating R, show 

#2 High values of B were employed because Ro was of particular 
interest and could be experimentally observed only at values of B 
well above magnetic saturation. 

8 A typical analysis for Armco iron is given in A. 

4 William R. Bitler of this laboratory measured the M, of the 


Armco iron used here. He found 44M,=21 580 gauss within 0.5% 
from H=5 to 17 kilooersteds. 
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that Eq. (1) is consistent within the experimental error 
over the range investigated. 

The methods described above may be used to esti- 
mate any variation of R,; with H. The argument is ° 
based on the observation that in a ferromagnetic 
material, M is a nonlinear function of B and thus Z is 
likewise nonlinear in B. Suppose we assume 


Ri=RY+RYH+: +, (3) 


OR1/AB=Ry'(H/dB)=Ry'(1/n). (4) 


Differentiating Eq. (1) where Ri=Ri(H) and using 
only the linear term in H, 


then 


OEx t aM 
—— -= Ro+ (RY — Ro + RYH) 4er— 
OB I 0B 


+4eurrs(-). (5) 


m7 


The right side of Eq. (5) becomes (R,°+R,' H,) at 
low B where u>1 and H-~H, (the coercive force) 
assuming 441M R,/y is small. At high B, u=1, and the 
right side of Eq. (2) is given by Ro+4rM,R,'. Extrapo- 
lating the linear high-field data to B=0 where Eqy= Ez’, 
one obtains 


Ex*t/I=(RY—Ro+Ry H,)4eM,. (6) 


The three quantities Ro, R:, and R;' can be calculated 
using Eqs. (5) and (6) in conjunction with the Hall 
data, knowing 47M,, H, and yu at two points. The 
maximum possible value of R,' using the experimental 
error as a limit is R;'<R,°X10-* oersted-! which is 
certainly negligible. For the remainder of this paper it 
will be assumed that R; is independent of H. This is in 
agreement with these experimental results and with the 
model used by Karplus and Luttinger® to calculate Ri. 
Their model employs a large spin-orbit interaction 
which one expects would be insensitive to most fields 
produced in the laboratory. 
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Fic. 4. B versus H for Armco iron calculated using 
the Hall effect data. 
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4. B—H CURVE OF ARMCO IRON 


The previous discussion has considered only the low 
and high B-regions where 0E,/0B is generally con- 
stant. Now consider the nonlinear region of the Ey 
versus B-curve. Using Eqs. (1) or (2) and the values of 
Ro and R; obtained earlier, 4rM or 4r0M/0B can be 
calculated from the data. Since B=H+4rM, B as a 
function of H can be calculated. The results are plotted 
in Fig. 4. No correction for the demagnetizing field is 
required here because B was measured directly. The 
retentivity, B,, and coercivity, H., are 16 000 gauss and 
240(+300) oersteds, respectively. These values are 
somewhat higher than the values of B, (6 to 14 kilo- 
gauss) and H, (1 oersted) listed by Bozorth for iron.'® 
However, this agrees with the observation that both B, 
and H, increase with Himax (here Hmax=9 kilooersteds). 
The value of H, obtained here is open to question be- 
cause this quantity could be obscured by the 1% error 
of the incremental B measurements. The data shows 
that yu is large in the region B= 13 to 18 kilogauss thus 
satisfying the approximations made in the earlier sec- 
tions. The B-H curve presented here is not entirely 
unambiguous; i.e., if 0M/dB should be a constant 
rather than zero at the highest fields used, an un- 
detectable systematic error would be left in the determi- 
nation of Ro. Such an error would appear in the B-H 
curve or other magnetic properties using the above 
methods. Fortunately errors in the determination of Ro 
do not affect the equality of the R,’s determined by 
the two independent methods. Furthermore, although a 
constant value for 0M/dB has been predicted'*® theo- 
retically, its value is too small to produce observable 
errors in the experimental values of Ro. Detailed quanti- 
tative agreement with other methods used in obtaining 
these high-field magnetic data are discussed in the 
next section. In this way it is demonstrated that 
Eq. (1) describes the Hall effect over the entire range 
of fields investigated as indicated in Sec. 3. 


5. APPROACH TO MAGNETIC SATURATION 
The approach to saturation in ferromagnetic ma- 
terials has been studied for several decades. At high 


TaBLe I. Incremental Hall effect data for Armco iron. 








ee 
Increment 


414M 
(gauss) 


AB (107% 
gauss) 


4H (108 
oersteds) 


— 1.23 
1.07 
2.97 
4.14 
6.17 
7.78 
7.66 


SEa (10-8 v) 


—7.38 
6.79 
18.58 
28.60 
56.24 
554.4 
1355 





— 1.23 
1.07 
2.98 
4.16 
6.30 

11.04 
16.08 


19.2 
116 
3260 
8420 








18 R. M. Bozorth, Ferromagnelism (D. Van Nostrand Company, 
Inc., New York, 1951), see Table 4, p. 502 and Figs. 3-8, p. 59. 
The Armco iron sample was machined from rolled stock and an- 
nealed at 800°C for two hours, then cooled slowly. 

16 A discussion of this effect is given by T. Holstein and H. 
Primakoff, Phys. Rev. 58, 1098 (1940). 


TABLE IT. Magnetic data derived from Table I. 








H (oersteds) 


8660 
7430 
6360 
4450 
3270 
1240 


4xM/H (gauss /oersted) 


2.49 
2.91 
3.40 
4.85 
6.59 
17.24 


4xM (gauss) 


21 581.5 
21 580.0 
21 578.9 
21 578.7 
21 560.8 
21 464 











fields, the experimental data may be fitted by 


a b 
m=M,(1-<—-— +...) +Kott (7) 
H #F 


The term KoH presumably is caused by the increase in 
spontaneous magnetization due to the alignment of 
elementary spins. The term }/H? is attributed to the 
magnetic crystal forces and thus involves the anisotropy 
constants while the a/H term (magnetic hardness) has 
been explained by Néel!’ as due to nonmagnetic cavities 
or inclusions which are present in the material. The 
range of these Hall measurements extended to suff- 
ciently high fields that this equation could be examined 
in detail. Czerlinski'* has examined iron up to H~2600 
oersteds and found satisfactory agreement by using 
only the b and Ko term. Steinhaus, Kussman, and 
Schoen!® (hereafter referred to as SKS) examined 
several iron samples up to H~8000 oersteds and found 
that the term in a was also necessary at high fields. 
The differential Hall effect data for Armco iron is 
tabulated in Table I where the increments are relative 
to the reference point 7 (at H=8.89X 10° oersteds and 
B=29.01X10* gauss), and the corresponding B vs H 
curve is shown in Fig. 4. The column 41M in Table I is 
calculated from the incremental form of Eq. (2) and 
R,=25.1Ro. Values of H versus 4M using the ref- 
erence point data (B=29.01 kilogauss when 41M, 
= 21 580 gauss) are given in Table II. The 44M versus H 
data of SKS'* are compared with the results calculated 
from the Hall data in Fig. 5. Note that the two scales 
of 41M are slightly displaced because 49M, of SKS is 
smaller than the value for Armco iron. Figure 6 shows 
the same data replotted with 4rM/H versus 4nM. The 
slopes of these lines, which are directly related to the 
a’s of the two different sets of data, agree within experi- 
mental error. Only the high-field data of SKS are 
reproduced here (i.e., M>99% M,). The linearity of 
their data shows the following: (1) the b/H? term is 
absent in this field range although at lower fields this 
term is prominent; (2) the KoH term is negligible in this 
field range since otherwise the straight line would curve 
upward. The last point of SKS, which falls below the 
straight line by 3 times their experimental error 
(2 gauss), indicates additional complications. The more 
accurate Hall effect measurements suggest a sharp 
11L, Néel, J. phys. radium (8) 9, 184 (1948). 


18 E. Czerlinski, Ann. Physik (5) 13, 80 (1932). 
19 Steinhaus, Kussman, and Schoen, Physik. Z. 38, 777 (1937). 
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Fic. 5. Comparison of 4M versus H data of Steinhaus, Kuss- 
man, and Schoen” (obtained by classical methods) with the 
results calculated from the Hall data. The different scales of 44M 
in Fig. 5 and Fig. 6 are caused by slightly different values of 4rM,. 


break in the high-field data which follows a steeper 
straight line. Apparently no other data with sufficient 
accuracy and field range are available to examine this 
effect. A possible mechanism for the additional high- 
field line in Fig. 6 may be based on small domains of 10° 
atoms or less as described by Stoner.” This effect would 
vary linearly with temperature. A second possibility 
might be the manifestation of the earlier mentioned 
Néel mechanism for the a/H term which varies as 1/H? 
at very high fields. Further measurements will have to 
be made before this behavior is understood. 

The general result obtained from the magnetic data 
is that, within the accuracy of measurements, Eq. (1) 
describes the Hall effect over the nonlinear Ey versus B 
region as indicated earlier. 


6. COMMENTS ON THE APPLICATION OF THE 
HALL EFFECT 


The results of this investigation have shown that 
Eq. (1) is obeyed to high accuracy and that R; is 
independent of H so that the Hall effect follows the 
magnetic properties in detail. In this section, the possi- 
bilities of using the inverse process of studying the 
magnetic properties by means of Hall effect is con- 
sidered briefly. 

The procedure involves a careful examination of the 
Hall data over a large range of fields. Equation (1), 
in conjunction with the low and high B-data, is used 
to evaluate Ro, Ri, and 4rM,. The regions where 
é# is not linear with B are then examined by the 
methods described in earlier sections. From this the 
B-H curve can be obtained and the various magnetic 
quantities determined. The approach to magnetic satu- 
ration can be examined accurately because the KoH 
term in Eq. (7) is eliminated. 


*” FE. C. Stoner, Trans. Roy. Soc. (London) A225, 165 (1936). 


The accuracy of the method depends on Eq. (1) 
where Ro and R; are assumed independent of H. The 
sensitivity depends directly on the magnifying effect of 
R, which thus should be large. The value of R; is 
difficult to predict although it usually increases rapidly 
with temperature in pure materials. The dc potential 
measurements can be made to high accuracy. Since the 
potential depends on the current, this quantity should 
be made as large as possible consistent with thermal 
stability. Using the incremental method described 
earlier for Armco iron, the value AM/M,=2X10-° 
could be observed for the given experimental conditions. 
A rather elaborate experimental setup is required for 
these measurements ; however, when Hall measurements 
are to be made, the additional magnetic data are 
available with few additional measurements and some 
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Fic. 6. 44M /H versus 4rM at high magnetic fields obtained 
from the results of Fig. 5. 


calculations. To date, the nonlinear Ey versus B-data 
have not been used to examine the magnetic properties 
of the material studied. 


7. SUMMARY 


The Hall effect has been examined in detail over a 
large range of fields for Armco iron. From these data, 
it was demonstrated that Eq. (1) is valid within the 
accuracy of the measurements over the entire range 
investigated. It was shown that Hall data frequently 
can be used to measure magnetic properties of ferro- 
magnetic materials to high precision. 
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Photoemission from Silver into Sodium Chloride, Thallium Chloride, 
and Thallium Bromide* 


W. J. TurNER 
National Bureau of Standards, Washington, D. C. 
(Received December 2, 1955) 


The photoelectric work function for the transfer of electrons from a metal directly into an insulating 
crystal has been investigated for Ag on samples of NaCl, TICI, and TIBr. The results obtained do not confirm 
the existence of this process in the samples studied although the apparatus had a current sensitivity of 
1X10~" ampere. Mott and Gurney have suggested that the work function of the metal-insulator contact 
would be less than the vacuum work function of the metal by an amount equal to the electron affinity of the 
insulator. Previous experimental evidence supporting this picture of the contact appears less conclusive in 


the light of the results of this investigation. 


During the investigation of the thallium halides, photosignals were observed far beyond the intrinsic edge 
(0.384 for TIC] and 0.46u for TIBr at —150°C). Intrinsic irradiation at low temperature appreciably en- 
hanced the long-wavelength photoresponse. The enhanced response could be bleached by heating the sample 
to room temperature. It was established that the photoresponse was a property of the crystal rather than 


photoemission from Ag into the crystal. 





I. INTRODUCTION 


HE objective of this study was to observe the 
photoelectric work function for the transfer of 
electrons from a clean metal surface directly into an 
insulating crystal lattice. According to Mott and 
Gurney! one might expect this to be given by ¢—x, 
where ¢ is the vacuum work function of the metal and 
x is the electron affinity of the crystal lattice, i.e., the 
work required to remove an electron from the bottom 
of the conduction band to infinity. This assumption 
implies that one can determine the electron affinities of 
insulating crystals by measuring the photoelectric work 
function. The aim of this work, therefore, was to verify 
some of the previously reported results as well as to 
observe photoemission from metals into other insulating 
crystals. 

Experimental evidence for photoelectric emission 
from a metal directly into an insulator in contact with 
it is rather meager. Gyulai” has investigated the primary 
photoelectric current in a sodium chloride crystal with 
collodial sodium particles in it. Mott and Gurney’ have 
pointed out that the observed threshold for this emission 
from Na into NaCl was 0.5 ev lower than the vacuum 
work function of sodium and then concluded that the 
electron affinity of NaCl was approximately 0.5 ev. 
Identifying the second peak in the ultraviolet absorp- 
tion spectra with the series limit, Mott and Gurney’ 
made an estimate of the electron affinity of NaCl which 
is in agreement with the-0.5-ev value. The value of x 
from their cycle calculation cannot be valid since 


* This work was done in partial fulfillment of the requirements 
for the degree of doctor of philosophy at Catholic University of 
America, Washington, D. C., under the support of the Office of 
Scientific Research, Air Research and Development Command, 
Baltimore, Maryland. 

1N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), pp. 74, 169. 

2Z. Gyulai, Z. Physik 35, 411 (1926). 

3 Reference 1, p. 97. 


Krumhansl* has recently reported that the second 
absorption peak in NaCl is not found in new 
measurements. 

Further evidence for the reduction of the work func- 
tion of a metal by the presence of an insulator is found 
in the Herschel effect as interpreted by Mott and 
Gurney.® The Herschel effect, which has been investi- 
gated by many workers, is the partial bleaching of an 
exposed but undeveloped photographic plate by red 
light. The threshold of the Herschel effect at room 
temperature in pure AgCl and AgBr emulsions has been 
observed at 10 000 A (1.2 ev) by Bartelt and Klug® and 
by Carroll and Kretchmann.’ Under the assumption 
that the latent image consists of colloidal silver, Mott 
and Gurney® explain the bleaching by red light as 
photoemission of an electron from a silver speck into 
the conduction band of the AgBr or AgC! which leaves 
the Ag speck positively charged. A Ag* ion may then 
move away from the speck and thus reduce the size of 
the speck. Many such steps lead to bleaching of the 
latent image. 

If we assume that the work function for these silver 
specks is the same as for bulk silver, 4.7 ev,®* we obtain 
from ¢—x=1.2 ev, a value for x of 3.5 ev. 

More recently, Gilleo” has reported an apparent work 
function for the photoemission from vacuum-evaporated 


‘J. A. Krumhansl, Photoconductivity Conference, 1954 [John 
Wiley and Sons, Inc., New York (to be published) ]. 

5 Reference 1, pp. 243-245. 

°O. Bartelt and H. Klug, Z. Physik 89, 779 (1934). 

7B. H. Carroll and C. M. Kretchmann, J. Research Natl. Bur. 
Standards 10, 449 (1933). 

8H. E. Farnsworth and R. P. Winch, Phys. Rev. 58, 812 (1940). 

® The equilibrium value of the work function of Ag determined 
by Farnsworth and Winch® was 4.8 ev for the 100 plane only after 
outgassing for 2000 hours at 3X 10-* mm of mercury at tempera- 
tures up to red heat. The ¢y changed from 4.3 ev to 4.8 ev during 
that period. This change due to decontamination of the surface is 
smaller in silver than in other metals. An equilibrium value of 
4.7 ev for the work function of polycrystalline silver has been 
observed. 

” M. A. Gilleo, Phys. Rev. 91, 534 (1954). 
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Ag films into NaCl, KBr, and AgCl. The values which 
he reported are 4.3 ev for Ag-NaCl and Ag-KBr at room 
temperature and 1.1 ev for Ag-AgC] at liquid air tem- 
perature. The electron affinities calculated from these 
data are 0.4 ev for NaCl and KBr and 3.5 ev for AgCl. 
These results are in reasonable agreement with the 
values of x given by Mott and Gurney’ and seem to- 
support their theoretical picture. 

In this work we have investigated the systems of 
Ag-NaCl, Ag-TICl, and Ag-T1Br. Thallium halides were 
chosen because of their supposedly large electron 
affinity, long mean range (for ionic crystals) and 
convenient energy gap. 


II. THEORETICAL AND SENSITIVITY 
CONSIDERATIONS 


In metal-semiconductor contacts it is believed that 
there is an appreciable charge transfer to establish 
equilibrium ; that is, to equalize the Fermi level across 
the junction. This concept, when applied to metal- 
insulator contacts, would seem to alter the work re- 
quired for the transfer of an electron from a metal into 
a crystal because of the space charge layer. Mott and 
Gurney" have calculated the shift of the energy levels 
of the insulator due to thermionic emission of electrons 
from the metal into the crystal and diffusion away from 
the interface. The results of their calculation show that 
this potential rise V will not be significant unless ¢— x 
is very small. Some typical figures are: for ¢—x=0.1 ev, 
the density of electrons in the insulator at the interface, 
No, would be 10"? electrons/cc at 300°K, and the dis- 
tance \o at which the potential has risen to V = 2kT log.2 
would be 10~-* cm, while for ¢—x=1.0 ev, No would be 
only 10? electrons/cc and Ap= 10? cm. One expects there- 
fore that the shift should be insignificant both for 
Ag-NaCl and Ag-AgCl. 

It must be pointed out, however, that in the experi- 
ment under consideration the majority of the electrons 
at the interface come from optical rather than thermal 
excitation. Furthermore, the crystal lattices are not 
perfect, but have imperfections at which electrons may 
be trapped. In the alkali halide crystals negative ion 
vacancies are the most abundant type of trapping 
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Fic. 1. Energy level diagram for metal-insulator contact, 
Case I. ou =i. 


1 Reference 1, pp. 169-171. 
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center. A reasonable estimate of density of these centers 
in good crystals is 10'*/cc. 

The effect of these traps on the photocurrent may be 
estimated. Let us assume that all of these vacancies be- 
come filled with photoelectrons. A space charge will 
then be built up, producing a Schottky rectifying 
barrier, and thus further photoelectrons will find it 
impossible to enter the lattice. The time required for this 
process must be calculated to determine whether a 
photoemission current could be observed. We can 
estimate the number of electrons/second being excited 
photoelectrically under the assumption that the quan- 
tum yield of the silver film in contact with the insulator 
is of the same order of magnitude as the vacuum yield. 
Suhrmann” measured a yield for silver at 2800 A of 
1.2X10-* coul/cal=2.5X10-* electron/photon. As- 
suming an incident radiation of 2 microwatts (approxi- 
mately 2X10" photons/second at 2800 A), the number 
of photoelectrons excited per second is 5X10’. The 
expression for the barrier height V is given by 
Schottky: 

V=2nNed?/K, 


where V=number of electrons trapped/cm*== 10'5/cc, 
e=electronic charge in esu, Ao=thickness of Schottky 
barrier in cm, and K=dielectric constant=5.62. For a 
barrier height of 1 volt, the barrier thickness Apo is 
8X 10-* cm. Since the irradiated region of the sample in 
this experiment was 0.8 cm X0.25 cm, the volume 
involved in the space charge buildup is given by 
810-5 cmX0.8 cmX0.25 cm. If 5X10? electrons/ 
second are presented to the interface by photoemission, 
it would require 320 seconds to build up the barrier to 
1 volt, while for 0.4 volt only 200 seconds would be 
required. Similarly, for the thallium halides with a trap 
density of 10/cc and an excitation of 5X10? electrons/ 
second, it would require 275 seconds to obtain a barrier 
height of 1 volt. 

We will now consider the equilibrium conditions for 
a metal-insulator contact in more detail. Three cases are 
illustrated in Figs. 1-3. The symbols used are : $7 = work 
function of the metal before contact, ¢;=distance from 
Fermi level in insulator to vacuum before contact, 
x=electron affinity of the insulator, E=energy gap of 
the insulator, C.P.D.=contact potential difference, 
uy= Fermi level, C.B.=conduction band, F.B.=filled 
band, and U=energy C.B. is above the Fermi level in 
the insulator. 

Case I: m=; (See Fig. 1).—The position of the 
Fermi level in the metal and in the insulator is the 
same and therefore no charge transfer is necessary upon 
contact. Electrons could then be photoelectrically 
emitted from the metal into the conduction band of the 
crystal by supplying energy equal to ¢4— x. This 


12 R. Suhrmann, as quoted by A. L. Hughes and L. A. DuBridge 
in Photoelectric Phenomena (McGraw-Hill Book Company, Inc., 
New York, 1932). 

18 W. Schottky, Z. Physik 113, 367 (1939); 118, 539 (1942). 





PHOTOEMISSION FROM 


threshold would be increased if electrons became 
trapped in the insulator and built up a space charge. 

Case IT: ¢u <¢; (See Fig. 2).—The Fermi level of the 
metal immediately after contact is higher than that in 
the insulator, and so thermal electrons or photoelectrons 
will be transferred from the metal into the insulator to 
equalize the Fermi level. Before this equilibrium is 
established, the threshold of photoemission would be 
¢mu—x, but as equilibrium is approached the threshold 
would become equal to ¢;— x. Since ¢; is unknown, this 
would not help in determining x. 

Case IIT: ¢u>¢; (See Fig. 3).—In this case the Fermi 
level of the insulator is higher than that of the metal 
immediately after contact. Thus, to obtain equilibrium, 
electrons from the insulator would have to be excited to 
the conduction band and then transferred to the metal. 
This will not happen thermally unless donor impurities 
of small activation energy are available. Initially, the 
work required to excite an electron from the metal into 
the insulator would be ¢4—x, but as the space charge 
built up, this would increase. Since the barrier has the 
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Fic. 2. Energy level diagram for metal-insulator contact, 
Case II. ou <i. 


opposite sign of that required for thermal equilibrium, 
the system would tend to move further from equilibrium. 

The conclusion of the preceding analysis is that one 
should observe photoemission if one assumes that: 
(a) the crystal and the metal are in intimate contact, 
(b) there is no chemical interaction between the two 
materials at the contact, and (c) there are no surface 
states present. The maximum photocurrent will be 
present before any space charge has been built up; under 
this condition one should find a photoemission threshold 
of ¢u—x. It is also clear that the displacement of the 
Fermi level of the insulator due to impurities could 
change the work function of the contact greatly and 
make the analysis impossible without exact knowledge 
of the position of the Fermi level. 

The sensitivity required for the measurement of these 
photoemission currents can be estimated. A photo- 
electron emitted into the conduction band of an in- 
sulator such as NaCl does not travel far before being 
trapped. The average distance which an electron travels 
per unit field before being trapped is the mean range (w). 
Witt" has reported a mean range of 4.8X10-§cm/(v/cm) 


“4H. Witt, Z. Physik 128, 442 (1950). 
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Fic. 3. Energy level diagram for metal-insulator contact, 
Case III. ¢u>¢i. 


for NaCl, and thus with a field of 200 v/cm the electron 
would travel only 10-° cm before being trapped. The 
current in the external circuit is therefore reduced by a 
factor corresponding to the average distance traveled 
divided by the total sample thickness. In the case of 
NaCl a further reduction of signal resulted from the 
capacitive type of pickup used. For stability of the 
electrometer the collector was placed 0.1 cm from the 
face of the crystal. The net result of these reductions is 
that the external signal is 10~* of the photoemission 
when a field of 200 v/cm is applied to a NaCl sample 
0.1 cm thick. If 5X10? electrons/second were emitted, 
this would give a 10-'*-amp signal in the external circuit. 

A comparable calculation may be carried out for the 
thallium halides. However, photoelectrons have a much 
longer range in silver halides and thallium halides than 
in alkali halides. Lehfeldt'® has indicated that the 
density of traps at — 173°C in well-annealed crystals is 
of the order of 10'*/cc and the mean range is approxi- 
mately 10-4 cm/(v/cm). Thus for a crystal 0.5 cm thick, 
with a “dag” collector on the sample, a field of 360 
v/cm, and 5.0X 10’ photoelectrons/second, one expects 
an external current of 6X 10~-" amp. 


Ill. EXPERIMENTAL 


The NaCl crystals'* were cleaved to a size of 20 
151 mm, outgassed at temperatures up te 500°C in 
a vacuum, and then silver was evaporated onto one face 
at either room temperature or the epitaxial temperature 
of 150°C.!" Early samples were prepared in a conven- 
tional evaporation apparatus, while the best samples 
were prepared at 10-? mm Hg in sealed glass tubes 
which were pumped out by a doubly trapped mercury 
system and then gettered to ultimate vacua by coconut 
charcoal at liquid nitrogen temperature. 

The thallium halide samples'* were optically ground 
and polished to 20X20X5 mm and subsequently an- 
nealed for surface strains by lowering the temperature 


18 W. Lehfeldt, Nachr. Ges. Wiss. Gottingen, Jahresber Ge- 
schaftsjahr Math.-physik. KI., Fachgruppen II. 1, 171 (1935). 

ee NaCl crystals from Harshaw Chemical Company, Cleveland, 
Ohio. 

170. G. Engel, J. Research Natl. Bur. Standards 50, 252 (1953). 

18 Grown at ERDL, Fort Belvoir, and obtained through the 
courtesy of Dr. G. Hass and Mr. W. J. Condell, 
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Fic. 4. Circuit diagram for Ag-NaCl photoemission measurements. 


at a rate of 5°C/hr starting at 200°C.'® The evaporation 
of Ag onto the TIC] and T1Br crystals was carried out 
in the gettered glass tubes. A collecting electrode of 
alcohol dag with a hole for the light to pass through was 
painted on the front surface. 


Photoelectric Measurements 


For the measurement of photoemission from a metal 
into a crystal, the sample was mounted in a metal 
Dewar similar to the one described by Gilleo.”° The 
samples could thus be cooled to liquid nitrogen tem- 
perature if desired as in the case of the thallium halides. 
Monochromatic light from a Hilger double quartz 
monochromator™ passed through a quartz window in 
the Dewar, a hole in the collector, and the crystal under 
investigation, and came to focus on the silver film. 

The silver film could be biased with respect to the 
collector by a battery supply. The collecting electrode 
was connected to the input of a vibrating reed elec- 
trometer” through a rigid coaxial electrometer con- 
nector” having all guard-ringed Teflon insulators. This 
connection provided a shield for the input tied to 
“electrometer ground” from the vibrating reed head to 
the inside of the sample Dewar. One of the insulators 
provided a vacuum gasket so that the connection could 
be detached from the Dewar without breaking the 
vacuum. Two kinds of collectors were used. For the 
Ag-NaCl samples, a platinum blacked nickel screen 
with a hole to pass light was supported by a rod con- 
nected to the electrometer input and was situated just 
in front of the sample. The Ag-TIC] and Ag-TIBr 
samples used a dag electrode which was painted on the 


This technique was suggested by Dr. Alexander Smakula, 
MIT Insulation Laboratory, and actually carried out at ERDL, 
Fort Belvoir, through the courtesy of Mr. Newell Blackburn and 
Mr. Robert Beadle. 

*” Miiller-Hilger quartz double monochromator, Adam Hilger 
Ltd., London, England, on loan to NBS by Naval Ordnance 
Laboratory, White Oak, Maryland. 

2! Model 30, Applied Physics Corporation, Pasadena, California. 

*2 M. A. Gilleo, Technical Report No. 54, Laboratory for Insula- 
tion Research, Massachusetts Institute of Technology, p. 13 
(unpublished). 

*8 Dag Dispersion No. 154, Acheson Colloids Corporation, Port 
Huron, Michigan. 
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front of the sample with a hole to pass light. A silver 
plate with a hole larger than the collector held the 
sample on the sample block and served as a guard ring 
for the collector. The sources used for the ultraviolet 
illumination of Ag-NaCl samples were either a high- 
pressure xenon arc™ or a mercury arc* while an incan- 
descent projection lamp was used for the Ag-thallium 
halide samples in the region 0.35—2.5 microns. The out- 
put of the monochromator was monitored either by a 
vacuum photocell or an Eastman Kodak PbS cell.?* 

When the room temperature was maintained constant 
to within +0.5°C, it was possible to obtain a dark drift 
rate of the system connected to the vibrating reed of the 
order of 5X10-'” amp. It was therefore possible to 
measure currents of the order of 10— to 10-'” ampere 
by using the electrometer in a charge compensation rate 
of drift method.?” Used in this fashion the electrometer 
was an integrating device and so could measure a signal 
even if transient in nature. Currents larger than 10-'® 
amp, as observed in the thallium halide samples, could 
be determined by using the electrometer to measure 
the voltage developed across a calibrated high shunt 
resistor.?” 


Ag-NaCl Photoemission Measurements 


Figure 4 shows the circuit used in the measurement of 
photoemission from Ag into NaCl. The silver film was 
maintained at voltages ranging from 0 to — 180 while 
the sample Dewar was kept at a few volts negative to 
suppress collector emission. The photocurrents were 
determined by comparing the rate of drift during three 
successive periods of 60 seconds each—dark, light, and 
dark. The photocurrents were studied as a function of 
wavelength of light. In addition to the monochromatic 
light, F and F’ irradiations provided by a microscope 
lamp and filters were used in many experiments in order 
to enhance any photocurrents present. Gilleo'® found 
this quite helpful in his studies of NaCl and KBr. The 
region of approximately 7000 A—2500 A was covered 
for the Ag-NaCl samples, Checks were made for photo- 
conductivity and stray collector emission by biasing the 
Ag films positively; these extraneous signals would be 
present regardless of polarity of bias, while photoemis- 
sion would be present only with the Ag film biased 
negatively. 


Thallium Halide Photoelectric Measurements 


Photoemission studies were made on the Ag-thallium 
halide samples in the spectral region of 2.5 to 0.3 
microns and at a temperature of approximately — 150°C 


*Type 10-C-1 150-watt xenon arc, Hanovia Chemical and 
Manufacturing Company, Newark, New Jersey. 

*% Type 93110E 200-watt mercury arc, Philips Company, 
Eindhoven, Holland. 

26 Kodak Ektron Detector, Eastman Kodak Company, Roches- 
ter, New York. 

27 Instruction manual for vibrating reed electrometer, Applied 
Physics Corporation, Pasadena, California. 
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in order to suppress ionic conductivity. Photocurrents 
were large enough to use a potential drop method. The 
photoresponses of the Ag-TIC] and Ag-TIBr samples 
were studied as a function of (1) polarity of Ag film 
bias, (2) history of intrinsic irradiation at low tempera- 
ture, and (3) history of thermal bleaching at room tem- 
perature. 

In addition to the Ag-thallium halide samples, similar 
photoresponse measurements were made for samples of 
TIC] and TIBr which had dag electrodes with central 
holes to pass light. Since no light could hit the electrodes 
of this type sample, one could measure the photo- 
conductive response as distinct from the photoemissive 
response. 


Optical Density Measurements 


Optical density measurements were made for a TIC] 
and a TIBr crystal at both room temperature and 
— 150°C using the same monochromator, a conventional 
absorption cell, and a PbS detector. These crystals were 
later used for photoemission studies. 


IV. RESULTS AND DISCUSSION 
Photoemission Study on Ag-NaCl 


Measurements on twenty-one out of twenty-two 
samples of Ag-NaCl prepared in the ways previously 
described gave no indication of a true photoemission 
current. One sample of Ag-NaCl showed a photo- 
response beginning at approximately 5000 A (2.5 ev) 
and extending to at least 2600 A (4.75 ev). The sample 
response was reproducible and appeared to be photo- 
emission rather than photoconduction. The results of 
this one sample are of doubtful value for the deter- 
mination of the electron affinity of NaCl since no other 
samples could be prepared that exhibited this response. 
The samples included some that were made from the 
same parent NaCl crystal and with like evaporation 
techniques as well as other samples prepared under more 
ideal conditions. It is possible that the one sample had a 
different Fermi energy than all other samples due to 
some chemical contamination or crystal imperfection of 
either the lattice or surface. As discussed in Sec. II this 
could result in a photoelectric threshold which was not 
characteristic of the Ag-NaCl. 

Simultaneous irradiation of the Ag-NaCl samples 
with F and F’ irradiation (to increase the mean electron 
range) as well as ultraviolet from the monochromator 
did not result in measurable photoemission. current in 
the twenty-one samples. Several reasons can be pre- 
sented why no photoemission was detected. A decrease 
in mean electron range in the crystal or a smaller 
photoelectric yield of the Ag due to the presence of the 
NaCl could have been responsible. A more likely cause 
is the presence of an insulating layer of gases between 
the Ag and the crystal. This layer would provide 
trapping centers which would result in a more rapid 
space-charge buildup than anticipated (see Sec. II). 
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Fic, 5. Relative yield (in electrons per incident photon) vs wave- 
length for sample HT-30-Ag-TICI-No. 3, temperature —150°C 
for all curves. Curve No. 1: —180 v on Ag before intrinsic irradia- 
tion; Curve No. 2: —180 v on Ag after intrinsic irradiation at low 
temperature; Curve No. 3: —180 v on Ag after warming to room 
temperature and cooling down to —150°C with no intrinsic 
irradiation ; Curve No. 4: +180 v on Ag before intrinsic irradiation 
at low temperature; Curve No. 5: +180 v on Ag after intrinsic 
irradiation at low temperature. 


Finally, we should not exclude the possibility of ac- 
ceptor type impurities in the insulator. Thermal elec- 
trons from the metal would then produce a barrier and 
consequently raise the work function. Gilleo obtained a 
measurable signal using comparable techniques; how- 
ever, it was learned by private communication that he 
also experienced a very high percentage of negative 
results for the Ag-NaCl samples. There are strong indi- 
cations both from this investigation and Gilleo’s work 
that the purity of commercially available NaCl crystals 
is indequate for this experiment. 


Photoemission Studies on Ag-TICl 


Relative yield (in electrons per incident photon) as a 
function of wavelength, polarity of silver film bias, and 
history of intrinsic irradiation was obtained for three 
samples of Ag-TICI. These all showed similar behavior. 
Figure 5 shows the relative yield vs wavelength for a 
typical sample of Ag-TICl. The results of all samples 
support the following statements: 


(1) The magnitude of the response was not a function 
of the polarity of the Ag film. 

(2) The long-wavelength photoresponse at low tem- 
perature was present only after intrinsic irradiation at 
low temperature with no warmup to room temperature 
in between the irradiation and the photoresponse 
measurement. 

(3) The photoresponse could be bleached by thermal 
activation at room temperature. 

(4) The long-wavelength response decreased as the 
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Fic. 6. Relative yield (in electrons per incident photon) vs wave- 
length for sample HT-29-Ag-TIBr-No. 3, temperature —150°C. 
Curve No. 1: —45 v on Ag, before intrinsic irradiation; Curve No. 
2: +45 v on Ag, before intrinsic irradiation; Curve No. 3: —45 v 
on Ag, after intrinsic irradiation at low temperature. 


irradiation was continued for a period of time at the 
wavelength of measurement. 

(5) Enhancement by intrinsic irradiation changed 
the slope of the entire long-wavelength response beyond 
0.4u. The response seems to be logarithmic, neglecting 
the deviation in the region of 0.7u, for the curves after 
irradiation. 

These statements all support the hypothesis that 
photoemission was not responsible for the long-wave- 
length photoresponse but rather that the photoresponse 
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Fic. 7. Relative yield (in electrons per incident photon) vs wave- 
length for sample H7T-29-Ag-TIBr-No. 3, temperature — 150°C. 
Curve No. 4: —45 v on Ag, after warming to room temperature 
and re-cooling to — 150°C with no intrinsic irradiation ; Curve No. 
5: —45 v on Ag, after intrinsic irradiation at low temperature; 
Curve No. 6: +45 v on Ag, after intrinsic irradiation at low 
temperature. 


both before and after intrinsic irradiation was associated 
with the TICI crystal. 

The photoresponse of a sample of TIC] having two 
dag electrodes with holes for the light beam to pass was 
obtained before and after intrinsic irradiation. The long- 
wavelength response was also enhanced by intrinsic 
irradiation but the magnitude of this enhancement was 
much lower than that in the Ag-TICI sample. The 
geometry of this sample did not permit evaluation of the 
difference in magnitude of the enhancement; however, 
this experiment proved that a body trapping effect was 
present. 

Qualitatively two mechanisms may be responsible 
for the effects observed. (1) There are body traps in 
thallium chloride which become filled at low tempera- 
ture by carriers produced by intrinsic irradiation and 
then are released by long-wavelength irradiation or 
thermal activation when the sample is warmed to room 
temperature. The logarithmic response might be ex- 
plained by an exponential distribution of states in the 
forbidden gap. (2) Another mechanism would be space- 
charge buildup at an electrode as a result of intrinsic 
irradiation at low temperature. This space charge would 
again be released by long-wavelength irradiation or 
room-temperature thermal excitation. 


Photoemission Studies on Ag-TIBr 


The relative yield as a function of wavelength, 
polarity of Ag bias, and intrinsic irradiation history was 
obtained for two samples of Ag-TIBr. Both samples 
behaved in the same fashion. The measurements on 
sample HT-29-Ag-TlBr were the more complete and 
are thus presented (see Figs. 6 and 7). There is reason to 
believe that for Curves 1 and 2, the crystal may have 
had some accidental intrinsic irradiation since their 
response curve extends out to 1.4y while after bleaching 
at room temperature the response extended only to 1.24 
(see Curve No. 4). The edge appears to be at approxi- 
mately 0.465y (or 4650 A). All data support the follow- 
ing statements: 


(1) The polarity of the silver film bias did not affect 
the response. 

(2) The response of Ag-T1Br at low temperature from 
the edge to 0.8. is nearly unaffected by intrinsic 
irradiation at low temperature and by thermal 
bleaching. 

(3) Intrinsic irradiation at low temperature enhanced 
the photoresponse from approximately 0.84 to 2u. The 
magnitude of this enhancement was much less than in 
Ag-TICl experiments. The shape and size of response at 
long wavelength depended on length of time of intrinsic 
irradiation. 

(4) Room-temperature thermal excitation would 
bleach the response from 0.8u out to long wavelength. 

(5) Prolonged irradiation at a given long wavelength 
decreased the yield. 

As for thallium chloride, a window-type sample of 
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TIBr was prepared with dag electrodes with holes for 
the light beam to pass through without hitting the 
electrodes. Two typical curves of the relative yield vs 
wavelength are given in Fig. 8. A comparison of the 
results for both types of TIBr samples reveals that the 
photoresponse observed cannot be attributed to photo- 
emission from the silver film into the lattice but rather 
is due to the properties of the T1Br crystals. This con- 
clusion was already evident from the fact that the re- 
sponse of Ag-TIBr samples was independent of the 
polarity of the silver film. The approximately loga- 
rithmic response from the edge to 0.84 suggests that 
impurities might be present since the response in this 
region was nearly independent of previous irradiation 
in the intrinsic edge. The charge carriers for long- 
wavelength response obviously came from intrinsic 
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Fic. 8. Relative yield (in electrons per incident photon) vs wave- 
length for sample HD-32-T|Br-No. 4 (dag electrodes with holes), 
temperature —150°C. Curve No. 1: —45 v bias, before intrinsic 
irradiation, Curve No. 2: —45 v bias, after intrinsic irradiation. 


irradiation at low temperatures as in TICl. These 
carriers can be released by the long-wavelength illumi- 
nation or by the thermal bleaching at room temperature. 


Optical Density 


The optical density”* of TIC] at — 150°C as a function 
of wavelength is given in Fig. 9. This curve is un- 
corrected for reflection losses. Intrinsic edge” at 
—150°C is 3825 A while at room temperature it was 
3875 A. There is some slight indication"of absorption 
starting at 6000 A, while no absorption is seen at long 
wavelengths comparable to the photoresponse. 

Figure 10 shows the optical density of TIBr at 


%8 Optical density D = —logio(transmission). 

% Intrinsic edge is arbitrarily defined here as the intercept with 
the wavelength axis of a straight line tangent to the optical density 
curve at its steepest point. 
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Fic. 9. Optical density of TIC] vs wavelength at —150°C. 


—150°C. The wavelength of the edge at —150° is 
4625 A; the room-temperature edge is at 4500 A. The 
sample shows a trace of absorption starting at 7500 A. 
This may be associated with the unchangeable part of 
the photoresponse curve in the region from 8000 A to 
the edge. 

V. CONCLUSIONS 


The photoelectric work function for the transfer of 
electrons from a metal film directly into an insulating 
crystal was investigated for Ag-NaCl, Ag-TICl and 
Ag-T1Br samples. The experimental results obtained do 
not confirm the existence of this process in the samples 
studied. Only one sample of Ag-NaCl out of 22 samples 
studied gave any observable photocurrent which could 
be identified as emission. This response had a threshold 
at 2.5 ev (0.5) in contrast to Gilleo’s value of 4.3 ev for 
Ag-NaCl. The results of this sample are of questionable 
merit because, as previously mentioned, extensive meas- 
urements on all other samples failed to duplicate the 
results. The prime importance of the negative results in 
Ag-NaCl samples is that with a sensitivity of 1X10-"” 
amp, the 22 samples of Ag-NaCl prepared as described 
do not support Gilleo’s results or the Mott and Gurney 
theory. They do not rule out the possibility that the 
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Fic. 10. Optical density of TIBr vs wavelength at — 150°C. 
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1660 W. J. 
photoemission current might have been below the sen- 
sitivity available for the reasons previously described. 

Low-temperature measurements on the Ag-thallium 
halides showed a photoresponse in the spectral region 
0.3-2.5u. This response was independent of polarity of 
the silver film but was dependent on length of intrinsic 
irradiation at low temperature. The enhanced photo- 
current could be bleached either by long-wavelength 
irradiation at low temperature or by thermal activation 
at room temperature. It is clear, therefore, that the 
observed response is photoconductive rather than photo- 
emissive in nature. 

The negative result of the search for photoemission 
from a metal into an insulator casts some doubt on the 
theoretical treatment of the metal-insulator contact as 
suggested by Mott and Gurney. The experimental 
evidence in support of this picture is less convincing in 
the light of the findings reported in this paper. Future 
experiments should be done with better samples pre- 


TURNER 


pared under ultra-high vacuum to avoid adsorbed gases 
between metal and insulator. An ac method of measure- 
ment might be more successful than the dc method used 
in this investigation. Finally, the interpretation of the 
photoemissive threshold must involve a knowledge of 
the Fermi level in the insulator. 
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The circular flux which is set up by a longitudinal current passing through a hollow cylinder has been 
measured in the intermediate state by ballistic and fluxmetric methods. The flux has a maximum in the 
transition region and drops to zero in the pure superconducting state, which is in qualitative agreement 
with theoretical predictions. The dependance of the maximum of the flux increase on the current and on 
the ratio of the inner to the outer diameter of the sample was found to be different from the the theory. It 
was found, in particular that the ratio Kmg of the maximum flux, @max, to the flux in the normal conducting 
state ®, is not independent of the current. It is not possible to correct the theory from these measurements 
alone. However, it seems very likely that the correction which has to be applied here is intimately connected 
with the correction term 1—J,/I which has to be applied to the theory of the paramagnetic effect. 

It was further found that the value of the maximum of the circular flux does not change if a longitudinal 
magnetic field is superimposed. This is in line with theoretical predictions. The longitudinal field intensity 
in the hole and the resistance of the sample were also measured and the results compared with the present 
theory. The technique of introducing currents up to 15 amp into the cryostat and an all-metal Dewar 
vessel are described. 

I. INTRODUCTION coil which was wound around the sample, when the 
temperature was changed, so that the sample passed 
through the transition point while the current was held 
constant. Their contradictory results were due to the 
following facts: (1) time effects, insofar as the ballistic 
deflection of a galvanometer allows the measurement 
of a change in flux, only if this change occurs in a time 


T was pointed out recently’ that the circular flux 
which is set up by a longitudinal current in a hollow 
cylinder should show an increase in the transition 
region before it goes to zero in the pure superconducting 
state. Previous experiments by Steiner ef al.* were 


quite contradictory and did not give the absolute value 
of the flux increase. They observed the deflection of a 
ballistic galvanometer, connected to a toroidal search 


* Supported by a grant of the National Science Foundation. 

1H. Meissner, Phys. Rev. 97, 1627 (1955). 

2K. Steiner, Physik Z. 38, 880 (1937); Stark, Steiner, and 
Shoeneck, Physik Z. 38, 887 (1937); K. Steiner and H. Schoeneck, 
Physik Z. 40, 43 (1939). 


short compared to the period of the galvanometer, 
which was not the case under the conditions which 
they used. (2) Frozen-in fluxes, insofar as they may 
totally obscure what would be going on if no flux would 
freeze in. (3) Differences in the surface conditions, 
insofar as a higher transition temperature for the inner 
surface would concentrate the current on the inner 
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surface and give rise to a flux increase which would not 
be observed in a pure sample. 

The measurements which are reported here were 
conducted in the following way: A galvanometer was 
connected to the search coil, and the deflection ob- 
served while the current was reversed, The temperature 
was changed extremely slowly (about 0.001°K per 
minute) over the transition region. The fluxmeter was 
used if the time constant of the change of the flux was 
not short compared to the period of the ballistic galvan- 
ometer. No frozen-in flux appears in the measurements, 
since the current is frequently reversed, as shown earlier 
by fluxmeter recordings.® 

Furthermore, the samples were prepared such that 
there could be hardly any difference between the inner 
and outer surface. The mercury samples were prepared 
by filling forms of formica with mercury. Although 
there is probably some stress set up due to the cooling 
down, this should not affect the surface conditions. The 
tin samples were cast in vacuum as single crystals on 
a graphite core in a precision ground glass tube. They 
were easily removed from the glass tube and the bulk 
of the graphite drilled out in the lathe. The last few 
mils of graphite were loosened by etching and either 
fell out or were easily cracked away. The specimen was 
then electrolytically polished and varnished. Such a 
procedure should also insure uniform surface conditions. 

The influence of a superimposed longitudinal mag- 
netic field on the circular flux was studied, using the 
mercury samples. An analysis, which was presented in 
Part II,* showed that this should have no influence on 
the maximum value of the circular flux. 

It was further studied whether under these conditions 
the maximum of the magnetic field in the hole,* the 
maximum of the circular flux and the breakoff of the 
resistance coincide. Theoretically all three should occur 
at the temperature at which H.= (H go?+H.0*)!, where 
H., H go, and H,o are defined as in Part I’ of this series. 
Earlier experiments had shown, that in a solid cylinder 
the maximum of the paramagnetic effect and the break- 
off of the resistance nearly coincide’ and that in a hollow 
cylinder the maximum of the field in the hole coincides 
with the maximum of the longitudinal flux through the 
whole cross section.’ 


Il. EXPERIMENTAL ARRANGEMENT 
(a) Cryostat 


The high current connections which are necessary 
for this experiment require a liquid nitrogen tempera- 
ture level. This is easily obtained by enclosing the 
helium Dewar in a brass can and submerging the whole 
can in liquid nitrogen as previously described. No 

3 Meissner, Schmeissner, and Meissner, Z. Physik 132, 529 
(1952) (see especially page 532). 


4H. Meissner, Phys. Rev. 101, 31 (1956). 
5 Meissner, Schmeissner, and Meissner, Z. Physik 130, 524 


(1951) 


6 Meissner, Schmeissner, and Meissner, Z. Physik 130, 521 


(1951) 
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Fic. 1. All metal helium Dewar for circular flux measurements. 


difficulty was encountered in these earlier experiments 
where soft glass Dewars were used. The diffusion rate 
of the helium gas through Pyrex Dewars, however, was, 
under these conditions, relatively high, so that finally 
en all-metal Dewar as shown in Fig. 1 was constructed. 
The details can be easily seen in the figure. If properly 
precooled to 77°K, the glass Dewar, as well as the metal 
Dewar, required 3-4 liters of liquid helium in order to 
cool the vessel further and collect 2-23 liters in it. This 
amount of helium allowed experiments with currents 
up to 15 amp for about 3-4 hours in the glass Dewar, 
and for about 2-3 hours in the metal Dewar, the lower 
figure being valid for the runs with tin, the higher 
figure being valid for the runs with mercury. The 
temperature was coarsely regulated with a needle valve, 
while fine regulation was done with a heater at the 
bottom of the Dewar. 


(b) High Current Connections 


The high current was taken from an automotive lead 
storage battery, which was recharged at the same time. 
The current was brought to the feed-through’s shown 
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Fic. 2. Sample (sche- 
matic) with current con- 
nections J, potential leads 
P, toroidal search coils a 
and 6 and solenoidal search 
coil ¢ in the hole. 
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in Fig. 1 with No. 6 wire, and from there with No. 16 
wire to copper plates which were in thermal contact 
with the top plate of the Dewar, though electrically 
insulated from it. From there the current was fed 
through two copper strips 0.001 in. thick, 7 in. wide 
and about 4 in. long to No. 6 copper wires, which 
went all the way down into the Dewar. These copper 
strips were calculated for a current of 10 amp according 
to the formula given by W. Meissner.’ 


T2 
(V2— via f d/xdT, (1) 


1 


where V;— Vz is the potential difference between the 
endpoints of the strip, which are at the temperatures 
T; and T>, \ the thermal and x the electrical conduc- 
tivity of the copper. 

The resistance of these copper strips is given by® 


R=(I/9)(V2- v3 f av], (2) 


where / is the length and g the cross section of the strip. 
For copper with a residual resistance of about 2% of 
the reom temperature resistance, one has 


\/xxaT with a=1.75X10-8 v?/(°K). (3) 


7™W. Meissner, Handbuch der Experimental Physik (Verlag 
Julius Springer, Berlin, 1935), Vol. 11, part 2, p. 185; and Ann. 
Physik 17, 1001 (1915). 

® Reference 7, p. 182. 


From Eqs. (1), (2), and (3) it follows that one has to 


make 
T2 


W/q=(a'/I1) |] «dT, (4) 


where J is the current in the strip. The value of the 
integral in Eq. (4) can be easily obtained from the 
known resistivity curve. For T;=4°K, T.=80°K, one 
then obtains 

1/q=19.2X10/I, (5) 


where / and g are in cm and cm’, respectively, and J is in 
amperes. 

The heat input from the wires to the helium under 
these conditions is given by® 


Q=1(V2—V)). (6) 


The whole calculation is strictly correct for wires which 
go through a vacuum space. Since the connection 
actually goes through helium gas, one takes strips 
instead of wires and makes use of the additional cooling 
of the escaping gas. The actual heat input is then con- 
siderably smaller than given by Eq. (6) and one can 
safely use the strips for currents which are somewhat 
larger than the one used in the calculation. 


(c) Samples, Search Coils, and Galvanometers 


Most of the information on the samples is contained 
in Table I and Fig. 2. The mercury samples were 
probably polycrystalline, the structure changing from 
run to run, since they always were molten between 
runs. The mercury filling was occasionally renewed 
between runs. 

The tin samples were single crystals, which were 
prepared as mentioned in the introduction. They had 


TABLE I. Data on the mercury and tin samples. 








Sn IV 


Vulcan Detinning Co. 


Sample No. Hg I Hg II Sn I 





Source of metal Metal Salts Corporation, 
Hawthorne, N. J. 


triple-distilled mercury 


>99.99% 


high-purity tin 
99.998% 
nonvolatile matter 001 lead 


0. 
insoluble matter 0.000' iron 
foreign metals 0.00 % 


Purity 
Analysis 


antimony 
others 


19.0 mm 
6.4 mm 
60 mm 


o.d. 19.0 mm 
i.d. 4.0 mm 
Length 60 mm 
p. =Ri/Ro 
Rer3°k (ohms) 
Ri.2°« (ohms) 6 
Toroidal coils 

a 49 turns 


b 196 turns 


19.0 mm 
12.7 mm 
60 mm 


0.33 
2.18 X10-5 
x10" 6) =—X10"" 7 


0.21 0.6 
1.66 X107¢ 2.95 X1074 


x10-8 10 x<10710 


59 turns 
295 turns 


60 turns 
200 turns 


77 turns 
305 turns 


Longitudinal coil 
c in hole: 
i.d. 8.0 mm 
o.d. a 8.1 mm 
length 8 mm 
No. of turns 172 


no coil 
installed 


no coil 
installed 








® Reference 7, p. 185. 
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a few deviations from perfect symmetry at the upper 
end of the inner surface due to uneven filling of the 
form during casting, although the casting was done in 
high vacuum in order to prevent contamination from 
dissolved gases. 

The toroidal search coils, a and 6, see Fig. 2 and Table 
I, were always placed opposite to these shallow holes. 
All serach coils were wound from No. 40 copper wire. 
The longitudinal search coils ¢ were wound on a core 
and placed in the holes of the samples. 

Two samples were mounted in separate concentric 
copper tubes, which served as return lead for the cur- 
rent, which always passed through both samples. 

The earth’s magnetic field was compensated with 
Helmholtz coils to a value of less than 0.0035 amp/cm. 

The Leeds and Northrup galvanometer type HS No. 
2284-b was used with a telescope and a scale at 5 m dis- 
tance for ballistic and potential measurements. It has 
a ballistic sensitivity of 2.6 10~* v sec/mm and a volt- 
age sensitivity of 0.87X10-*v/mm. Larger potentials 
were measured with a type K2 potentiometer, using the 
galvanometer as null instrument. 

A Leeds and Northrup galvanometer type HS No. 
2285e (special) was used for the flux metric measure- 
ments. It is similar to the No. 2285e instrument, but 
fitted with a thinner suspension. It has an open circuit 
period of 33 sec and a critical damping resistance of 
600 ohms, while its internal resistance is only 18 ohms. 
It was used with external resistances of a few ohms and 
had a fluxmetric sensitivity of 45X10-*v see/mm 
with the scale at a distance of 5 m. This galvanometer 
returns, under these conditions, to half of the deflection 
in about 2 minutes. 


III. MEASUREMENTS OF THE CIRCULAR FLUX 


One of the search coils, a or b, was connected to the 
galvanometer circuit and the ballistic or fluxmetric 
deflection was observed when the current was reversed. 
The change of flux in the mercury samples always 
occurred in a time short compared to the period of the 
ballistic galvanometer, and ballistic and fluxmetric 
measurements gave the same results. In the tin samples, 
however, the change of flux at certain temperatures was 
very slow, and ballistic measurements were not possible. 
This difference in the time constant is apparently due 
to the lower resistivity of the tin, which in turn is due 
to the higher Debye temperature. 

The deflection ao, which is observed at a temperature 
above the normal transition point, corresponds to the 
flux in the normal conducting metal and some leakage 
flux through the outer part of the coil, while the de- 
flection ao which is observed at a very low temperature 
corresponds to the leakage flux only, since in the pure 
superconducting state of the metal the current flows 
at the outer surface. 

The ratio of the flux ¢ in the intermediate state to the 
flux ¢, in the normal conducting state is therefore 
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Fic. 3. Measurements of the circular flux on 2 mercury speci- 
mens. Upper part: specimen Hg I with pj=R;/Ro=0.21. Center 
part : specimen Hg II with p;= R;/Ro=0.67. Bottom part: critical 
field as given by the peak of the circular flux. —— J=0.5 amp 
ballistic measurement ; — — J=2.5 amp ballistic measurement; 
—:— I=5 amp ballistic measurement; —--— J=7.5 amp 
ballistic measurement; —---— 7=10 amp (™ ballistic measure- 
ment, A fluxmetric measurement); —----— 7=15 amp flux- 
metric measurement. For clarity, measured points are shown 
only on the 10-amp curve. The small numbers at the curves 
indicate the sequence in which they are measured. The helium 
level was about 30 cm above the specimen for curve 1 and a few 
cm above the specimen for curve 14. Note the arrows which 
indicate whether a curve is measured with rising or falling tem- 
perature. Dashed curve in bottom part: slope of the H.—T curve 
as given by Misener. 


given by 
$/bn= (a—ao0)/ (ao— 200). (7) 


The two upper parts of Figs. 3 and 4 show plots of 
¢/¢» as a function of the temperature for two mercury 
and two tin samples for various currents between 0.5 
and 15 amperes. ¢/¢, rises with decreasing temperature 
and then falls rather abruptly to zero. The peak should 
theoretically be at a temperature where H,=H go. The 
lower parts of Figs. 3 and 4 show the plots of H, 
versus T as determined from the peaks. H go is easily 
obtained from the current and the outer radius of the 
sample. The temperature was obtained from the vapor 
pressure above the liquid, using the 1948 smoothed 
temperature scale.!° No attempt was made to correct 


% Clement, Logan, and Gaffney, Naval Research Laboratory 
Report No. 4542 (unpublished). 
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Fic. 4. Measurements of the circular flux on 2 tin specimens. 
Upper part: specimen Sn IV with p;=0.33; center part : specimen 
Sn I with p;=0.67 ; bottom part: critical field as given by the peak 
of the flux. —— J/=2.5 amp; — — J=5 amp; —-— J/=10 amp; 
—-+— J=15 amp. For clarity measured points are only shown 
on one each of the 10-amp curves. The small numbers of the 
curves indicate the sequence at which they are measured. The 
curves 1-7 were measured on one day, while the curves 1’—-4’ were 
measured on another day. The helium level was about 30 cm 
above the specimen for curve 1, for curve 1’ about 20 cm above 
the specimen, and for curves 7 and 4’ a few cm above the specimen. 
Note the arrows which indicate whether a curve is measured with 
rising or falling temperature. The dashed curve at the bottom part 
is the H.—T curve as found by Lock, Pippard, and Shoenberg. 
The round points refer to peaks of the curves for p;=0.67; the 
square points refer to peaks of the curves for p;=0.33. The solid 
points ta or round) refer to the curves 1-7, the open points 
(square or round) refer to the curves 1’-4’. The arrows indicate 
rising or falling temperature. 


for the hydrostatic pressure of the liquid helium. The 
curves on all plates were numbered according to the 
sequence in which they were measured. The height of 
the helium varied between 30 cm at the first curves to 
a few cm at the last curves. The effective pressure and 
the temperature were therefore somewhat higher for 
the first curves. This correction would probably shift 
the points on the H.—T curve just about enough in 
order to give it, in the case of mercury, Fig. 3, the same 
slope as found by Misener" and, in the case of tin, 
Fig. 4, bring the points onto the curve found by Lock, 


A. D. Misener, Proc. Roy. Soc. (London) A174, 262 (1940). 


Pippard, and Shoenberg.” There remains one discrep- 
ancy at the mercury measurements, which would not 
be removed by this correction: The first rise of the 
¢/» Curves seems to be at a higher temperature than 
the normal critical temperature obtained from the 
peaks. This may be due to stresses or impurities in the 
mercury. 

The difference between the measurements at rising 
and at descending temperature can be seen on the runs 
on tin (Fig. 4). The temperature of the sample lagged 
about 0.001°K behind the bath temperature. The heat 
input by the heater at the bottom of the vessel had 
also some influence on the correspondence between 
temperature of the sample and the vapor pressure 
reading: The difference between curve 6 and curve 1’ 
on Fig. 4 is probably due to an abrupt change in the heat 
input while curve 6 was being measured. On the whole 
it seems to be true that the peak of ¢/¢, occurs actually 
at the temperature where H ,o= H,. 

From the fluxmetric measurements it follows that the 
flux is constant with time at all temperatures, if 
current and temperature are kept constant. 

Figures 5 and 6 show plots of the maximum value 
Km, of ¢/¢» as a function of the current. The points 
shown for mercury (Fig. 5) are all taken on the same 
day, partially by ballistic, partially by fluxmetric meas- 
urements. There was some scattering from one day to 
the next, which is probably because the mercury is 
not “ideally pure” and the crystal orientation, stresses 
etc. vary from run to run. 

The points shown for tin (Fig. 6) were taken on two 
different days and reproduce fairly well. It was neces- 
sary to limit the measurements to currents above 2.5 
amperes because ballistic measurements were not 
possible. 

It appears that K,, is independent of p; at low 
currents, increases with current, and approaches limiting 
values which depend on p,. The latter fact follows 
especially from the tin runs, which are probably more 
reliable than the mercury runs, since the tin samples 
were quite good single crystals. 

The values of K,, which were found for tin are 
different from the ones which were found for mercury. 
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Fic. 5. Maximum of the circular flux asa function of the current 
for mercury specimens Hg I (p;=0.21) and Hg II (p;=0.67). 
Open points: ballistic measurements. Solid points: fluxmetric 
measurements. 


® Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc. 
47, 811 (1951). 
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IV. DISCUSSION OF THE MEASUREMENTS 
OF THE CIRCULAR FLUX 


The theory, which was presented in Part I (see 
reference 1), predicted that the peak of ¢/¢, should 
occur at a temperature where H »o= H,, in good agree- 
ment with the experimental results. 

The theory predicted further, that the maximum 
value Km, should be independent of the current, but 
should depend on p; as 

(1 rr p?)? 


a (1—p2)-+p2 Inp? 





(8) 


m¢e 


The remarkable feature of the experiment is, con- 
trary to the theoretical prediction, that Kn, depends 
on the value of the current. This means that the dis- 
tribution of the mean induction B, (see reference 1) 
depends on the value of the current. This is different 
from either the normal conducting or the pure super- 
conducting state. 

One may ask, whether at least the high current values 
of Km, agree with the theoretical prediction. Table IT 
shows a comparison between the theoretical and experi- 
mental values, which indicates that the experimental 
values are larger than the theoretical ones at low values 
of p;, while they are smaller than the theoretical ones 
at large values of p;. 

On the whole, the theory gives only qualitatively but 
not quantitatively the right result. Unfortunately, it is 
not possible to correct the theory from these measure- 
ments alone. This would mean that one has, as a first 
step, to determine the function B,(R;,Ro,J,r) from the 
integral equation 

‘ 1. o® 
Kne=— 
On Ry 


B dr. (9) 


This cannot be done, since no kernel is known. 

One can, however, make a strong argument, that the 
correction which one has to make in this case is closely 
connected with the correction term 1—J,/J (see 
reference 1) which has to be applied to the theory of the 
paramagnetic effect: 

(1) The shift from the low current value to the high 
current value of Km, takes place at current values 
which are of the same order of magnitude as the 
values of J. A 

(2) The values of Kn, for tin are different from those 
for mercury as are the values of J,. 


TaBLE II. Comparison of the experimental values of K me 
found at high currents with the theoretical value for the mercury 
and tin specimens. 
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Rin at high currents for sample 
Hg I Hg II Sn IV 


~1.34 


me 
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0.33 1,22 
0.67 1.60 
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Fic. 6. Maximum of the circular flux as a function of the current 
for tin specimens Sn IV (o;=0.33) and Sn I (o;=0.67). Open 
points: from curves 1’-4’ of Fig. 4. Solid points: from curves 1-7 
of Fig. 4. 


It is very probable that an extensive investigation 
would reveal the connection between the circular flux 
and a quantity, not necessarily J,, which changes from 
one metal to another in the same fashion as J, does. 
This, however, would yield only another empirical 
formula, but would not give very much information 
as to how the basic assumptions which enter into the 
theory, have to be changed. The measurements of the 
circular flux were therefore not carried further, especi- 
ally since other types of experiments, which do not 
involve an integrated quantity such as the flux seem to 
be more promising. 


V. MEASUREMENTS WITH SUPERIMPOSED 
LONGITUDINAL FIELD 


A longitudinal magnetic field was superimposed by 
passing a current through a field coil which was wound 
directly on the return tube. The return tube was in this 
case slotted and made considerably longer than the 
sample. 

The specimen shows, under these conditions, the 
paramagnetic effect as previously described (see refer- 
ences 1 and 3). Representative measurements on 
mercury of the circular flux, the intensity of the 
longitudinal field in the hole, and the resistance as a 
function of the temperature are shown in Figs. 7 and 8. 

The circular flux was measured with a ballistic 
galvanometer by reversing the current through the 
sample as described in Sec. III. Again ¢/¢, as given 
by Eq. (7) is plotted. 

The intensity of the longitudinal field in the hole 
was measured with a fluxmeter connected to the 
search coil ¢ (see Fig. 2 and Table I), by reversing the 
current through the field coil. The fluxmeter was used 
instead of the ballistic galvanometer because the time 
constant of the reversal of the field in the hole (not the 
external field) was relatively large. One observes in the 
normal conducting state a deflection ao, which is pro- 
portional to the external magnetic field H4o. The field 
intensity in the hole shows a maximum in the inter- 
mediate state, if the current which passes through, the 


_sample is large enough. It is again equal to" Ho in, the 


pure superconducting state, as earlier flux meter re- 
cordings have shown (see reference 3). However, the 
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change of the field intensity with the reversal of the 
external field goes to zero in the pure superconducting 
state because the field in the hole is shielded by the 
sample. The shielding is only complete when the 
temperature is a few hundredths of a degree lower 
than the transition temperature at this particular 
field and current, as was also shown earlier (reference 3). 
There is no leakage flux involved, and the field intensity 
is therefore given in dimensionless form by 


x=H./H»=a/ao. (10) 


The resistance was measured by observing the de- 
flection of a galvanometer connected to the potential 
leads, when the sample current was reversed. 

For the determination of temperature and com- 
pensation for the earth’s magnetic field (see Sec. III). 
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Fic. 7. Measurements of the circular flux (upper part), the 
field intensity in the hole (center part) and the resistance (bottom 
part) as a function of the temperature on mercury sample Hg I 
(o;=0.21) with a current of J=5 amp and longitudinal fields of 
H»=2 and 0 amp/cm. Note the numbers giving sequence of 
curves and arrows indicating rising or falling temperature. The 
helium level was about 30 cm above the specimen for curve 1, 
and about 15 cm,above the specimen for curve 5. 
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VI. DISCUSSION OF THE MEASUREMENTS WITH 
SUPERIMPOSED LONGITUDINAL MAGNETIC 
FIELD 

(a) The maxima of the circular flux and the longi- 
tudinal field strength in the hole coincide within a few 
thousandths of a degree with the breakoff of the 
resistance, in agreement with the theory. 

(b) The maximum value of the circular flux does 
not change if a longitudinal magnetic field is super- 
imposed, in agreement with a prediction made in Part 
II (see reference 4). The slight drop of the maximum 
in Fig. 8 as one changes the external field from a value 
of 0 to 4 amp/cm may be due to the fact that the peak 
is sharper at larger external fields and that it is more 
difficult to maintain the sample at a sufficiently uni- 
form temperature. At very large values of H.0/H go 
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Fic. 8. Measurements of the circular flux (upper part), the 
field intensity in the hole (center part), and the resistance (bottom 
part) as a function of temperature on mercury sample Hg II 
(o;=0.67) with a current of J=10 amp and longitudinal fields of 
H,»=4, 2, and 0 amp/cm. Note the numbers giving the sequence 
of curves and arrows indicating rising or falling temperature. 
The helium level was about 25 cm‘above the sample at curve 13 
and a few cm‘above the sample at curve 23. 








PARAMAGNETIC EFFECT IN SUPERCONDUCTORS 


TABLE III. Ratio of the longitudinal to the circular component 
of the magnetic field strength for the curves shown in Figs. 7 and 
8 and the angle which the field at the surface makes with the axis 
of the sample. 








Curve 
No. i I,amp 


1 5 
4 0.21 5 
13 0.67 
22 0.67 
14 0.67 


H./H », 2) 
<0.00042 >240 
2.40 


. 0.418 

<0.00021 >480 
1.20 

2.40 





0.835 
0.418 








the peak would, theoretically, be of the same height 
as at H.o/H .o=0 but confined to a very small tempera- 
ture range, i.e., would practically be unobservable. 
Table III shows the values of H.o/H 40 and its inverse 
¢0= A ¢0/H. and the angle 6, which the magnetic field 
at the surface makes with the axis of the sample for 
the various curves shown in Figs. 7 and 8. 

(c) Measurements of the maximum of the longi- 
tudinal field in the hole were reported earlier (see 
reference 3) and discussed in Part I (see reference 1). 
The maximum of the field intensity in the hole, under 
the assumption of very long and thin superconducting 
particles (C+ ) in the present theory, is given by 


Xmax=H, max/H»=[1+ ge? (1—p?) }}. (11) 


Even if the present theory would not be valid, it follows 
from quite general considerations that the maximum 
of the field intensity should not be larger than the 
critical field, or 

(12) 


Table IV shows a comparison of the experimental 
values of xXmax With the values given by Eqs. (11) 
and (12). It can be seen that the experimental value 
of xmax is always larger than the theoretical one and is 
even larger than the value given by the critical field. 
This was already observed for some of the curves of 
the earlier experiments (see reference 1). It is very 
unlikely that an error in the calibration makes x 
always too large, since every curve has its own calibra- 
tion. One seems to be left with the conclusion that the 
maximum field intensity in the hole is always at least as 
large as the critical field, and may even be slightly 
larger. 

(d) The resistance at the temperature where the 
total field at the surface is equal to H, should theoreti- 
cally be equal to R.=3R,, (see reference 3), independent 
of the value of a superimposed longitudinal field. 


Xmax g (1+ ¢0?)}. 
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TABLE IV. Comparison of the experimental values of the maxi- 
mum of the field intensity in the hole with the theoretical value 
and with the critical field. All are normalized by dividing hy Ho. 








Hw 

Fig. Curve amp/cm (1 + go)? 
1.08 
1.30 
1.08 
1.30 
1.08 
1.08 


Xtheoret 





7 5 2 
8 17 2 
8 16 

not shown 

not shown 

not shown 








However, this cannot be experimentally verified for 
samples of such a large diameter, since already at 
H»=0 the resistance curve is so sharp that R, is not 
defined as a break in the curve as it is for instance in 
Scott’s® experiments. Superimposing a longitudinal 
field shifts the transition curve toward lower tempera- 
tures and makes it still sharper. It is therefore not 
possible to say from these experiments whether R, 
does or does not change if a longitudinal field is 
superimposed. 

VII. CONCLUSIONS 


The experiments which are reported here confirm 
qualitatively the theoretical predictions presented in 
Part I and Part II, although not quantitatively. 

The theory of the circular flux increase is nothing but 
an application of London’s theory of the current- 
carrying wire. However, this theory had a strange 
feature: It did not contain a boundary condition for 
the inner surface of the hollow cylinder. This seemed 
immediately to indicate that the theory could only be 
an approximation, a fact which is confirmed by the 
present experiments. Unfortunately, it is not possible 
to correct the theory from these measurements alone, 
for reasons mentioned above. 

The measurements with the superimposed longi- 
tudinal field were undertaken in order to see which 
features of the theory of the paramagnetic effect agree 
fairly well with experiment and which do not. Part of 
the theoretical work which was presented in Part II 
was actually undertaken in order to make this com- 
parison possible. It is found that some details of the 
theory agree fairly well with the experiment. This 
knowledge should help very much in finding the final 
theory. 
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Surface-excited photoconduction is compared with volume-excited photoconduction in cadmium sulfide 
crystals with a wide range of sensitivities. Measurements are presented as a function of exciting wavelength 
for (1) spectral response, (2) photocurrent as a function of light intensity, (3) photocurrent decay time, 
(4) infrared quenching, and (5) thermally stimulated current. The results supply additional evidence that 
the free electron lifetime for surface excitation is smaller than the lifetime for volume excitation because of 
a higher rate of recombination at the surface, associated with the adsorption of moist air on the crystal 


surface. 


Correlations are found between the distribution of traps, as indicated by thermally stimulated current 
measurements, and both (1) the low-temperature spectrum for photoconduction-photostimulation pub- 
lished by Lambe for CdS:Ag, and (2) the variation of photocurrent with light intensity. 





INTRODUCTION 


ECENT investigations on the properties of photo- 

conductor powders and sintered layers' have made 
evident the importance of photoconduction excited by 
strongly absorbed radiation, i.e., photoconduction which 
occurs principally near the surface. In the literature, 
the discussion of surface-excited and volume-excited 
photoconduction in cadmium sulfide has been given in 
terms of the shape of the spectral sensitivity curve. 
For most crystals of cadmium sulfide, there is a sharp 
maximum of photosensitivity at a wavelength corre- 
sponding approximately to the absorption edge.?-* 
The decrease in sensitivity for wavelengths shorter 
than that of the absorption edge is associated with 
excitation confined to regions of the crystal near the 
surface. 

The photosensitivity for surface excitation could be 
less than that for volume excitation if either the 
mobility or the lifetime of the free electron were 
smaller near the surface than in the volume of the 
crystal. Experimental results to date, from measure- 
ments of the spectral sensitivity and photocurrent decay 
time,** point to a smaller lifetime for a free electron 
for surface excitation than for volume excitation as the 
probable cause of the low sensitivity for surface ex- 
citation. DeVore” has shown that the observed shapes 
of spectral sensitivity curves can be described in terms 
of the effect of high surface recombination. 

The lifetime for surface excitation may be smaller 
than that for volume excitation either because"-” 


1S. M. Thomsen and R. H. Bube, Rev. Sci. Instr. 26, 664 (1955). 

2 R. H. Bube, Phys. Rev. 98, 431 (1955). 

3 J. Fassbender, Naturwiss. 34, 212 (1947). 
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*R. H. Bube, Phys. Rev. 83, 393 (1951). 

7 R. H. Bube, J. Chem. Phys. 21, 1409 (1953). 
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Phys. 23, 1732 (1955). 

® J. Lambe, Phys. Rev. 98, 985 (1955). 
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1 J. Fassbender, Ann. Physik 5, 33 (1949). 
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(1) strongly absorbed excitation creates a high density 
of free carriers near the surface, resulting in the pre- 
dominance of bimolecular recombination and a de- 
creased lifetime for the free electrons, or (2) there are 
either a greater density of recombination centers near 
the surface than in the volume, or their capture cross- 
section for free electrons is larger, i.e., the surface is 
inherently less sensitive than the volume. If the first 
mechanism is effective in producing a maximum in the 
spectral sensitivity curve, the photocurrent will vary 
as a lower power (near 0.5) of the light intensity for 
strongly absorbed than for slightly absorbed radiation. 

It is the purpose of this paper to compare surface- 
excited photoconduction with volume-excited photo- 
conduction, in cadmium sulfide crystals with a wide 
range of photosensitivities. In addition to measure- 
ments of spectral response and decay time, such as 
have been described in previous publications, measure- 
ments were made as a function of exciting wavelength 
on (1) the variation of photocurrent with light in- 
tensity, (2) infrared quenching, and (3) thermally 
stimulated current. Most of the results can be ex- 
plained by assuming that the surface is inherently less 
sensitive than the volume, the surface sensitivity being 
very dependent on the atmosphere surrounding the 
crystal. 


EXPERIMENTAL 


Measurements were made in the photoconductivity 
apparatus previously described.” Single crystals of 
cadmium sulfide without intentionally added impurities 
were prepared by C. J. Busanovich, electrical contact 
being made using melted indium electrodes™!® on the 
same side of the crystal as the exciting radiation. 

Excitation was primarily with a 500-mm Bausch and 
Lomb monochromator, used to give 50 A resolution. In 
measurements of infrared quenching, the monochroma- 
tor was used as the source of secondary radiation, and 

13 R. H. Bube, J. Chem. Phys. 23, 18 (1955). 
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1 R, W. Smith, Phys. Rev. 97, 1525 (1955). 
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the source of primary (bias) radiation was a GE 1493 
incandescent lamp with an interference wedge made 
by Geraetebau-Anstalt Balzers of the Principality of 
Liechtenstein. When used with a 1-mm slit, the trans- 
mission through this wedge has a half-width at least 
as small as 100 A. Variations in excitation intensity 
were made by the interposition of calibrated neutral 
wire-mesh filters. The currents were recorded on a 
Leeds and Northrup X-Y recorder. Decay times were 
measured with a Type 535 Tektronix oscilloscope. 

Unless otherwise noted, measurements were made in 
an atmosphere of room air. 


DISCUSSION OF RESULTS 


Spectral Response 


Figure 1 shows the spectral response for five crystals 
of cadmium sulfide. The ratio between the photocurrent 
at the absorption edge and the photocurrent for strongly- 
absorbed excitation (hereafter called simply the sensi- 
tivity ratio) increases with the value of the photocurrent 
at the absorption edge, i.e., with the volume sensitivity. 
The maximum occurs at that wavelength for which the 
incident radiation penetrates most of the crystal, but 
for which most of the radiation is absorbed. 

The variation of photosensitivity among the crystals 
of “pure” CdS measured must be attributed to a purely 
random incorporation of crystal defects (or conceivably 
of traces of beneficial impurity) during growth. It is 
clear from Fig. 1 that the long-wavelength response 
increases very markedly with volume sensitivity, in- 
dicating the presence of levels above the filled band. 
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Fic. 1. Spectral response curves for five crystals of cadmium 
sulfide prepared from the vapor phase without added impurity, 
measured with equal photon flux at each wavelength. 
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Fic. 2. The ratio of the maximum photocurrent to the photo- 
current for excitation inside the absorption edge as a function of 
the maximum photocurrent for eighteen crystals of cadmium 
sulfide prepared without added impurity, randomly selected. 


Figure 2 summarizes the variation of the sensitivity 
ratio as a function of the volume sensitivity for eighteen 
crystals of CdS selected at random. Only two of the 
points fail to fall on the curve which indicates an in- 
crease in sensitivity ratio with increasing volume 
sensitivity, from a value of unity at low-volume 
sensitivities. 


Photocurrent vs Light Intensity 


In most crystals, the exponent » in the power-law 
relation between photocurrent and light intensity 
(IaZ") undergoes an abrupt change as the wavelength 
of excitation passes through the absorption edge. Re- 
sults for ten crystals are summarized in Table I. 

The values of given in Table I refer to the variation 
of photocurrent with light intensity either (1) over the 
whole light intensity range investigated, when there 
was no transition to a smaller value of at high light 
intensities, or (2) only over the lower part of the light 
intensity range, when there was a transition to a smaller 
value of » at high light intensities. The light intensity 
was varied over a range of 2000:1, maximum intensity 
being that of full monochromator output. In Table I, 
the “apparent sensitivity ratio” is the ratio measured 
for maximum excitation used; the “extrapolated sensi- 
tivity ratio” is the ratio calculated for that same light 
intensity, assuming no transition in m at high light 
intensities. In crystals that do not show a transition in 
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TABLE I. Variation of across the absorption edge. 








Appar- 
ent Extrap. 
sens. sens. 
ratio ratio 


Average n 
AD>dre An 


1.07 0.17 
0.09 
0.08 
0.17 
0.16 
0.07 
0.18 
0.05 
0.13 
0.00 


Crystal Crystal dimensions, 

No. mm? ® A<de 
0.90 
0.91 
0.95 
5 0.83 
3; 0.83 
1. 0.93 
7 0.82 
1. : 
1. 
1. 





1.3X1.3X0.031 51 51 
1.0X0.7X0.0087 44 44 
0.5X2.0X0.056 3 25 
1.0X0.9X0.020 1 
1.0X1.3X0.046 
1.1X1.3X0.036 


1.0X 1.0X0.026 


E 


0.96 
0.98 
1.14 


ore re ee eS pe me 
Pr-=sssse 


1.4X 1.6 0.0087 








* Dimensions given as length (between electrodes) X width Xthickness. 


n to lower values for high light intensities, therefore, the 
apparent and the extrapolated sensitivity ratio are the 
same. 

The data of Table I indicate that An, the magnitude 
of the change in m at the absorption edge, shows no 
simple correlation with the sensitivity ratio. Even for 
the three crystals listed where the sensitivity ratio is 
approximately unity, only one crystal shows a An of 
zero. For strongly absorbed light the value of m is 
never smaller than 0.8, which is considerably different 
from the value of 0.5 which would be expected from 
bimolecular recombination. The exact value of m is 
dependent on the distribution of levels in the forbidden 
gap near the conduction band”; that the density or the 











(b) 


Looe 
TRANS! TION ra a 
ae ay 


> -— Nw SEHD 


PHOTOCURRENT FOR TRANSITION, wo 

















‘ABSORPT} 
WAVELENGTH, A  ABSORATION 

Fic. 3. Variation of m with excitation wavelength, for (a) crystal 
18, (b) crystal 5, and (c) crystal 15. Data in (b) also show differ- 
ence between m at low light intensities and m at high light in- 
tensities, and the variation of the photocurrent at which the 
transition occurs between low light m and high light n. 
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distribution of these levels might be somewhat different 
between surface and volume regions of the crystal is 
not unreasonable. 

Specific examples of the variation of m with wave- 
length for three representative crystals are given in 
Fig. 3. Figure 3(a) shows the variation in n with 
wavelength for a crystal which did not show a transition 
in m to a lower value for high light intensities. Figure 
3(b) shows the variation of » at low light intensities, 
at high light intensities, and the photocurrent at the 
transition between low light » and high light n, for a 
crystal showing a transition in to a lower value for 
high light intensities. The high light », when a transi- 
tion has taken place, generally shows a minimum at the 
absorption edge. The photocurrent at the transition in 
nm increases sharply at the absorption edge; the inter- 
pretation of this is discussed in the section on thermally 
stimulated currents. Figure 3(c) shows the one example 
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Fic. 4. Variation of » with temperature for both volume and 
surface excitation for crystal 18. Crystal was heated to 125°C 
in dry helium and measurements were made during cooling. 


found for a crystal with unity sensitivity ratio and no 
change in m across the absorption edge. 

In order to measure the variation of » with tempera- 
ture, a crystal of CdS was heated to 125°C in dry 
helium and measurements of m were made at various 
temperatures during the cooling to room temperature. 
Figure 4 shows the results; both volume excitation and 
surface excitation are characterized by a decreasing n 
with decreasing temperature, but An appears to be 
approximately temperature independent. The values of 
n obtained at room temperature after this cooling, 
however, were quite different from those obtained 
initially in room air. The following experiment, data for 
which are shown in Fig. 5, was performed to prove that 
the nature of the surface of the crystal had been changed 
by the heating in dry helium. The crystal was heated 
fairly quickly to 110°C [Fig. 5(a), Curve 1], was 
allowed to stand at 110°C for about an hour [ Fig. 5 (a), 
Curve 2], and was then slowly cooled to room tempera- 
ture [ Fig. 5(a), Curve 3]. The photocurrent for surface 
excitation increased only slightly during the heating 
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from room temperature to 100°C, but then rose by a 
factor of about three while standing at 110°C. Upon 
cooling to room temperature the photocurrent was 
about two-and-a-half times its initial value. Figure 5(b) 
shows the decay of this additional surface photo- 
sensitivity upon exposure to room air. First room air 
was admitted at a high rate through a liquid nitrogen 
trap; then the trap was removed from the liquid 
nitrogen bath; then the trap was warmed by the 
application of heat externally. Exposure of the crystal 
to moist air causes the surface photocurrent to decay 
slowly to the value it had initially before heating in 
helium. These results are in agreement with those 
previously reported.*-§ 
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Fic. 5. (a) Variation of surface-excited photocurrent for 
crystal 18 with temperature in an atmosphere of dry helium. 
Part 1 of the curve is for a rapid heating, Part 2 a period of stand- 
ing at 110°C, and Part 3 a slow cooling. (b) Decay of surface- 
excited photocurrent with time, but with continuous excitation, 
after heating in dry helium, upon admission of moist air to the 
system. 


Table II compares the sensitivity ratio, the surface- 
excited photocurrent, and the values of m for three 
different conditions of the surface of the same crystal. 
As the sensitivity ratio increases, the value of » for 
surface excitation apparently approaches unity; this is 
additional evidence against bimolecular recombination 
at the surface, because of density of excitation, being 
an important factor in determining the sensitivity ratio. 


Infrared Quenching 


Measurements of infrared quenching were made on 
several crystals of cadmium sulfide as a function of the 
primary radiation wavelength. For crystals with a 
large sensitivity ratio, the percent quenching (for the 
same bias photocurrent at constant voltage, excited by 
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TaBLE IT. Variation of photoconduction with the condition 
of the surface (Crystal 18). 








Surface- 
Sensi- excited 
tivity photocurrent, 


ratio microamp Surf. 


Surface condition 





Heated to 110°C in dry 
helium and cooled to 
room temperature with- 
out exposure to room 


air 0.68 


0.82 


0.85 


Standing in room air 0.96 


Soaked in acetone and 
standing in room air 


0.95 1.03 











the primary radiation) was considerably larger for 
primary radiation with wavelengths longer than that 
of the absorption edge than for primary radiation with 
wavelengths shorter than that of the absorption edge. 
An example of such a result is given in Fig. 6(a). The 
shape of the infrared quenching spectrum is the same 
for both volume and surface excitation, and the same 
as has been previously reported.'® 

Most of the crystals with a sensitivity ratio of 
approximately unity have low sensitivity and do not 
show measurable infrared quenching. One such crystal, 
however, did show infrared quenching which did not 
vary appreciably with the wavelength of the primary 
radiation, as indicated in Fig. 6(b). 

The detailed variation of percent quenching with 
wavelength of the primary radiation is given in Fig. 7, 





Ap= 41004 


PERCENT QUENCHING 




















PHOTON ENERGY, ev 


Fic. 6. Infrared quenching spectra for (a) crystal 8 for primary 
radiation wavelengths of 4100 A and 5600 A, (b) for crystal 17 
for primary radiation wavelengths of 4100 A and 5215 A. 


16 R, H. Bube, Phys. Rev. 99, 1105 (1955). 
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Fic. 7. Percent quenching for crystal 2 as a function of pri- 
mary wavelength for (1) a secondary wavelength of 9200 A and 
a bias photocurrent of 0.05 microampere for 100 volts applied, 
(2) a secondary wavelength of 9200 A and a bias photocurrent of 
0.17 microampere for 100 volts applied, and (3) a secondary 
wavelength of 14000 A and a bias photocurrent of 0.05 micro- 
ampere for 100 volts applied. Bias photocurrent was varied by 
varying the primary radiation intensity. (Note: Curve 3 should 
be labeled “‘2” and Curve 2 should be labeled “3.”’) 


for different secondary wavelengths and bias currents, 
for a crystal with a large sensitivity ratio. The percent 
quenching increases rapidly at the absorption edge, and 
then in most cases decreases again for primary radiation 
wavelengths considerably longer than that of the 
absorption edge. 

The percent quenching for surface excitation was 
decreased after the acetone soaking of the crystal which 
reduced the photocurrent for surface excitation, as 
indicated in Table II. 

The interpretation of the measurements of infrared 
quenching can be made most conveniently in conjunc- 
tion with the discussion of the measurements of decay 
time in the following section. 


Photocurrent Decay Time 


Measurements of the decay time of the photocurrent 
in room air show that the decay time for surface ex- 
citation is always considerably less than that for volume 
excitation, regardless of whether the measurements are 
made for equal photon flux incident or equal photo- 
current excited. 

It is desired to compare the sensitivity ratio with the 
ratio of the lifetime of a free electron for volume ex- 
citation to that for surface excitation. A quantitative 
correlation between the lifetime and the measured 
decay time is complicated in most crystals, however, 
by the effects of trapping, which act to make the meas- 


ured decay time longer than the true lifetime.” In 
order to overcome the complications introduced by 
trapping, it is desirable to measure the decay time at as 
high a light intensity as possible, and to determine the 
decay time from the initial decay of photocurrent after 
the cessation of the excitation. 

Data from one of the crystals which showed close 
agreement between measured decay times and sensi- 
tivity ratio are shown in Fig. 8. The sensitivity ratio 
for this crystal was about seven, and the ratio of decay 
times is also the same order of magnitude. As indicated 
in Fig. 8, the decay time (measured as the time for the 
current to decrease to 84% of its initial value) increases 
from about 8 milliseconds for surface excitation to 
about 65 milliseconds at the absorption edge, and then 
decreases somewhat for longer wavelengths. Similar 
correlations between decay times and sensitivity ratio 
have been previously reported.*~* 

Table III shows the effect of irradiation by infrared 
on the decay time. For these measurements, infrared 
was obtained from a GE 1493 incandescent lamp with 
an infrared filter passing over 8500 A. The data show 
that the effect of the infrared in quenching the photo- 
current excited by the primary radiation is directly 
explainable in terms of the decrease in lifetime caused 
by the infrared. 

The variation of percent quenching with primary 
wavelength can be explained by a consideration of the 
effect of infrared on the lifetime of a free electron. The 
lifetime of a free electron in the absence of infrared will 
be given by 


t=1/(CvS), (1) 


where ¢ is the lifetime, C is the number of recombination 
centers per unit volume, » is the thermal electron ve- 
locity, and S is the capture cross section of a recom- 
bination center for an electron.” According to the postu- 
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Fic. 8. The time for the photocurrent to decay to 84% of its 
initial value as a function of the excitation wavelength for crystal 
18; measured at constant voltage and constant photocurrent. 
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TABLE III. Infrared quenching and photocurrent decay time (Crystal 18). 








Photocurrent> 
ye- No With No 
length, A infrared infrared infrared 


Decay time, msec* 
With 
infrared 


Photo- 
current 
ratio? 


Decay 
time 
ratio? 





4300 0.48 

4800 0.87 

5120 10 
4.5 


5200 


S 
5 
$4 
2 
9 


5350 


0.72 
0.83 
0.93 
0.78 
0.54 
0.89 
0.57 
0.50 
0.50 


0.75 
0.79 
0.92 
0.71 
0.52 
0.83 
0.70 
0.54 
0.54 








® Light intensity of 100 represents full uncorrected monochromator output. 


> Photocurrent in microamps measured with 100 volts applied. 
* Time to decay to 84% of the initial value. 


4 Ratio of value with infrared quenching to that without infrared quenching. 


lated mechanism for infrared quenching described in a 
previous publication,!® assume that infrared quenches 
photoconduction by raising electrons from the filled 
band to fill centers with a small capture cross section 
for free electrons, the holes formed by the infrared mi- 
grating to centers with a large capture cross sec- 
tion for free electrons, once the hole has been captured. 
Then the lifetime of a free electron in the presence 
of infrared will be given by 


t/=1/(C'dS), (2) 


where C’ is the new number of available large capture 
cross-section centers per unit volume. 
It is possible to write 


C’=C+N’, (3) 


where N’ is the equilibrium number of large capture 
cross-section centers per unit volume made available 
for recombination by the infrared. 

By adding subscripts “‘s’”’ to signify surface and “» 
to signify volume, the following relationships may be 
set down between the lifetime with infrared and the 
lifetime without infrared, by combining Eqs. (1)—(3) : 


1/ty! =1/ty+Ny'0Sy, (4a) 
1/1,’=1/t,+N,'0S,. (4b) 


Calculated values of N,’vS, and N,’vS, have been listed 
in Table III. 

If it is assumed, for the sake of calculation, that J,’ 
is about equal to N,’, the effective capture cross section 
for centers at the surface is about two to seven times 
larger than that for centers in the volume. If a value of 
N’ of about 10"/cm? is chosen, the effective capture 
cross section for surface centers is about 3-6x10-* 
cm?, the capture cross section for volume centers is 
about 0.9-1.7 X 10-" cm’, and the density of recombina- 
tion centers is about 10'*-10'*/cm* for both surface 
and volume. 


Thermally Stimulated Current 


Thermally stimulated current measurements were 
made on several CdS crystals for both surface excita- 


yp? 


tion and volume excitation. The purpose of these 
measurements was (1) to determine whether there 
were any gross differences in the thermally stimulated 
current curves for surface and volume excitation, (2) to 
check whether the thermally stimulated current for 
surface excitation was confined to only a fraction of the 
crystal, by determining whether it was necessary to 
assume a smaller effective volume for surface excitation 
than for volume excitation to make the trap depths (as 
calculated from the peak conductivity) the same for 
both types of excitation, and (3) to see if a correlation 
existed between the transition in m with increasing 
light intensity, illustrated in Fig. 3(b), and the location 
of the major traps. 

Several typical examples of thermally stimulated 
current curves for both surface and volume excitation 
are shown in Fig. 9. There are no large differences in 
the location of major trap depths between surface and 
volume excitation. It was, however, always observed 
that thermally stimulated current at low temperatures, 
corresponding to the emptying of traps near the con- 
duction band, was much more prominent for volume 
excitation. This fact is probably not caused by an 
actually greater density of shallow trapping centers in 
the volume than in the surface, but is probably associ- 
ated with the accentuation of the difference in the free 
electron lifetimes at low temperatures for volume and 
surface excitation. Surface excitation might well pro- 
duce a higher density of empty recombination centers 
in the neighborhood of the trapped electrons than 
volume excitation; the first electrons freed from traps 
during the heating after surface excitation would have 
a relatively shorter lifetime than electrons freed after 
most of the recombination centers had been refilled. 

Calculations of the trap depths are given in Table 
IV. The results, together with those of previous 
studies,*® show that the traps with depth of about 
0.4 ev are fundamentally characteristic of the CdS 
crystal. As has been previously reported,'® there are 
some six other trap depths in the range between 0.2 
and 0.8 ev commonly found in many pure CdS crystals, 
the most frequently found in the present investigation 





RICHARD H. BUBE 





ee 


Ts 
ny 











°o 
> 


—— STIMULATED CURREN 
: 


° 
nN 














i a1 
° 100 
TEMPERATURE, °C 





Fic. 9. Thermally stimulated current curves measured at a 
heating rate of 0.77°/sec for (a) crystal 10 for excitation by 
4100 A and 5600 A, (b) crystal 5 for excitation by 4000 A and 
6000 A, (c) crystal 16 for excitation by 4000 A and 6000 A, and 
(d) crystal 8 for excitation by 4100 A (right ordinate) and 5100 A 
(left ordinate). Applied voltage of 100 volts. 


being those at about 0.2 and 0.7 ev. It is worth while 
in this connection to compare the location of these 
characteristic traps with the low-temperature infrared 
stimulation of photoconduction, after previous excita- 
tion, reported by Lambe’ and ascribed to the presence 
of silver impurity. Such a comparison is made in Table 
V. The correlation between defect trap depths in pure 
crystals and experimental infrared stimulation peaks 
suggests that the use of the infrared stimulation data to 
argue specifically for a location of the silver level near 
the conduction band should be further investigated. 
The attempt to determine whether measurements of 
thermally stimulated current would reveal that cur- 
rents resulting from surface excitation were confined 
to only a fraction of the crystal resulted in the experi- 
mental finding of every shade of possible result. (1) 
Thermally stimulated current curves for surface and 
volume excitation were found to be practically identical 
for some crystals, with the same calculated trap depths 
assuming both currents were passed by the whole 
crystal, as illustrated by the curves for crystal 10 in 
Fig. 9(a). (2) Definite differences in the curves for 
surface and volume excitation were found for some 
crystals, but the calculated trap depths were the same 
assuming both currents were passed by the whole crys- 
tal, as illustrated by the curves for crystal 5 in Fig. 
9(b). (3) Curves for surface and volume excitation were 


similar for some crystals, but in order to make the 
calculated trap depths the same for both types of 
excitation, it was necessary to assume that the surface- 
excited currents were confined to about 7g of the crys- 
tal, as illustrated for crystal 16 in Fig. 9(c). (4) Curves 
for surface and volume excitation differed very markedly 
for some crystals, and it was necessary to assume that 
the surface excited currents were confined to less than 
about 1/100 of the crystal to make the calculated trap 
depths the same for surface and volume excitation, as 
illustrated for crystal 8 in Fig. 9(d). 

Another method for checking on whether surface- 
excited currents are effectively limited to a small 
fraction of the crystal is by observing the transition 
from low light » to high light » as the excitation wave- 
length is varied through the absorption edge, as 
illustrated for crystal 5 in Fig. 3(b). If it is assumed that 
this transition occurs for a critical location of the steady- 
state Fermi level, it would be expected that the transi- 
tion photoconductivity would increase as the excitation 
was changed from surface to volume, in order that the 
same effective conductivity might be found in surface 
as in volume regions of the crystal at the m-transition. 
The data of Fig. 3(b) indicate on the basis of such an 
analysis that the surface excitation is restricted to 
about 75 of the crystal. But as pointed out above, the 
thermally stimulated current data did not indicate any 
restriction of the surface-excited current for crystal 5. 
Thus it can only be concluded that the proportion of 
the crystal involved in surface-excited current flow 
differs from crystal to crystal and with the type of 
measurement performed. 

Finally, the cause of the transition in m should be 
considered. Table IV shows that for almost every 
crystal showing a transition in m, the corresponding 
energy difference between the location of the Fermi- 


TasLe IV. Comparison of trapping data with transition 
in for several crystals. 








Calculated Fermi- 
level for  tran- 
sition, ev> 
Surface Volume 


Calculated trap 
depths, ev® 
Surface Volume 


Density of free 
electrons at n 
transition® 


Crystal 
> 0.18 
0.42 

10 0.45 
8 0.28 0.19 
0.56 0.46 

5 0.19 
0.41 0.40 

11 0.43 0.42 
16 0.47 0.43 
17 0.48 0.44 
0.79 0.69 





0.18 
0.42 
0.44 


0.38 
0.48 


4x 10” 
5X10” 


None 
0.50 
None None 
0.36 
0.47 
0.50 


2X 10" 
10" 
3X 104 


0.39 
0.49 
None 


None None 








* Obtained from a calculation of the location of the Fermi level corre- 
sponding to the peak conductivity and temperature for the thermally 
stimulated current curves. The conductivity was calculated as if the whole 
crystal were participating in the current flow for the values given. 

> Obtained from a calculation of the location of .the Fermi level corre- 
sponding to the conductivity at which the value of m changes with increas- 
ing light intensity at room temperature. The conductivity was calculated 
as if the whole crystal were participating in the current flow for the values 


given. ss 
¢ Calculated from the data for volume excitation, assuming a mobility 
of 100 cm?/volt sec. 
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level and the bottom of the conduction band was about 
the same as, or slightly larger than, the major trap 
depth of 0.4 ev. Table IV also shows that the density 
of free electrons at the conductivity corresponding to 
the transition in m for volume excitation, is of the 
order of 10'°-10"/cm*, and hence is much smaller than 
the density of trapping centers which is about 10!*- 
10'7/cm*. These facts indicate that the transition in » is 
not occurring when the density of free electrons exceed 
the density of trapping centers (thus producing bi- 
molecular recombination), but is occurring when the 
Fermi level is about to rise into the main group of 
traps, the transition in ” being the result of bimolecular 
recombination caused by more electrons being trapped 
above the Fermi level than below.” 


SUMMARY 


The fact that the photosensitivity of most cadmium 
sulfide crystals is smaller for surface excitation by 
strongly absorbed radiation than for volume excitation 
by slightly absorbed radiation is caused by a smaller 
free lifetime for surface-excited electrons than for 
volume-excited electrons. This smaller free-electron life- 
time for surface excitation is caused by a higher re- 
combination rate at the surface than in the volume, 
associated with the adsorption of moist air on the sur- 
face of the cadmium sulfide crystal. The higher rate of 
surface recombination may be associated with a greater 
density of recombination centers of equal capture 
cross section at the surface than in the volume (either 
because of surface states or because of the effect of 
adsorbed vapors on the shape of the band edges at 
the surface), with a greater capture cross section for 
surface recombination centers than for volume centers, 
or with a combination of both. The second possibility 
seems the most favored from the data previously 
described. 

These conclusions are supported by the following ex- 
perimental evidence cited in this paper: 

(1) The larger the free electron lifetime in the volume 
(i.e., the greater the volume sensitivity), the larger is 
the sensitivity ratio (the ratio of photocurrent at the 
maximum of the spectral response curve to the photo- 
current for strongly absorbed radiation). Since the free 


TABLE V. Comparison of characteristic trap depths with 
photoconductivity photostimulation data of Lambe.* 








Photoconductivity photostimulation 
maxima of CdS:Ag (after Lambe) 


Microns ev 


0.25 
0.30 


0.44 


Characteristic trap 
depths of pure 
CdS, ev> 


0.21 5.0 
0.30 4.2 
0.38 

0.42 2.8 
0.52 
0.70 
0.77 





Begins at 1.8 Begins at 0.69 








® See reference 9. 
b As indicated in this paper and reference 16, the most prominent trap 
depths in more sensitive crystals are often 0.2, 0.3, 0.4, and 0.7 ev. 
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electron lifetime at the surface will be limited by ad- 
sorption of molecules producing a high recombination 
rate, the ratio of volume to surface lifetime will become 
greater the larger the volume lifetime. The effect of 
surface recombination rate on the spectral response 
will also depend on the rate with which excited electron- 
hole pairs are able to diffuse away from surface regions 
of the crystal, which in turn will depend upon the 
lifetime of the minority carriers, the holes. Since the 
hole lifetime will be larger the less sensitive the crystal, 
the less sensitive crystals will be affected to a smaller 
extent by surface recombination than more sensitive 
crystals with smaller free hole lifetimes. 

(2) Lower surface sensitivity because of a high 
density of excitation resulting in bimolecular recombina- 
tion with resultant decrease in free electron lifetime 
(rather than because of an inherently lower surface 
sensitivity) is discounted because (a) the values of n 
for surface excitation have not been found to be lower 
than 0.8, which is considerably larger than the value of 
0.5 which should result from bimolecular recombination, 
(b) the value of for surface excitation approaches 
unity, at least for some crystals, as the sensitivity-ratio 
increases with surface treatment, and (c) some in- 
sensitive crystals with small volume lifetime have a 
sensitivity ratio of unity even though the density-of- 
excitation effect should still be present at the surface. 

(3) Measurements of the decay time itself for surface 
and volume excitation, under conditions which should 
make the decay time roughly comparable to the true 
lifetime, show a sharp increase in decay time as the 
excitation wavelength increases past the absorption 
edge. 

(4) The interpretation of the results of infrared 
quenching in terms of a smaller surface than volume 
lifetime are able to explain (a) the rapid increase in 
percent quenching as the primary wavelength increases 
past the absorption edge in crystals with a large sensi- 
tivity ratio, (b) the absence of a change in percent 
quenching at the absorption edge in crystals with a 
sensitivity ratio of unity, (c) the decrease in percent 
quenching for excitation by primary wavelengths much 
longer than that of the absorption edge, excitation by 
such wavelengths resulting in a smaller free electron 
lifetime (as indicated by smaller measured decay times), 
because of excitation directly from bound states in 
which the excited hole is trapped, and (d) the decrease 
in percent quenching for surface excitation after the 
acetone treatment which had caused a further decrease 
of the lifetime for free electrons near the surface. 

(5) The sensitivity ratio was reduced by heating the 
crystal in dry helium to free the surface from adsorbed 
moist air; the sensitivity ratio was reversibly increased 
again by readmitting moist air to the system. 

In addition to the above results, a study of thermally 
stimulated currents emphasized the characteristic 
nature of traps located at about 0.4 ev below the con- 
duction band in pure cadmium sulfide crystals. A good 
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correlation can be made between the principal trap 
depths in cadmium sulfide crystals without added 
impurity and the peaks of the low-temperature spec- 
trum of the photostimulation of photoconduction for 
CdS: Ag crystals reported by Lambe.® Although Lambe 
ascribed these peaks to absorption by the silver, the 
present data indicate that they may be fundamental to 
cadmium sulfide itself. 

A transition in with increasing light intensity from 
a value near unity to a value near one-half was shown, 
for many cadmium sulfide crystals, to occur, not when 
the density of free electrons exceeds the density of 
trapped electrons, but when the Fermi level is about 
to rise into the main group of characteristic traps. 
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Further research on surface-excited and volume- 
excited photoconduction might well be directed toward 
(1) measurements of electron mobility as a function 
of excitation wavelength for a crystal with a large 
sensitivity ratio to determine whether the mobility for 
surface excitation is the same as that for volume excita- 
tion, (2) measurements of photoconduction phenomena 
for cadmium sulfide crystals in controlled atmospheres 
of other gases, and (3) measurements on cadmium 
selenide crystals which show a large transition from an 
w greater than unity to an m less than unity.!*” 


17 R, H. Bube, paper in Proceedings of the Conference on Photo- 
conductivity, Allantic City, 1954 (John Wiley and Sons, Inc., New 
York, to be published). 
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Radiation Resulting from Recombination of Holes and Electrons in Silicon 


J. R. Haynes anp W. C. WeEsTPHAL 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received December 7, 1955) 


Radiation produced by the recombination of excess electrons and holes in silicon has been examined 
both at room temperature and at 77°K. The radiation obtained at room temperature is shown to be an 
intrinsic property of silicon. It is probably due to indirect transitions of electrons from the conduction band 
minima to the valence band with phonon cooperation. Additional radiation is found at 77°K which is 
structure-sensitive. This radiation is shown to be produced by the recombination of excess carriers with un- 
ionized donor and acceptor impurities. Differences between the photon energies associated with the maximum 
photon emission of intrinsic and extrinsic radiation are in semiquantitative accord with accepted values of 
ionization energies of the donor and acceptor impurities introduced in the crystal-growing process. 


HE existence of radiation due to the recombination 
of holes and electrons in silicon at room tem- 
perature has been reported by Haynes and Briggs.’ It 
was found that a maximum intensity occurred at about 
1.1 microns. The experiments to be described not only 
show that this radiation is an intrinsic property of 
silicon but also demonstrate that other radiation occurs 
which is structure-sensitive. 

Recombination radiation was produced by applying 
current pulses to grown silicon p-m junctions with 
current flow from p- to n-type. Under these conditions 
large concentrations of minority carriers are produced 
in the immediate vicinity of the junction. The radiation 
resulting from the recombination of these carriers was 
analyzed with a Perkin-Elmer spectrometer and de- 
tected by a lead sulfide cell. The spectral distribution 
was corrected for the over-all spectrometer and detector 
response by comparing the observed intensities with 
those obtained from a tungsten lamp of known color 
temperature used as a radiation source. 

The samples used have dimensions of 1.51.0 cm. 
They were cut with the junction parallel to the long 
dimension and range in thickness from 0.15 to 0.010 cm. 
The large surfaces were ground flat and optically 
polished. 


1 J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 


The results obtained by using a silicon sample con- 
taining boron and arsenic as added impurities are shown 
in Fig. 1. Here we have plotted the relative number of 
emitted photons per unit energy interval per unit time 
as a function of the photon energy in electron volts for 
three conditions: (1) Using a p-m junction specimen 
0.01 cm thick at room temperature (dashed curve), 
(2) using a sample 0.12 cm thick at room temperature 
(dotted trace), and (3) with either sample at liquid 
nitrogen temperature (solid curve). The data points for 
the dashed curve have been included to show the degree 
of delineation and all three curves have been normal- 
ized. It may be observed that both the dashed and 
dotted curves have a maximum at 1.088 ev and coincide 
for energies less than 1.10 ev. This implies that the 
radiation spectrum of photons having energies less than 
1.10 ev is little altered in the process of emerging from 
the silicon sample 0.12 cm thick. Calculation? using 
optical absorption data* indicates that the radiation 


2It is assumed that the alteration of the spectrum in escape 
from the silicon is a function only of the product of absorption 
constant and sample thickness. 

3H. B. Briggs, Phys. Rev. 77, 727 (1950); Fan, Shepherd, and 

itzer, in Proceedings of the Photoconductivity Conference, Atlantic 
cay a (to be published); Dash, Newman, and Taft, Phys. 
Rev. 98 , 1192 (1985); G. G. Macfarlane and V. Roberts, Phys. 
Rev. 98, 1865 (1955). 








RECOMBINATION OF HOLES AND ELECTRONS 


from the 0.010-cm thick sample (dashed line) is as 
little altered for photon energies less than 1.18 ev.‘ 

The effect of cooling the-samples to 77°K is also 
shown in Fig. 1 (solid trace). Three maxima are seen 
to occur: a very sharp peak® at 1.100 ev and two 
smaller maxima at 1.072 and 1.038 ev. This trace is 
obtained with either sample, as expected, since the 
absorption constant is reduced from the room tem- 
perature values by two orders of magnitude and the 
radiation distribution is consequently unaltered in 
escaping from the samples. 

The room temperature radiation and that having a 
maximum at 1.10 ev at 77°K are an intrinsic property 
of silicon, since the photon distributions have been 
found to be independent of the nature of the added 
impurities and are consistent with the optical absorp- 
tion constants and the principle of detailed balancing 
as used by van Roosbroeck and Shockley.* Because 
this radiation occurs at the first absorption edge, it 
should be due to indirect transitions of electrons from 
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Fic. 1. Relative number of emitted quanta per unit energy 
interval per unit time as a function of photon energy. The samples 
used were cut from a single crystal of silicon containing arsenic 
and boron (conductivity: #=18 ohm cm™, p=5 ohm™ cm”). 
The data points were obtained at room temperature with a sample 
0.010 cm thick. The dotted curve was obtained at room tempera- 
ture with a sample 0.12 cm thick. The solid trace is characteristic 
of either sample at 77°K. 


4No correction has been made for the effect of finite spec- 
trometer slit width. The correction to the width at half-intensity 
of this relatively broad curve due to this cause is, however <1%. 

5 This maximum is appreciably narrower than measured values 
indicate, since the effective slit width of the spectrometer (0.014 
ev) has increased the measured width at half-intensity by ~20%. 

6 W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954), 
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Fic. 2. Energy level diagram. 


the (1,0,0) minimum to the top of the valence band 
involving phonon cooperation (indirect intrinsic radia- 
tion). No radiation due to direct transitions (direct 
intrinsic radiation) was found and none is expected 
from the absorption data. In this respect the radiation 
from silicon differs from that from germanium.’ 

The additional maxima obtained at 1.072 and 1.038 ev 
are characteristic of the added impurities and are, 
therefore due to extrinsic radiation. 

The processes involved in the production of intrinsic 
and extrinsic radiation can be visualized with the aid 
of the energy level diagram shown in Fig. 2, which is 
drawn for a p-type region. The holes, which are indi- 
cated by open circles, are shown at an average thermal 
energy of kT below the top of the valence band. The 
acceptors, represented by dashes, are shown partially 
ionized. With this condition, injected electrons (solid 
circles at an average energy of $kT above the conduction 
band) may recombine either with a hole in the valence 
band or with one on an acceptor. For the first alter- 
native (intrinsic radiation), the emitted photon will 
have an energy hvy;= E,(T)+3kT—hw, where hw is the 
phonon energy required for conservation of crystal 
momentum. The sign of ww is negative since the transi- 
tion is usually accompanied by phonon emission, there 
being a negligible number of phonons of the required 
energy available for absorption, even at room tempera- 
ture. For the second alternative (extrinsic radiation), 
phonon cooperation will also be required, at least where 
acceptors of low ionization energy are concerned, so 
that the emitted photon will have an energy hy,= E,(T) 
—E;+$kT—tw, where E; is the ionization energy of 
the acceptor. 

From the photon energy associated with the intrinsic 
radiation maximum at 77°K and 295°K and on the 
assumption that E,(T)=£E,(0)— St, where 6 is the 
temperature coefficient of the energy gap,* we calcu- 

7J. R. Haynes, Phys. Rev. 98, 1866 (1955). 


8 If the energy gap varies quadratically in this range as indi 
cated in reference 12, the results will be little effected. 
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_Fic. 3. Effect of added donor or acceptor impurities on recom- 
bination radiation. The maxima are labeled with the name of the 
element believed responsible. See text for details. 


late that 8=3.3X10~ ev deg and E,(0)=1.105+Aw. 
If the (1,0,0) minimum lies ~3 of the distance from 
the center to the edge of the Brillouin zone as indicated 
by Kohn® tw~0.06 ev" so that E,(0)-~1.165 ev and 
E,(295°K)~1.07 ev. These values are in good agree- 
ment with those found by Morin and Maita" as deter- 
mined from measurements of Hall constant and con- 
ductivity. They are in even better agreement with the 
values determined by Macfarlane and Roberts” from 
optical absorption data. 

The extent to which the extrinsic radiation may be 
altered by changing the density and nature of the 
added impurities is shown in Fig. 3. The solid trace 
(curve I) is a reproduction of the solid trace of Fig. 1. 
The dotted trace (curve II) is the result obtained by 
increasing the concentration of added boron by ~50- 


® W. Kohn, Phys. Rev. 98, 1561 (1955). 

vd We are indebted to R. H. Parmenter for a discussion on this 

int. 

uF, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

%G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 
(1955). 


fold while keeping the arsenic content substantially 
constant. The large relative increase in the radiation 
having a maximum at 1.039 ev indicates that it is due 
to the recombination of electrons with holes on un- 
ionized boron atoms. The origin of the radiation having 
a maximum at 1.072 ev is uncertain at present, but it 
is thought to be due to the recombination of injected 
holes with electrons on un-ionized arsenic atoms. The 
effect of substituting gallium for boron is shown by the 
dashed trace (curve III). A trace of intrinsic radiation 
may be observed at 1.10 ev. The maximum, however, 
occurs at 1.015 ev and is shifted to lower energy as 
expected for an increased ionization energy. A still 
further shift in the position of the maximum to 0.960 ev 
is observed when the acceptor impurity is changed to 
indium (curve IV) which is again qualitatively in 
accord with a further increase in ionization energy. 
According to our analysis, E;==hv;—hv,—3kT. The 
values of E; obtained by substituting the photon 
energies associated with the maxima in this equation 
are shown in Table I together with the ionization 


TABLE I Ionization energies (ev). 





Ei (thermal) 


0.045 
0.065 
0.16 

0.049 


Ei (optical) 


0.046 
0.071 
0.16 

0.056 


Ei (our result) 


0.051 
0.075 
0.13 

0.018 








energies as determined thermally by Morin ef al." as 
well as those obtained by Burstein ef al. from optical 
absorption and photoconductivity. The values of £; 
which we obtain for boron, gallium, and indium are 
within present experimental error of those determined 
in other ways. 

The peak at 1.072 ev gives a value of E;=0.18 ev. 
If this maximum is due to recombination through 
arsenic donors, it is difficult to understand the con- 
siderable discrepancy, shown in Table I, which exists 
between this value and the ionization energy of arsenic 
as measured in other ways. It is hoped that the solution 
to this problem will be found as the investigation 
continues. 

We would like to thank J. A. Burton for helpful sug- 
gestions and M. Lax for theoretical interpretation. 

13 Morin, Maita, Shulman, and Hannay, Phys. Rev. 96, 833 
ey Bell, Davisson, and Lax, J. Phys. Chem. 57, 849 


(1953); Burstein, Picus, and Henvis, in Proceedings of the Photo- 
conductivity Conference, Atlantic City, 1954 (to be published). 
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The excitation of conduction electrons represented by Bloch wave functions through Coulomb interaction 
with a medium-fast primary is discussed. It is brought out that when the excitation energy is much smaller 
than the primary energy, the probabilities of transitions in which momentum is exchanged with the lattice 
(umklapp processes) are proportional to the corresponding probabilities for excitation by light (as was 
shown by Rudberg and Slater), and that the excitation rate varies roughly as the reciprocal of the primary 
energy. For cubic metals, the number of transitions per unit primary path with excitation energy in a 
differential range near e= hy proves to be a simple factor multiplied by the photoelectric absorbing power 
for light of frequency v. Using this relationship, and accepting Butcher’s interpretation of their optical 
properties, a rather detailed picture is obtained of the umklapp processes which might be of importance 
for secondary emission from several alkali metals. The contribution of such transitions appears to be small, 
but not entirely negligible, in comparison with what would be expected from a free-electron gas. Some 
remarks are made on the possibility that innershell electrons make an important contribution to secondary 


emission. 





1. INTRODUCTION 


HEN an electron with energy in the range 

several hundred to several thousand electron 
volts traverses a metal, a significant part of the 
energy which it loses is transferred to the conduction 
electrons. Although numerous papers have appeared 
which have a bearing on this process, workers interested 
in secondary electron emission long gave special atten- 
tion to those of Fréhlich! and Wooldridge,? regarding 
the second paper as an extension and correction of the 
first. Both authors described the metal electrons by 
Bloch wave functions, treated the effect of the primary 
by perturbation theory, and placed great emphasis on 
those transitions in which the interacting pair of 
electrons exchange momentum with the lattice as a 
whole. In such transitions, sometimes referred to as 
“umklapp processes,” the unreduced wave vector k of 
the metal electron may change by a large amount even 
though the wave vector change of the primary is 
extremely small. The major difference between the 
results of the two papers concerned the dependence of 
the number of such transitions per unit primary path 
upon the primary energy, Wooldridge finding very little 
dependence on primary energy for a substantial range 
of energies. Actually, this result is a consequence of an 
erroneous approximation which was introduced by 
Wooldridge. This fact, overlooked for a long time, was 
noticed independently by Marshall* and Baroody‘ in 
1952, but no adequate discussion of the point was 
published at that time. When the error is corrected, 
the status of the umklapp processes is substantially 
altered. The transitions per unit primary path are 
roughly proportional to the reciprocal of the primary 


* This work was supported by the U. S. Army Signal Corps 
and the U. S. Air Force. 

1H. Frohlich, Ann. Physik 13, 229 (1932). 

2D. E. Wooldridge, Phys. Rev. 56, 562 (1939). 

3 J. F. Marshall, Phys. Rev. 88, 416 (1952). 

4 E. M. Baroody, Phys. Rev. 89, 910 (1953). 


energy, and the close relationship between excitation 
by electrons and by light, which had been obscured 
before, becomes prominent. One is, in fact brought 
back to earlier results, particularly to those of Rudberg 
and Slater® who emphasized that the transition proba- 
bilities which they calculated became proportional to 
optical transition probabilities when the energy of the 
incident electron was large compared to the excitation 
energy. 

The present paper is mainly devoted to a treatment 
of the most probable umklapp processes, including a 
calculation of their distribution in energy. The work 
was guided in part by discussions of the absorption of 
light, particularly those of Fan® and Butcher,’ and 
leads to a relationship which yields considerable infor- 
mation about the place of umklapp processes in electron 
scattering from experimental data on optical properties. 
As derived here, the relationship depends upon the use 
of one-electron wave functions of the Bloch form for 
the metal electrons, but does not require further 
assumptions concerning these wave functions. In an 
earlier version of the work,® essentially the same 
relationship was derived using the approximation of 
nearly free electrons. 

Because of their simplicity, and because their optical 
properties are better understood than those of other 
metals, the theory is applied to several of the alkalis. 
The last section of the paper considers the relative 
importance of various types of excitation for secondary 
emission. It compares the number of umklapp processes 
involving excitation to the second Brillouin zone with 
a rough estimate of the number of transitions to the 
same energy range which would be expected if the 
conduction electrons were completely free, and also 
calls attention to the need for more information about 
the excitation of innershell electrons. 

5 EF. Rudberg and J. C. Slater, Phys. Rev. 50, 150 (1936). 

¢H. Y. Fan, Phys. Rev. 68, 43 (1945). 


7P. N. Butcher, Proc. Phys. Soc. (London) A64, 765 (1951). 
8 E. M. Baroody, Phys. Rev. 96, 837 (1954). 
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Before turning to the calculations, it must be empha- 
sized that the paper is limited to the one-electron 
approximation in which the incident electron interacts 
with individual metal electrons through an unscreened 
Coulomb field. A clear understanding of the implications 
of this type theory appears to be indispensable, even 
though an entirely satisfactory treatment may require 
taking into account the collective description of electron 
interactions which has been developed by Bohm, Pines, 
and others.® 


2. DEPENDENCE OF EXCITATION RATE UPON THE 
MOMENTUM CHANGE OF THE PRIMARY 


The excitations to be considered involve the transfer 
of a few electron volts to a conduction electron from a 
relatively fast primary, and will be regarded as caused 
by an unscreened Coulomb interaction between the 
two electrons. The initial state of the interacting 
electrons may be described by the following wave 
function: 


exp(iK- R)u,(r) exp(ik-r). 


The first factor is a plane wave, normalized to represent 
one incident electron per unit volume, or a current 
density 4K/m. The remaining factors constitute ¥x(r), 
the Bloch wave function for an electron of energy E(k), 
and it is understood that this function is also normalized 
for unit volume. As a result of the interaction, there is 
a certain probability per unit distance along its path 
that the incident electron will make a transition to a 
new state of wave vector K’, lying in the solid angle 
dQ’, a metal electron simultaneously jumping from k 
to k’. The perturbation calculation leading to this 
quantity has been summarized by Dekker and van der 
Ziel." It will be sufficient here to state the result: 


P(Kk—>K’k’)d0! = (4m*e'K'/ftg'K)|I|*d0’, (1) 
where" q= K—K’ is the change in the wave vector of 


® Understanding of electron interactions in metals has been 
greatly enriched by theories which treat the metal as a plasma, 
and studies of their bearing on the excitation of valence electrons 
by relatively fast incident electrons are of considerable value. 
However, the significance of calculations using specific modifica- 
tions of the Coulomb interaction is not clear at present. For 
example, J. Neufeld and R. H. Ritchie [Phys. Rev. 98, 1632 
(1955) ] have concluded that a screening formula of the Debye 
type is not applicable when the velocity of the incident electron 
is large compared to the root mean square velocity of the plasma 
electrons, and have questioned the application of a potential of 
this type to the excitation of secondary electrons. A similar 
objection has been made by H. Frohlich [Proc. Phys. Soc. (Lon- 
don) B68, 657 (1955)], who states that the use of a screening 
radius which is independent of energy is wrong for the range 
50 ev to 1000 ev. 

This work of Fréhlich has an important bearing on the present 
paper, since, using a quite different approach, he also develops a 
relation between effects produced by primary electrons and by 
light. However, the very recent date of Fréhlich’s paper, and the 
number of questions requiring examination, make a discussion of 
the connections between the two papers impracticable at this 
time. 

A. J. Dekker and A. van der Ziel, Phys. Rev. 86, 755 (1952). 
Van der Ziel has also considered the generalization of Eq. (1) 
which applies for a screened Coulomb interaction [Phys. Rev. 
92, 35 (1953) ]. 

4 In references 2 and 3 this vector is denoted by S. 
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the primary electron, and 
[= fiver exp(iq-r)dr. (2) 


The integral is over unit volume and it is understood 
that the energy law, 


E(k’) = E(k)+ (h?/2m)(K?— K”), (3) 
is satisfied. 
Because they are solutions of the Schrédinger equa- 


tion for a periodic potential, the wave functions yx (r) 
satisfy the relation 


¥u(t+G)=yx(r) exp(tk-G), (4) 


where G is a lattice vector. Inserting Eq. (4) into Eq. 
(2), one obtains the following: 


I=Iy Yc exp[i(k—k’+q)-G]. (5) 


Here J» is the integral of Eq. (2) extended over the 
unit cell at the origin. A nonvanishing transition prob- 
ability is obtained only when the terms in the sum 
over the lattice points are in phase. That is, one must 
have 


k’=k+q+ 27H, (6) 


where H is a reciprocal lattice vector. When this 
selection rule is satisfied, the sum is just V, the number 
of cells per unit volume. 

For transitions with H=0 (ordinary transitions), 
the integral may be obtained at once in either of two 
special cases. If the electrons are free, so that yy 
=exp(ik-r), one obtains J=1 for all values of q. On 
the other hand, if the departure of ¥x(r) from a plane 
wave is large, one still obtains 7=1, provided q is small 
compared to k. These are, of course, familiar results 
and it is well known that they lead to a contribution 
to primary energy loss which varies roughly as the 
reciprocal of the primary energy. 

Transitions with H+~0(umklapp processes) arise only 
because the functions ¥,(r) are not plane waves, and 
very little is known about /= VJ» for general values of 
q. In the case of small q, adequate information is not 
obtained by simply placing q=0 in the integral Jo. 
Because of the orthogonality of the wave functions, 
this would simply give J>=0. However, since the inte- 
gral is over a unit cell, one may obtain a useful higher 
approximation provided g/2m is small compared to the 
smallest nonvanishing vector of the reciprocal lattice.” 
One may then use the approximation exp(iq:r)=1 
+iq:r, obtaining the following: 


T= ia: f radrssentae. (7) 


It is important to notice that no special assumption 
about ¥x(r) is required here. The approximation applies 


12 The conditions under which specific knowledge of Io is 
needed only for such small g are discussed after Eq. (14). 
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when the electrons are nearly free, as well as when they 
are tightly bound. 

When Eq. (7) is used in Eq. (1), one obtains a 
transition probability per unit solid angle which is 
proportional to g~*, whereas the Wooldridge method led 
to g~*. A brief comment on the source of this discrepancy 
will suffice, since this aspect of the problem was empha- 
sized by Marshall. Wooldridge expressed the factor 
ux(r) of the Bloch wave function as a Fourier expansion 
with coefficients ¢m(k), where (for a cubic crystal) m is 
a vector whose components are integers. He then 
obtained a transition probability proportional to g~* 
multiplied by the square of a double sum involving 
products of the type @m(k)an*(k’). In dealing with the 
sum, he considered only a few terms and gave no 
emphasis to the dependence of the coefficients a,(k’) 
on k’ and therefore on gq. When one proceeds in this 
way, it is easy to overlook the consequences of the 
orthogonality of the wave functions, and treat the sum 
as though it approaches a finite limit as g approaches 
zero. Finally, it should be noticed that the distinction 
between the cases H=0 and H#0 which appeared 
above is not that suggested by Marshall in the next to 
last paragraph of reference 3. One may be interested 
in g near zero in either case, but is led to an integral 
of the product of orthogonal functions only in the 
second case. 


3. VARIATION OF EXCITATION RATE WITH 
PRIMARY ENERGY 


We next consider the integral of Eq. (1) over solid 


angle for the case H+0. Letting @ denote the angle 


between K’ and K, one has 
@— (K—K’')*=2KK’' (1—cos0) = K°*#, (8) 
where the approximation holds for the numerous colli- 


sions in which @ is very small. On the other hand, from 
Eq. (3) one may obtain 


(K—K’)= (me/Kh?) (1+) Ke/2E,, (9) 
where E,=h?K*/2m is the primary energy, 
e= E(k+2xH)— E(k), (10) 


and », which is of the order g/7H, is neglected in the 
final expression. Thus, to the same approximation as 
Eq. (7), one has 

KP =P —Gmin*, (11) 
Qnin= (me/2Eyh#)=0.26¢/Ey', (12) 


energies being in electron volts and distances in ang- 
stroms. Using Eq. (11), one obtains the following 
approximation for the element of solid angle: 


dQ’ = qdqdo/K?. 
Using Eqs. (13) and (7) in Eq. (1), one finds 
PdQ! « |Io|*dq/Epq' « dq/E,q. 


where 


(13) 


(14) 
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From Eq. (12) one sees that there will be a range of 
q to which Eq. (14) applies, provided 


E,*>0.26¢/rH. (15) 


For the small H which are of interest here, rH~1 A", 
and (as will be discussed later) the bulk of the transi- 
tions correspond to «<10 ev. Thus, for E,>500 ev, 
Eq. (14) may be applied when q is near its minimum. 
Although little is known about J» when q is not small, 
it presumably reaches a maximum for g~rH~ (qminK)}'. 
Thus, a reasonable approximation to the integral over 
angle may be obtained by using Eq. (14) up to q 
= (¢minK )4, and neglecting the small contributions from 
larger values of g. In this way one finds 


J Pd « E5~ In(qmax/Qmin) = 3£p* In(2Ep/e). (16) 


This evaluation is quite rough, but gives an essentially 
correct view of the dependence upon primary energy, 
and shows that the number of transitions per unit 
primary path varies approximately as the reciprocal of 
the primary energy. This result may be contrasted 
with that which would follow if it were true that J 
approached a nonzero value as g approached zero. In 
that case S| Io|?¢~*dg would have been proportional to 
(min *, OF proportional to Z,. The transition rate would 
then have been independent of the primary energy, as 
was found by Wooldridge. 


4. DETAILED CALCULATION OF THE EXCITATION 
RATE 


In this section, the transitions with H¥0 will be 
considered in more detail, an expression Q(e) being 
derived which is defined so that Q(e)de is the number 
of transitions with excitation energy in the range de 
near ¢. For this study it is convenient to postpone the 
assumption that gq is small, and begin with 


T= f vide" exp(iq-r)dr, (17) 


where k’=k+ q+ 27H, and integration is over a unit 
cell. Since y, and yy are solutions of the same wave 
equation, Eq. (17) may be transformed to 


hi 


I>=————— | (divj) exp(iq-r)dr, (18 
A Ew) AeDewlande, (8) 


where 
j= (h/2mi) (Wu* gradyx—yYx gradyy*). (19) 


Then, having in mind that the vector j exp(iq-r) has 
the exact periodicity of the lattice, one may obtain the 
following: 


hq 


[y=——_____ (20) 
E(k’)— E(k) 


fi exp(iq-r)dr. 
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For small g, this reduces to 
I y= (h?/Nemi)q- A(H,k), (21) 


where A(H,k) is the coefficient of exp(2xiH-r) in the 
Fourier expansion of the function #x42.n* gradu, and 
¢ is the excitation energy as given in Eq. (10). 

» Using Eqs. (1), (13), and (21), one obtains the 
following : 


PdQ! = (2h°e/mE,@)|q-Al*q-*dgdg. — (22) 


This expression refers to the probability of excitation 
of a single metal electron from k to k+2zH. For the 
required summation over initial states, one may intro- 
duce the volume element 


dk = dSde/ | gradye|, (23) 


where dS is an element of area in a surface of constant 
e. On introducing the density of states in k-space, one 
then has the following contribution to Q(e): 


( ie! awe 
2xmE,é/ | gradxe| g* 


We next consider the summation over H, confining 
attention to cubic metals, since results for these are 
essentially simpler than for metals of lower symmetry. 
Moreover, we will make explicit statements for the 
body-centered cubic case, which is of immediate inter- 
est, and only indicate the minor changes which are 
required to cover the face-centered case. The first set 
of reciprocal lattice vectors corresponding to non- 
vanishing values of A are given by H=n/a, where a is 
the lattice constant, and n is one of the twelve vectors 
with integer components for which n?=2. One way of 
carrying out the summation over these vectors is 
suggested by Butcher’s treatment of the corresponding 
point in his work on photoelectric absorption.” It 
becomes apparent that >>, is equivalent to }>- rz, where 
R represents one of the 48 operations of the cubic group. 
Also, for any pair of vectors, such as q and A, 


Del q-RA|*= 169° Al?. (25) 
Summing Eq. (24) over H with these results in mind, 
one finds 
( 2h*e4 }_— 
mmE pe 





(24) 





' (26) 
| gradye|g 


Integration then yields 


2h*et 2E, | A|*dS 
QO(e= in —*) f———. 

rmE,é € | gradye| 
One notices that there is no dependence of Q(e) upon 
the orientation of the crystal with respect to the 
primary beam. This point appears to have been missed 


in previous treatments of the scattering problem, but 
18 See especially Eqs. (2), (3), and (5), and Sec. 4 of reference 7. 
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the corresponding point for optical excitation was 
emphasized by Butcher. 


5. RELATIONSHIP TO PHOTOELECTRIC ABSORPTION 


Equation (20) of Butcher’s paper gives his result for 
the photoelectric contribution to the absorbing power" 
of a cubic metal. When written in our notation, and 
restricted to transitions to the second Brillouin zone of 
a body-centered cubic metal, this equation becomes 


en? e | Altds 





(28) 


op(w)= ’ 
7 mw | gradye| 


On combining Eqs. (27) and (28), one obtains 
Q(€)= (2em/hE ze) In(2E,/e)o p(w), (29) 


where w= ¢/h. This equation applies to all cubic metals. 
For the face-centered case the first set of reciprocal 
lattice vectors are the eight for which ?=3. To be 
applicable to these transitions, Eqs. (27) and (28) 
would have to be modified by the introduction of an 
additional factor } on the right, while Eq. (29) would 
remain unchanged. 


6. APPLICATION TO SEVERAL ALKALI METALS 


For sodium, potassium, and rubidium, Butcher has 
shown that the optical data of Ives and Briggs for the 
visible and near ultraviolet spectrum may be ade- 
quately interpreted by ascribing most of the absorption 
to photoelectric excitation of conduction electrons 
which are nearly free.'® Butcher’s expression for the 
photoelectric absorbing power, given in Eq. (26) of 
reference 7, is 


Op(w) = (V2mae*/427h*) | V y2|*(w—wo) (wi — ww. 
Inserting this into our Eq. (29) yields 


QO(€) = (mad/V2rh*E,) | V2!” 
XIn(2E,/e)(e— 0) (er—e)e*. + (31) 


In these equations, | V/2| is the Fourier coefficient of 
the lattice potential for n=v2, while e9>=hw and 
€:=/w;, are minimum and maximum values of the 
excitation energy. When the free-electron equation for 
energy is used, these limiting energies are given by 
(4x°h?/ma?)(1-Fy), where y=koa/xv2, ko being the 
radius of the Fermi sphere. For an electron density 
2/a* (that is, one electron per atom) koa= (6n")!, and 
y=0.8773. This corresponds to e9=0.64E) and «& 
=9.76Eo, where Ey=h?k,?/2m is the maximum Fermi 
energy. 

In accounting for the observed optical data for each 


(30) 


4 The absorbing power is so defined that multiplication by the 
mean square electric field gives the mean rate of absorption of 
electromagnetic energy per unit volume. 

18 For cesium, the nearly free electron model was not satis- 
factory. This has no bearing on the applicability of Eq. (29), 
but does mean that cesium is a less convenient metal to use in 
illustrating the theory than are the metals considered. 
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of the three alkalis, Butcher had only the parameter 
|Vye| at his disposal. The required values proved to 
be 0.323 ev (Na), 0.305 ev (K), and 0.350 ev (Rb), 
which are quite reasonable. In the case of sodium, 
Howarth and Jones'® have remarked that their theo- 
retical value for the energy gap at the center of a face 
of the Brillouin zone (0.65 ev) is just twice Butcher’s 
value of |V 2|, as it should be in the approximation 
of nearly free electrons. 

In view of Butcher’s success with Eq. (30) for cp(w), 
it is reasonable to give serious attention to the impli- 
cations of the corresponding expression for Q(e). Turn- 
ing to Eq. (31), one notices that the logarithmic factor 
varies relatively slowly with ¢, while the product of the 
remaining factors varies rapidly and has a maximum 
at e= 1.3. Accordingly, no significant error is made if 
€ is replaced by ¢€ in the logarithm. For the total 
number of umklapp processes per unit primary path 
which leave the excited electron in the second Brillouin 
zone, one then obtains 


dN, a V2miate\ y*|Vi2|? /2E, 
" f O(e)de= ( ) in( —) (32) 
dX €0 6r'h®E, (1—7?)? €0 
When numerical values are inserted and the logarithm 
converted to the base 10, Eq. (32) becomes 
dN ./dX =0.033a*| Vy2|*E, log(2E,/e0), (33) 
where energies are in electron volts and lengths in 





angstroms. Taking rubidium, with a=5.62A and 
| Vy2| =0.350 ev, as an example, one obtains 


dN ./dX = (0.72/E;) log(1.7E >). 


(34) 


For E,=500 ev, this gives an excitation rate of 4.2 per 
1000 A. For sodium and potassium, the excitation rates 
are somewhat smaller, being 1.5 and 2.7 per 1000 A, 
respectively, at the same primary energy. 

The distribution in energy of the transitions is 
determined by the function 


(e— €9) (ex— ee. (35) 


The rise from the threshold at ¢o is rapid, the maximum 
of the distribution being reached at 1.3¢, and 80% 
of all transitions falling below e=3¢9. The average 
excitation energy turns out to be 2.35¢, which is sub- 
stantially smaller than some of the rough estimates 
which have been made in the past. For rubidium, 
€o= 1.17 ev, and the corresponding rate of energy loss 
for a 500-ev primary is only 12 ev per 1000 A. In order 
of magnitude, this is probably 10% of the contribution 
of the conduction electrons to the energy loss, and one 
percent of the total energy loss. 


7. IMPORTANCE OF VARIOUS TYPES OF EXCITATION 
FOR SECONDARY EMISSION 

The results presented above indicate that for the 

alkalis the umklapp processes are of no importance for 


16 TD). J. Howarth and H. Jones, Proc. Phys. Soc. (London) A65, 
355 (1952). 
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primary energy loss, and suggest that they are of minor 
importance for secondary electron emission. For ex- 
ample, in rubidium a 500-ev primary might have a 
range of about 100 A, and cause two or three umklapp 
processes. Keeping in mind that only a fraction of the 
excited electrons start out in a favorable direction and 
with sufficient energy for emission, and that they are 
likely to lose most of their energy in a distance sub- 
stantially smaller than the primary range, it would 
appear optimistic to expect an emission of the order of 
0.1 secondary per primary from this source. On the 
other hand, the measured emission coefficient for 
rubidium at the assumed primary energy has been 
reported to be about 0.9. 

In spite of the above remarks, one would not be 
justified in neglecting the umklapp processes in treating 
secondary emission from the alkalis unless other 
processes had been shown to be much more productive. 
Thus, further information concerning transitions with 
H=0 is important. In order to reach rough estimates 
one may ignore the periodic field in the metal and 
treat the conduction electrons as though they were 
completely free. In view of the remarks following 
Eq. (6) one may then place J=1 in Eq. (1), obtaining 


PdQ! = (4m?eK'/h'g'K) do’. (36) 


To arrive at a suitable approximation for dQ’, consider 
the following equation, which may easily be verified 


K°?K”— (K- K’)?=¢K”— (q: K’). (37) 


Now, because of the momentum and energy laws, 
q: K’=q:k. Hence, if the angle between K’ and K is 
again denoted by @, Eq. (37) implies 


K? sin’®=q?— (q-k/K’)?. (38) 


This is an exact relationship which is simplified when 
the primary energy is much larger than the energy of 
the metal electrons and the excitation energy. One may 
then neglect the last term on the right, and obtain 
the approximation K@=q which corresponds to 


dQ! = 2xqdq/K?. (39) 


Inserting Eq. (39) into Eq. (36), and also introducing 
the primary energy, one has 


PdQ! = (4nme!/WE,)q-*d9. 


This equation gives the differential cross section for 
scattering involving a momentum transfer in the range 
hdq near hq, and can, of course, be obtained by classical 
methods. In fact, the classical approach to the problem 
formed the basis of the author’s 1950 paper on secondary 
emission,'? and Eq. (4) of that paper differs from Eq. 
(40) above only in notation. 


(40) 


17 E. M. Baroody, Phys. Rev. 78, 780 (1950). More recent studies 
of secondary emission theory which treat the conduction electrons 
as free have been made by P. A. Wolff [Phys. Rev. 95, 56 (1954) ] 
and W. Brauer [O. Hachenberg and W. Brauer, Fortschr. Physik 
1, 439 (1954) ]. However, these authors deal mainly with such 
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It is important to recognize that the approximations 
leading to Eq. (40) depend only on K being large 
compared to & and k’. "The assumption kk’ was not 
introduced here, or in the 1950 paper. One may then 
ask why our result differs from that of Dekker and 
van der Ziel'* except in the limiting case k=0. In our 
judgment, the disagreement arises because Dekker and 
van der Ziel use an expression for dQ’ which is correct 
only for k<k’. To make this clear, one may introduce 
¢g=k"—2k-q—F into Eq. (38), obtaining 


K? sin*@= k”— 2k- q—k’— (q:k/K’)’. (41) 


For a fast primary and k«k’, Eq. (41) reduces to 
K6=k’' which yields 


dQ! = Ink'dk’ /K?. (42) 


This is the result of Dekker and van der Ziel, and it is 
evidently less general than Eq. (39). 

In reference 17, the production of secondaries per 
unit primary path with final energy exceeding y*Eo 
was found to be 


3.0E!/E,(u2—1), (43) 


energies being in electron volts and distances in ang- 
stroms. On the other hand, if energies are estimated 
using the free-electron formula, the lowest state in the 
second Brillouin zone of the body-centered cubic metals 
falls at 1.30Eo. Thus, a rough estimate of the number 
of collisions with H=0 per unit primary path in which 
the metal electron receives at least enough energy to 
reach the second Brillouin zone is 10£,!/E,. For E, 
=500 ev, this gives 35, 28, and 27 excitations per 
1000 A for sodium, potassium, and rubidium, respec- 
tively. These numbers are substantially larger than the 
corresponding results for H¥0, but the difference is 
not great enough to justify neglecting the umklapp 
processes. Another important point must also be 
mentioned. The estimates of the total production of 
secondaries by collisions of both types are somewhat 


processes as the diffusion, slowing down, and multiplication of 
the internal secondaries, rather than with the questions which 
are of principal concern in the present paper. 

18 See page 758 of reference 10. Their definition of @ is not the 
same as that used here and appears to be the source of the differ- 
ence discussed in the foregoing. 
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lower than would appear to be required by experi- 
mental emission coefficients. Since this statement is 
not the result of a complete analysis of the emission 
process, it should not be taken too seriously. However, 
it is a reminder that there may be important contri- 
butions from innershell electrons. In rubidium, for 
example, the ionization potential for the six 4p electrons 
of the free atom is 20 volts. Thus, the corresponding 
energy band in the solid is not so far below the con- 
duction band and may make a significant contribution 
to secondary emission caused by a 500-ev primary. 

In an effort to reach some conclusions concerning 
the inner electrons, one may use the approximate cross 
section for ionization of a free atom by loss of an 
electron from the shell m/, which was originally derived 


by Bethe”: 
TE CniZ nt 4E, 
®,,; = ———— In (=) ° 
| En | E, Cu 


In this equation, Z,,; is the number of electrons in the 
shell, | Z,:| is its ionization potential, and Crr~| Eni]. 
The coefficients c,,; were listed by Bethe and range from 
0.05 to 0.3. To apply Eq. (44) here, one may multiply 
by the density of atoms in the solid, take Cx2= | Eni], 
and sum over all shells for which | E,,;| <E£,=500 ev. 
In this way, one obtains 3.3, 5.0, and 3.6 ionization 
per 1000 A in sodium, potassium, and rubidium respec- 
tively. These numbers, being rough indications at best, 
and having turned out neither very large nor very 
small, do not permit a conclusion concerning the 
importance of the inner shells. However, they suggest 
that the inner electrons are important and should be 
considered in theories of secondary emission. 


(44) 
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The transient photocurrents associated with the movement of 
photoelectrons in additively colored alkali halide crystals, and the 
accompanying growth of positive space charge at the cathode 
leading to field emission, has been previously calculated and 
verified by room-temperature measurements. These experiments 
have been extended to low temperatures and the theory has been 
expanded to include the final photocurrents produced by the 
space-charge enhanced field. 

From measurements of the initial current, its time constant, 
and of the final current, a field strength at the cathode can be 
derived and correlated to the final current density. Fowler- 
Nordheim plots yield a straight line, as expected for field emission, 


but the order of magnitude of the calculated field and the 
“apparent” work function are too small to be reasonable. The 
work function furthermore exhibits a dependence on light in- 
tensity. The field emission should be nearly independent of 
temperature, and this is verified. The photocurrent decreases 
from room temperature to —130°C by a factor of only two; this 
decrease can be attributed to the lowered mobility of the electrons 
in the crystal. Final photocurrent vs voltage curves for various 
metals and composite surfaces indicate that the photocurrent is 
controlled by the ionized F-centers in a thin surface layer of the 
crystal and that the image forces of these centers create the high 
fields required for the emission. 





TUDIES of the prebreakdown currents in alkali 

halide crystals! and of the dependence of the break- 
down voltage on electrode material and rise-time of 
applied voltage,” established the importance of electron 
emission and of field distortion by space charge for the 
electric breakdown strength. A detailed investigation 
of space charge buildup and field emission became 
possible by the use of additively colored alkali halide 
crystals, in which the frozen-in electrons can be mo- 
bilized by light absorption. The theoretical behavior of 
such a system was studied and a first experimental 
investigation made at room temperature.’ The purpose 
of the present paper is to extend this study and to 
examine the electron emission from the cathode in 
such a space-charge enhanced electric field in detail as 
a function of temperature and electrode material. 


SPACE-CHARGE LIMITED PHOTOCURRENTS IN 
COLORED ALKALI HALIDE CRYSTALS 


The initial transient phenomenon, the decay of the 
photocurrent with time when electrons can leave the 
crystal at the anode but not enter at the cathode, has 
been calculated previously in detail.’ A final steady- 
state equilibrium photocurrent results when electrons 
are released from the cathode, and the number entering 
per second equals the number leaving per second at 
the anode. 

As in the transient calculation we assume that in the 
final equilibrium state for a stationary photocurrent, 
two regions in the crystal can be distinguished (Fig. 1) : 
(a) A neutral, unbleached region II of constant field 
strength in front of the anode and (b) a region I, con- 

* Sponsored by the Office of Naval Research, the Army Signal 
Corps, and the Air Force. Reproduction of this article in whole or 
in part is permitted for any purpose by the United States 
Government. 

ft Present address: Hughes Aircraft Company, Semiconductor 
Laboratory, Los Angeles, California. 

1A, R. von Hippel, Phys. Rev. 54, 1096 (1938). 

2 A. von Hippel and R. S. Alger, Phys. Rev. 76, 127 (1949). 
(1953) Hippel, Gross, Jelatis, and Geller, Phys. Rev. 91, 568 

1953). 


taining the positive space charge and extending from 
the cathode, x=0, to a distance d(d< d,,). This section, 
completely bleached without field emission, will be only 
partially bleached because some F-center traps capture 
electrons from the emission current. The net charge 


density is 
—pe(x), (1) 


where po= Nee is the positive space charge of ionized F 
centers and —p,(x) the negative space charge stemming 
from the final current density Jr. According to Stokes’s 
law, Jr=p.bE, and hence 


p(x)= 


p(x)=po— (J r/bE). (2) 


Let the potentials be 
V=0 at 
=Vo at 
=V’ at 


j- REGION REGION ——-_—— 
I I 


x=0, 
x=l, 
x=d, 
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. 1. Voltage distribution in equilibrium state 
of a stationary photocurrent. 
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and the ratio of final to initial current 
K=I,/I(0). (4) 


At t=0, without field distortion, as well as after a 
final photocurrent is established, the currents are pro- 
portional to the field in the neutral region IT: 


Tox V,/l, 
Ir« (Vo—V’)/(l—d), (5) 
V’=V.[1—K(/—d)/I]. 
The field in region II is 
E,=—KV)/l, (6) 


that is, K represents the reduction factor for the applied 
field, Vo/l, in region II, caused by the space charge in 
region I. 

For region I, it follows from Poisson’s equation that 


JE/dx= (po—pe)/e’. (7) 
With Eq. (2), this gives 
€ EdE/dx=poE— (J r/b). (8) 


Experimentally, it is found that the term Jr/d is small 
compared to the other; hence, if in a first approximation 
b is independent of x, 


3 E?= — poV — (J px/b)+ constant. (9) 


With the boundary conditions [see Eq. (3)] at x=d, 
V=V’, E=Ez, we obtain 


be’ E*(x) = 5 Ex’+ pol V’—V(x)]—(Jr/b)(x—d). (10) 
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Fic. 2. The vacuum Dewar sample holder. 
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For the field at the cathode [at +=0, V=0, E(x)=E,], 
E2=Ey?+ (2poV'/e) — (2 rd/¢'b). (11) 


For t=0, the field is linear and the initial current 


density 
Jo= —bpoV o/l (12) 


and 


(13) 


Vo 
Jr= = masala 


Hence 


KVoyP 2poVo ; 

E.=- | FF] + a-m} : (14) 
l é 

Eliminating po, the color concentration density, by 


referring to the initial current density 7(0)/Ao and the 
time constant 7 of its decay as® 


2 ly 
epee moeceed C 
Voe’ Ag 


(15) 


the stationary field at the cathode may be rewritten as 


KVoy f2z(0)r? ; 
z= —||—] +| ar a-»} ring 


APPARATUS AND MEASUREMENT TECHNIQUE 
Sample Holder 


The sample holder was a vacuum Dewar vessel 
(Fig. 2), in which the crystal was pressed by a high- 
voltage spring electrode against a copper block. This 
block, the low-voltage electrode, was separated from 
the coolant.and the heater by a quartz crystal (0.03 in. 
thick) cut perpendicularly to the optical axis for elec- 
trical insulation and thermal conduction. With liquid 
nitrogen as the coolant, the crystal could be maintained 
at any temperature from —170°C (no heater current) 
to —100°C. The temperature of the crystal was meas- 
ured by a thermocouple mounted on the copper block 
and calibrated by couple inserted into a small hole of 
a sample crystal. The temperature drop across the 
crystal was at no time greater than 1°C. 

To obtain low temperatures in vacuum, the sample 
and copper block were surrounded by a thermal shield 
of copper. 

Current Amplifier 


To measure and record the current as a function of 
time, a modified version of a Roberts’s feedback micro- 
microammeter,‘ designed by Mr. D. A. Powers of this 
laboratory, was used to drive a G.E. photoelectric 
recorder and a Dumont 304 A oscilloscope. As the time 
constant of the former is about 0.1 sec, the oscilloscope 
was needed for photographing the initial rapid decay 
of the current. 

Currents from 10-'* to 10- amp could be measured 


4S. Roberts, Rev. Sci. Instr. 10, 181 (1939). 
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Fic. 3. Crystal coloration equipment. 


by changing the value of the input resistance in steps 
of 10!. Below 10-" amp the accuracy was 10%, at 
higher currents better than 5. The input resistances 
were calibrated against a standard capacitance in an 
RC circuit, using a string electrometer as a voltmeter. 
The zero drift of the amplifier was smaller than 2% of 
full scale per day. ‘ 

The measurement of time constants presupposes a 
minimum of distortion of the photocurrent wave form 
by the amplifier. For currents smaller than 10-” amp, 
the response of the amplifier was limited by the charging 
of the self-capacitance of the input resistance. Fortu- 
nately, in this range the voltages applied were small and 
the photocurrents decayed slowly. At higher current 
levels the response was limited by an RC filter in the 
first stage, inserted to eliminate oscillations. Discharging 
of a standard RC circuit through the input showed that 
the amplifier was reliable for time constants > 10 sec. 


Power Supply 


The main power supply consisted of sixteen 300-v 
(U-200 Burgess) batteries, mounted in a shielded metal 
container. Voltages of 300, 600, 1200, 2400, 3600, 4800 v 
of either polarity were thus available. At no time were 
the currents greater than 10-° amp; the voltages were 
checked by an electrostatic voltmeter. 


Light Source 


A 750-watt G.E. air-cooled projection bulb (T12P- 
120 v) served as the white light source. The current 
through the lamp, stabilized by a voltage regulator, was 
kept to one-half of rated value. Even after one year of 
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operation, no visible blackening of the envelope occurred 
by tungsten evaporation. 

The light intensity was reduced by neutral density 
filters’ constructed of 100-mesh brass wire screens in 
tandem. The light intensity could be increased by a 
factor of 8 (L=8) by focusing the filament with a 
spherical mirror (5 in. diam) on the sample. An infra- 
red filter (Chance ON-25), with cutoff at 1.5y, in front 
of the entrance window of the sample holder, shielded 
the copper block against heat radiation. 


Crystal Preparation 


Single crystals of KBr (one-inch cubes, Harshaw) 
were additively colored in the apparatus shown in 
Fig. 3 by potassium, purified by distillation. Before 
sealing off the Pyrex envelope, the system was evacu- 
ated and baked for one day at 500°C. The coloration 
proceeded in a two-stage oven. The crystal was main- 
tained at a temperature of 570°C and the temperature 
of the potassium, which determines the concentration 
of F centers, adjusted between 275° and 325°C. 

Thin sections (3 to 2 mm) were split from the large 
colored crystals and electrodes immediately deposited 
on the freshly cleaved faces in a vacuum of 10-* mm. 
The electrode system with guard ring (Fig. 4) guar- 
anteed that the currents measured were not surface 
currents. A bare strip on each edge, 7 in. wide, sepa- 
rated the high voltage from ground and increased the 
leakage path. The effective area of this three-electrode 
system was 1.35 cm’. 


RESULTS 


The movement of the electron cloud at room tem- 
perature as a function of light intensity, applied voltage, 
crystal length, and color-center concentration has been 
previously established.* The equations developed proved 
to be a good, first approximation. In Secs. 1 to 3, we 
will add details not given previously, and refer to 
aspects which are a prerequisite for the understanding 
of later sections. 


1. Mobility Data 


The mobility of the electrons can be determined by a 
measurement of J(0)* and 7 as 


b= €'Aol/21(0)r?. (17) 


High voltage Guard-ring ground 
(semi-transparent ) ( 





























. voltage 
Fic. 4. Crystal electrodes. 


5L. J. Heidt and D, E. Bosley, J. Opt. Soc. Am. 43, 760 (1953). 
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Fic. 5. Charging and discharging characteristics 
at a constant light intensity. 


Its values as a function of light intensity are listed in 
Table I. 

Within the accuracy of the data, the mobility is pro- 
portional to the light intensity; it decreases with tem- 
perature because we are concerned with a trapping and 
release process.® The product, quantum efficiency times 
the Schubweg (nw), drops sharply,’ and it is this factor 
which predominates. 


2. Dark Currents as a Function of Temperature 


The dark current was measured before illumination, 
at room temperature as well as at low temperature. 
The currents varied linearly with the applied voltage. 
The conductivity decreased by a factor of 400 as 


the temperature dropped from room temperature to 
— 130°C. 


3. Charging and Discharging Characteristics 


Figure 5 shows log/ of charging and discharging 
currents as a function of time, at a constant light in- 


TABLE I. Mobility as a function of light intensity. 








Temperature Light intensity L b (m? v— sec) 


—170°C 1 (S42) 10-” 

0.1 (6+3)X 10-4 

0.01 (945) 10-" 
— 130° 0.1 (1.10.6) x 10-” 
Room temp. 1 (1.04-0.3) x 10-8 
0.1 (1.8+0.3)x 10 











* A. von Hippel, J. Appl. Phys. 8, 815 (1937). 
7G. Glaser, Nachr. Ges. Wiss. Géttingen Math.-physik. Kl., 
Fachgruppe II 3, No. 2, 31 (1937). 


tensity, for various voltages. The initial portions of the 
charging curves are straight lines. This, as the theory 
shows, represents the motion of the electron cloud. The 
time constants of these straight-line segments were in 
the range of 0.01 to 1 sec. The deviation from the 
straight lines indicates the appearance of electron 
emission from the cathode. At low voltages, the electron 
cloud moves slowly, the currents decay gradually and 
bend around to a steady value. At higher voltages, the 
currents decay quickly in the larger driving field and 
bend sharply to a final value. 

The discharge currents strikingly exhibit the effect 
of field emission. When low charging voltages preceded, 
they follow the charging characteristics rather closely. 
At higher voltages, the initial currents are different, 
and the decay of the discharge current is more rapid 
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Fic. 6. Charging characteristics at a constant voltage. 


than that of the charging current. At the beginning of 
the discharge, at the cathode there is still the space- 
charge layer which was responsible for the final cur- 
rent J. The current measured at ¢=-0, at the beginning 
of the discharge, is due to the motion of the electron 
cloud as it retraces its path to reduce the positive layer, 
plus the emission current J flowing in the opposite 
direction : I (0) discharging = I (0) charging —/ F- This is a par- 
ticular case of the law of superposition,® as verified by 
the data of Table IT. 

The final equilibrium state after discharge is a neutral 
central section with a bleached region of height }Vo in 
front of both electrodes.’ For large values of the applied 
voltage, the space-charge fields formed may be suffi- 
ciently large to draw electrons into the crystal. If there 
is any asymmetry in the emission properties of the two 
metal electrodes, current reversals of a small magnitude 


8 A. R. von Hippel, Dielectrics and Waves (John Wiley and Sons, 
Inc., New York, 1954), p. 232, 
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may occur. This is observed, for example, in the dis- 
charge curve for 600 volts (Fig. 5). The two electrodes 
here were gold and aluminum. 

Figure 6 illustrates charging characteristics at a con- 
stant voltage (600 v) for different light intensities. The 
decay of the currents is more rapid and the time to 
reach equilibrium value is shorter as the mobility of the 
photoelectron is increased. The final current is the 
result of a delicate balance between the voltage drops 
in the neutral region II and the bleached region I. 
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Fic. 7. Final photocurrents as a function of voltage 
at different light intensities. 


Increase of the light intensity raises the conductivity 
of the crystal by increasing the electron mobility,* and 
readjusts the potential gradients for a higher current 
level. 
4. Electron Emission as a Function of 
Temperature 


The emission from a silver electrode at room tem- 
perature and at — 130°C is shown in Fig. 9. The differ- 
ence between the two curves amounts to a factor of 
only about two. Thus, as expected, the photocurrents 
are dominated by high field emission, and thermionic 
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Fic. 8. Fowler-Nordheim plot for final photocurrents. 


emission into the crystal plays no role. The increase of 
current at the higher temperature can be ascribed to 
an increase of electronic mobility. 

Hereafter, the crystal temperature was kept at 
— 130°C in order to suppress secondary effects, such as 
ionic conduction and the thermal ionization of F-centers. 


5. Final Photocurrents in a Fowler-Nordheim Plot 


In the usual field emission experiments from metals 
into vacuum, the currents are measured as a function 
of the field at the cathode and a Fowler-Nordheim plot 
yields a value for the work function. Figure 7 shows 
the final photocurrents as a function of applied voltage 
for three different light intensities and for gold and 
aluminum electrodes. When the cathode field, £., is 
calculated according to Eq. (16), a series of straight lines 
is obtained (Fig. 8). The constants a and b of the 


Fowler-Nordheim equation, 
J p=aE fe! Fe, (18) 


are given in Table III. 


TABLE II. Comparison of /(0)charging—/r with J (O)discharging- 








I(0) 
discharging 
amp 
(measured ) 


1(0) —Ir 
charging 
amp 


I(0) 
charging 


Voltage lr amp 





4900 3.5 X1077 
2450 1.4 X1077 
610 0.93 K10~* 
300 0.05 X10~$ 
113 7.6 X10-" 
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Fic. 9. Final photocurrents at a constant light intensity. 


Several interesting observations can be made. The 
derived cathode fields are of the order 10‘ to 3X10 v 
cm, At the higher values, close to the breakdown 
strength of the crystal, some of the instabilities, as 
observed by von Hippel! in his prebreakdown current 
measurements, were noted. This gives us some con- 
fidence in the accuracy of the calculation. 

The experimental value of a yields an effective 
emitting area of 10-"' cm*. The numerical value of 5 
represents an “apparent work function” for the metal- 
insulator contact of the order of 0.01 ev. Even though 
the Fowler-Nordheim equation is valid only for emission 
into vacuum it is difficult to see how the insulator 
could change a work function of about 4 ev to such a 
low value. 

Qualitatively, the results are as follows: 


(1) The final photocurrents are field emission cur- 
rents. 
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Fic. 10. Final photocurrents at a constant light intensity. 


(2) The apparent work function of the metal insu- 
lator, contained in the constant b, is a function of the 
light intensity. 

(3) The observed work functions, cathode fields and 
effective emitting areas are much too small from the 
standpoint of a standard field-emission theory. 


6. Effect of the Work Function of the Metal 
on Emission 


At this point, it was suspected that the work function 
of the metal exerts a very minor influence on the 
emission characteristics. The final photocurrents at 
constant light intensity were therefore measured for 
crystals with different metal electrodes. Silver served 
as the reference electrode, calcium, magnesium, and 
copper as counterelectrodes. The maximum asymmetry 
in forward and reverse current for these electrode 
systems proved smaller than that of Fig. 7 for gold and 
aluminum electrodes. 


7. Field Emission from Composite Films 


A series of experiments were made with silver elec- 
trodes by varying the nature and composition of their 
contact with the crystal. Emission from these surfaces 
was compared with that from a normal, vacuum- 
deposited silver electrode. Figure 9 compares the 
current-voltage characteristics for an Ag-AgBr film 
and an Ag film. The Ag-AgBr layer was produced by 
evaporating a thin layer (ca 100A) of Ag on the 
crystal, exposing it to bromine vapor at room tempera- 
ture for one hour, and then covering it with another 
thin layer of Ag by evaporation. The two emission 
curves coincide. 

Identical results were obtained in the comparison of 
evaporated Ag vs Ag paste (backed with evaporated Ag) 
(Fig. 10); Ag on a freshly cleaved surface vs Ag on a 
water-polished surface produced a somewhat higher 
emission (Fig. 11). An Ag,O electrode, formed by 
subjecting a thin layer of evaporated silver to a glow 
discharge in oxygen and then topping it with a second 
silver layer, again gave no difference. 


8. Effect of Hydrogen Treatment on Emission 
Curve I(a) of Fig. 12 represents a typical current- 
voltage curve of the type discussed thus far. Heating 


TABLE III. Experimental values of the Fowler-Nordheim 
coefficients [Eq. (18) ]. 





6 volt cm! 
1.0X 104 
3.0X 104 


3.5 104 
6.3X 104 


3.6X 104 
6.7X 104 


Al cathode 
L=1 


a (ohm-volt)™ 
1.4x10-" 
L=0.1 3.5X 1078 
Au cathode I 


L=1 3.2X 107% 
L=0.1 6.1X10-* 


Au cathode IT 
L=1 2.3X 10° 
L=0.1 8.6X 10-70 
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this crystal, with its electrodes in place, in an atmos- 
phere of hydrogen for 2 hr at 200°C drastically reduces 
the emission from both electrodes [curve I(b) ]. Evapo- 
rating only one electrode, heat-treating the crystal in 
hydrogen as before, and then evaporating the other 
electrode still reduces the emission from both electrodes 
(curve II). To produce an asymmetry in emission, i.e., 
a rectifier operating with photoconductive field emission, 
it was necessary to split the crystal after treatment. 
In this case, a nontreated surface [curve III(a) ] 
opposed a hydrogen-treated surface [curve III(b) ]. It 
made no difference whether the silver was evaporated 
on the crystal before or after hydrogen treatment. 

These experiments demonstrate that the reduction 
of current by hydrogen treatment is caused by a change 
in the properties of the crystal surface layer; the bulk 
properties of the crystal, the F-center concentration, as 
measured optically by a recording spectrophotometer or 
photoelectrically by the initial currents J(0), remained 
unaltered. Undoubtedly, the U-center concentration in- 
creased sharply in the surface layer, as hydrogen 
diffused into the crystal.® 


9. Measurements on a Noncolored Crystal 


Room-temperature measurements were made with a 
clear KBr crystal (length=0.1 mm). The maximum 
voltage available (5000 v) produced, with illumination, 
currents of the order of 10- amp which were very 
erratic. This illustrates the power of the method of 
utilizing space charge to increase the cathode field to 
field emission. With a colored crystal, currents as high 
as 10~* amp could be drawn with much less noise. 

At 300 v, the clear crystal showed a photoresponse 
of ca 5X10-' amp. This sensitivity was traced to a 
residual F-band absorption. No evidence of external 
photoeffect from the metal cathode was obtained. This 
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Fic. 11. Final photocurrents at a constant light intensity. 


® R. Hilsch and R. W. Pohl, Trans. Faraday Soc. 34, 883 (1938). 
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Fic. 12. Effect of hydrogen treatment on emission characteristics. 


is consistent with Gilleo’s results,” that the photo- 
emission from Ag into KBr requires 4.3 ev.” Our light 
source did not extend to this energy range. 


DISCUSSION 
The salient experimental facts are as follows: 


(1) The magnitude of the apparent work function 
decreases with increasing light intensity. 

(2) The work function of the metal does not influence 
the current emission. 

(3) Hydrogen treatment affects the surface of the 
crystal and decreases the emission. 

(4) The calculated values of the cathode field, the 
apparent work function and the emitting area are too 
small. 


We have dealt with the positive space charge as a 
continuous layer producing a uniform field at the metal 
surface. This macroscopic theory fails when the distance 


M. A. Gilleo, Phys. Rev. 91, 534 (1953). 
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Fic. 13. The maximum and minimum fields at a metal 
from a grid network of positive points. 


between neighboring charges is large in comparison 
with their distance to the cathode. In this case the 
field at the metal is nonuniform, and may be larger than 
that indicated by the macroscopic theory. 

For the concentration of F-centers used (10'* cm~*), 
the average distance between neighboring centers is of 
the order of 100 molecular diameters. The electric fields 
at a metal surface produced by a two-dimensional grid 
network of positive points, with this order of spacing, 
is shown in Fig. 13. Emax and Emin are the maximum 
and minimum fields at the metal: the points of pro- 
jection of a positive charge and the center of the square 
of four positive charges. As the distance of the grid to 
the metal increases, Emin approaches Emax, and both 
fields approach the value of the field from a continuous 
charge sheet, Evont- Emax was calculated by summing 
the contributions from 25 neighboring charges and 
their images. Thirty-six charges, with their images 
were used to calculate Emin. 

For m<10 molecular diameters, the maximum field 
at the metal is approximately that of a point charge 
and its image: 


Emax™(1/41e’) (2e/m*). (19) 


For an ionized F-center within 1 molecular diameter 
from the metal, this field is about 10’ v cm~'. Here, 
obviously, is the source of the high electric field strength 
necessary for cold emission. Beyond 10 molecular diam- 
eters (~10~’ cm), the image forces are reduced to less 
than 10° v cm™, and the macroscopic theory becomes 
valid. 

Region I, the bleached section of the crystal, there- 
fore has to be divided into two sections (Fig. 14): 


(1) Region I,, a thin layer adjacent to the metal, of 


width about 10~’ cm, containing the first layer of 
positive charge. 

(2) Region lL, of width about 10-* cm, with the 
remainder of the positive charge. 

A simple phenomenological analysis will illustrate the 
important features of electron trapping and release in 
region I,. In the Fowler-Nordheim derivation of cold 
emission from metals into vacuum, the current density 
is given by: 


(20) 


j= f aenceac, 


where n(Z) is the number of electrons per cm® per sec 
arriving at the metal surface with energies between E 
and E+4dE, and a(£) is the probability of escape of an 
electron through the surface barrier; a is an explicit 
function of the metal work function ¢. 

When an insulator is adjacent to the metal, Gilleo,” 
in his experiments on the determination of the photo- 
electric work function of Ag on KBr, showed that the 
electrons ejected from the metal are trapped near the 
cathode at anion vacancies and are released further 
into the crystal by F-band illumination. In our case, 
preferred trapping sites are the points of positive space 
charge, the ionized F-centers in region I,. The greater 
their density, the greater is the emission current from 
the metal: 

J,:=BnN., (21) 


where J; is the current density from metal into region 
I,, N. is the time average of the number of ionized F- 
centers, and @ is the transmission coefficient per ionized 
F center for an electron striking the metal-insulator 
interface. Thus 

Jy =an, 


(22) 
a=BN,, 


where a, as defined above, is the probability of escape 
of an electron from the metal. 

Release of electrons from region I, into the bulk of 
the crystal is accomplished only photoelectrically. The 
current is proportional to the number of occupied 
centers in region I, and the light intensity; therefore 

J,=Ly(N—N,), (23) 
where L is the number of photons absorbed per cm? per 
sec in region I,, N is the total number of F centers in 
region I,, N—N, is the time average of the number of 
occupied F centers in region I,, and y is the probability 
of escape into region I, per photon per occupied F 
center. y will increase as the macroscopic field in 
region I, increases. For equilibrium, 


Ji=Jo, 
pnN,=yL(N—N.), 
N 
"1+ Gn/yL)’ 


I 
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N 
(1/8) + (n/yL) 


(25) 


The transmission coefficient a is now an explicit 
function of the light intensity. As the light intensity L 
increases, a increases, and the apparent work function 
decreases. A greater number of F-centers are ionized 
per second in region I,, and subsequently more escape 
into region I,. This larger current can be transferred 
through the bulk of the crystal by the increase of the 
mobility of the electrons, which is defined, according to 
von Hippel,' as the average drift distance in the field 
direction w, divided by the time ¢, the electron moves 
free plus the time / the electron stays bound in its trap 


b=w/(ty-+h). (26) 


It is the time & which is shortened by increase of the 
light intensity. 

At any particular light intensity there is a balance 
between the neutralization of the positive charge NV, in 
region I, by electrons from the cathode, and the 
replenishment of this charge by photonrelease of elec- 
trons into region I,. When the applied voltage is raised, 
the width of the space-charge layer in region l, and 
the electric field associated with it increase The proba- 
bility of escape of electrons from region I, y, is en- 
hanced by this larger driving field and the current level 
increases. 

Electrons released by photons in region I, are under 
the influence, not only of the space-charge fields of 
region I,, but also of their image fields which tend to 
pull them back into the metal. If most of the photo- 
electrons return to the metal or are retrapped at other 
sites in the layer I, and only a small fraction escapes 
into region I,, 

Bn>Ly; (27) 
hence 


a~NyL/n. (28) 


The transmission probability a, is then independent of 
the term 8, which contains the work function of the 
metal. 

The diffusion of hydrogen into the surface transforms 
the F-centers into U-centers. The latter, absorbing in 
the far ultraviolet, do not release photoelectrons, and 
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consequently the current decreases with hydrogen 
treatment. 

Another point of view, consistent with the macro- 
scopic field calculation, is to consider the metal-insu- 
lator boundary as the interface between regions I, 
and I,. The surface of the metal is contaminated with 
a thin dielectric layer (region I,) with an enclosed 
positive charge. A small voltage drop and a high field 
strength appear across this insulating layer. The calcu- 
lated work function and cathode fields have to be 
modified for this redefined metal-insulator contact. An 
increase of light intensity increases the positive space 
charge and the potential drop in the dielectric film; the 
apparent work function decreases. 

The results are in good agreement with the experi- 
ments of field emission from metals into gases,!! and 
into liquids.!? Here again the macroscopic values of 
electric field, the emitting areas, and the calculated 
“apparent work function” of the metal surface were 
reported as too small to be reasonable. The mechanism 
responsible for emission is assumed to reside in a 
positive-ion space charge adjacent to a thin film on 
the metal. 
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In careful experiments by Dyke and his co-workers it has been 
observed that the field-emission currents from tungsten and 
barium-on-tungsten emitters were progressively reduced below 
that expected from the Fowler-Nordheim law as the field was in- 
creased. These effects were attributed to electron space charges in 
the neighborhood of the emitters. However, if a detailed examina- 
tion of the surface energy barrier is made, it is found that the 
barrier existing in the experiments was almost certainly different 
from that assumed in the derivation of the Fowler-Nordheim law. 
This is particularly true for the coated emitters because of the 
formation of barium double-layer patches, but even for clean 


tungsten emitters failure of the image-force “motive” within ~3 A 
from the surface, as discussed by Slater and others, must occur. 

If these effects are taken into account, new estimates of the 
emission current show good agreement with experiment, the ob- 
served deviations from the Fowler-Nordheim law being predicted 
with accuracy. It is concluded therefore that space charges are not 
necessarily responsible for the deviations found and that in any 
case the form of the energy barrier should be taken into account. 
It is suggested that the experiments may offer in fact significant 
information concerning the fields in the neighborhood of the 
emitter. 





INTRODUCTION 


HERE now exists considerable information con- 
cerning field emission from carefully prepared 
point emitters for fields up to nearly 10* v/cm. The field 
emission microscope has been used, notably by Benjamin 
and Jenkins' and by Barbour, Dolan, Trolan, Martin, 
and Dyke,’ to observe the distribution of the electron 
emission from metal surfaces in high vacuum. In addi- 
tion, Dyke and his co-workers have measured the 
emission current for the same conditions. Such careful 
measurements have yielded reliable current density vs 
field characteristics which have been compared with 
those derived from the well-known Fowler-Nordheim 
theory of field emission. Discrepancies between theory 
and experiment, especially at the highest fields, have 
been found both for clean tungsten* and also for barium- 
on-tungsten emitting surfaces.? These discrepancies, 
which are greatest for the latter type of surface, have 
been attributed to electron space charge in the neigh- 
borhood of the emitter and theoretical reasoning has 
been given to support this. 

The basic assumption used in deriving the Fowler- 
Nordheim emission equation, namely that the surface 
potential barrier or “motive” for the emission of an 
electron obeys an image law, has not been questioned by 
these authors, however. Since considerable evidence 
from other sources suggests that the image law will not 
hold, especially when barium is adsorbed on tungsten, it 
is very possible that the observed deviations from the 
theory may be due to this cause. Thus it is worthwhile to 
examine the nature of the motive in detail and to esti- 
mate the emission current in such cases. It will be shown 
that the characteristics observed can be closely pre- 
dicted when a more correct motive is employed and that 
the experiments reported probably afford reliable in- 


1M. Benjamin and R. O. Jenkins, Proc. Roy. Soc. (London) 
A176, 262 (1940). 

2 Barbour, Dolan, Trolan, Martin, and Dyke, Phys. Rev. 92, 45 
(1953). 
3W. P. Dyke and J. K. Trolan, Phys. Rev. 89, 799 (1953). 


formation concerning the potential barrier close to the 
emitter surface. 


FIELD EMISSION THEORY 
I. The Fowler-Nordheim Law 


The emission current density J amp/cm? for a uniform 
applied field F v/cm, according to the usual image law 
corrected Fowler-Nordheim theory,‘ is given by the 
relationship® 


J=1.55X10-*(F?/$) exp[—6.83X10'¢!f(y)/F], (1) 


in which ¢ is the work function of the emitter in ev and 
f(y) is a function of the variable y=3.79X10-~F1/¢ 
evaluated originally by Nordheim‘ on the assumption 
that the surface potential barrier or “motive’’* could be 
described by an image law. According to this law, the 
motive in zero applied field is given by e/4z, where z is 
the distance from the emitter along a normal to the 
surface and ¢ is the electronic charge. Nordheim showed 
that the transmission coefficient through such a barrier 
for an electron of energy w normal to the surface was 
mainly determined by the factor D(w), where 


D(w)=exo{ ~2« [(V-w)s] (2) 


in which V is the energy barrier resulting from the 
image law and the applied field F and 2, 22 correspond 
to the zeros of V—w, Fig. 1. The constant «x has the 
value 8x°mh~, where m is the mass of the electron and h 
is Planck’s constant. Since the major contribution to the 
emission will come from electrons having the Fermi 
energy mw (Fig. 1), the current is given to a good ap- 
proximation by 


*L. W. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 
5 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, No. 2, p. 441. 
9s. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
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J=1.55X10-*F*¢ 
22 e ; 
xexp{ -2 f (+-—-ers) is} (3) 
21 4z 


22,21= [ot (¢*—eF)*]/2F, (4) 


and the height / of the barrier above the Fermi level yu is 
given by 


in which 


h=o—e§F'. (5) 


The ratio of the exponent in Eq. (2) to that appearing in 
the earlier Fowler-Nordheim theory, which did not 
include the image potential, is the function f(y) ap- 
pearing in Eq. (1) above. The values of f(y) originally 
computed by Nordheim‘ have been corrected recently 
by Burgess, Kroemer, and Houston.’ 

The basic assumptions implied in Eq. (1) are that (i) 
the surface potential barrier is determined by a classical 
image-law motive, (ii) the applied field F is uniform, 
and (iii) the bulk of the emission is provided by electrons 
of the Fermi energy yu. The second assumption has been 
dealt with briefly by Lewis,* and the third has been 
treated by Guth and Mullin’ and by Dolan and Dyke.” 
The following discussion will be confined to the first 
assumption and its validity in the experiments quoted.’ 


Il. The Nature of the Motive 


It has been understood for a considerable time that 
the image potential e/4z must fail as 2-0 and must 
merge smoothly into that appropriate to the interior of 
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Fic. 1. Surface potential barrier or motive for an electron emitted 
from the metal. 


7 Burgess, Kroemer, and Houston, Phys. Rev. 90, 515 (1953). 
* T. J. Lewis, Proc. Phys. Soc. (London) (to be published). 

9 E. Guth and C. J. Mullin, Phys. Rev. 61, 339 (1942). 

%” W. W. Dolan and W. P. Dyke, Phys. Rev. 95, 327 (1954). 
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the emitter."-” More recent theoretical investigations, 
in which detailed considerations of the nature of the 
surface forces have been made, indicate that the image- 
law is unlikely to hold at distances less than 3 A from 
the surface.*-'® Since the barrier through which elec- 
trons must tunnel is reduced as F increases [Eqs. (4) 
and (5) ], Eq. (1) will become inaccurate when an ap- 
preciable portion of the reduced barrier is produced by 
forces which are not of image type. If an image force is 
used, the peak of the barrier occurring at P in Fig. 1 is 
~5A from the surface when F=10’ v/cm and only 
~3A when F=5X10’ v/cm, so that for fields of this 
order of magnitude, a significant portion of the resultant 
barrier will arise from nonimage forces. Since in the 
experiments already mentioned, F was as great as 
7X10? v/cm it would seem probable that the observed 
departures from the emission law given by Eq. (1) for 
clean tungsten emitters were due to this fact. 
Although it is possible to show theoretically that 
departures from an image law must occur, the detailed 
form of the potential in the immediate neighborhood of 
the surface has been calculated for sodium only.“ How- 
ever, with this as a guide and from a knowledge of the 
magnitude of the inner potential of the emitter and with 
the condition that a departure from the image law will 
begin at about 3 A from the surface, a possible approxi- 
mate form of the true potential for a tungsten emitter 
has been sketched in Fig. 1. Should the true potential 
prove finally to differ somewhat from this, the present 
argument will not be changed significantly. Whatever 
may be the exact form of the potential near the surface, 
it may be expected that the form assumed is a much 
closer approximation than the image law in this region. 


III. Current-Field Characteristics 


It will be seen from Fig. 1 that the barrier through 
which an electron must tunnel becomes 2;’P’z,’ rather 
than 2,P22, the barrier having been increased in height 
and width. The transmission coefficient D(w), Eq. (2), 
will be reduced since it depends essentially on the height 
and width of the barrier, and thus the current density J 
will decrease. Quite small changes in the barrier can 
produce appreciable changes in J because of the ex- 
ponential factor involved [Eqs. (2) and (3)]. The 
arbitrary form of the potential assumed means that the 
integral in Eq. (2) cannot be evaluated, but this 
difficulty can be overcome by an approximate procedure 
which is nevertheless sufficient for the present purpose. 
If the barrier 2;'P’z2', Fig. 1, is replaced by an image- 
law barrier having the same height h’ and width 22'’—2;’, 
then for this equivalent barrier the corresponding work 
function ¢’ and applied field F’ using Eqs. (4) and (5) 


1], Langmuir, Trans. Am. Electrochem. Soc. 29, 157 (1916). 
2 W. Schottky, Z. Physik 14, 63 (1923). 

13 J. C. Slater, Revs. Modern Phys. 6, 209 (1934). 

4 J. Bardeen, Phys. Rev. 49, 653 (1936). 

1° R. G. Sachs and D. L. Dexter, J. Appl. Phys. 21, 1304 (1950). 
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are determined by 
h’=¢'—elF", (6) 


22 —2;'= (¢?—eF’)*/F’. (7) 


The difference between the two barriers, as Fig. 2 
shows, is not sufficient to cause any significant error ina 
discussion of this sort. It should be noted that the 
equivalent values ¢’ and F’ produce an emission corre- 
sponding to that from an emitter of true work function 
¢ ata field F and that as F is altered, ¢’ as well as F’ will 
change. 

From the values of ¢’ and F’, y’ (=3.79X10-+*F’!/¢’) 
can be calculated and f(y’) determined as before.’ By 
using these equivalent values in Eq. (1), the emission 
current density J’ at the field F can be found and by a 
repetition of the process the complete J’ vs F charac- 
teristic is obtained. At low fields (F~ 10" v/cm), J and 
J’ are almost identical; while at higher fields, J’<J. 
Figure 3 compares the resultant characteristic by the 
above procedure for a tungsten emitter (¢=4.5 ev) 
with that obtained in the usual manner using Eq. (1) 
and an image-law motive. The difference is significant, 
and furthermore there is striking agreement between the 
new characteristic and those obtained experimentally 
for clean tungsten emitters in references 2 and 3. A 
typical experimental characteristic? has been included in 
Fig. 3. The important deduction is that the deviations 
from an image force within 3 A from the emitter surface 
are capable of reproducing the experimental results. The 
interesting possibility arises that the reported experi- 
ments provide direct evidence concerning the nature of 
the potential barrier in the immediate neighborhood of 
the emitter. At least, the present theory offers a strong 
alternative to one based on space-charge distortion. 


ADSORBED LAYERS 


Further support for the theory that deviations from 
the Fowler-Nordheim law are due to distortions of the 
motive originally assumed is given by a consideration of 
the conditions in experiments on coated emitters by 
Dyke and his co-workers.? In these experiments the 
effective work function of a tungsten emitter was re- 
duced by adsorbed layers of barium. This caused the 
logJ vs F- curves to depart from linearity at much 
lower field strengths than for the clean tungsten and to 
exhibit a saturation effect. It was again suggested by 
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these authors that the presence of space charge was 
responsible for the reduction in J at the higher fields. 
Now the presence of an adsorbed barium layer not only 
lowers the work function but at the same time seriously 
distorts the potential barrier. This latter effect, which 
has been ignored previously, will render Eq. (1) 
inapplicable. 


I. Potential of the Double Layer 


In the process of adsorption, a barium atom may 
become ionized to produce a surface dipole between the 
positive ion formed and its mirror image in the surface 
or it may become polarized to form an induced dipole 
with a similar orientation. It is probable that both 
ionized and polarized states exist together in a deposited 
barium layer, and since an effective lowering of the 
potential barrier occurs in both cases, it will not be 
necessary to distinguish them in the present argument. 
The strength V4 of the dipole layer produced will be 
equal to 2rn@, where is the surface density of dipoles 
and @ is the effective mean dipole strength per deposited 
barium atom. The potential distribution resulting from 
such a layer is shown in Fig. 4, in which the width of the 
layer d corresponds approximately to the diameter of 
the barium atom (4.35 A). This picture of an ideal 
dipole layer is oversimplified, since the actual layer is 
formed from discrete barium atoms which on adsorption 
will tend to be located at sites corresponding to the 
underlying tungsten lattice. The tungsten lattice has a 
spacing of 2.73 A so that even with close packing of the 
barium atoms, they are likely to be spaced about 5.46 A 
apart at least. The discrete nature of the layer causes a 
smoothing of the potential distribution in the manner 
shown in Fig. 4. According to de Boer,'* the potential 
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Fic. 3. Current density J vs field F characteristic of a tungsten 
emitter (a) according to image law and Eq. (1); (b) using the 
modified motive; (c) from the results given in reference 2. 


16 J. H. de Boer, Electron Emission and Adsorption Phenomena 
(Cambridge University Press, Cambridge, 1935). 
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may be expected to become constant at a distance from 
the dipole layer equal to that of the dipole spacing in the 
layer a (Fig. 4) which in this case is not less than 5.46 A. 
Superposition of the dipole layer potential Fig. 4 on the 
original electron motive of the underlying tungsten 
would produce a work function change A@ given by 


Agd= — eV g= — 2rneb. (8) 
II. Patch Effects 


It is very probable, however, that the barium is not 
distributed uniformly over the emitter surface as as- 
sumed for Eq. (8) above but instead forms patches 
corresponding to particular crystal faces of the under- 
lying tungsten. In fact, the emission patterns furnished 
in reference 2 and also obtained by several other workers 
illustrate conclusively the patchy nature of the emission 
for barium-on-tungsten emitters and indeed for most 
emitters. 

Depending on the double-layer strengths of the indi- 
vidual patches, the corresponding work functions will 
differ [Eq. (8)] and the electrostatic potential just 
outside the patches will not be constant but will vary 
over the emitter surface.* In order to establish the 
necessary conservative field, the electrostatic potential 
ata distance from the surface sufficiently large compared 
with the patch size will become constant and the emitter 
will exhibit a mean work function ¢= >> f.d;, where f; is 
the fraction of the surface occupied by a patch of 
individual work function ¢;. As increasing amounts of 
barium are deposited, the individual ¢,’s will alter 
according to Eq. (8) and the f;’s will also alter so that ¢ 
will change. If the individual patch effects are to be 
neutralized to make ¢ constant and independent of 
surface location, patch fields must be set up. Information 
on patch fields has been well reviewed by Herring and 
Nichols® and discussed in some detail by Becker.!’ For 
simple and regular distributions of patches on plane 
emitters, these fields decrease exponentially with dis- 
tance from the surface but the decrease will be less than 
exponential when the radius of curvature of the emitter 
approaches the dimensions of individual patches. For 
the simplest configuration consisting of a single circular 
patch of radius r and double layer strength V4, Becker 
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Fic. 5. Approximate form of the complex motive for a barium- 
on-tungsten emitter, including double-layer and patch fields Va 
and V,y. ABCD and GHK are the low- and high-field motives, 
respectively. 


has shown that the axial potential V , of the patch field 
is given by 
V,=Vae/(?+r')}, 


which, when z is small compared with r, gives 
V p=042/r. (9) 


This latter linear form is probably a good approximation 
to the patch fields existing in the experiments under 
discussion, since the emitter radius was small (~10-5 
cm) and the emission from individual patches was well 
defined. Furthermore, in the treatment below, the condi- 
tion that z is small compared with r is satisfied. 

The complete potential energy barrier for a barium- 
on-tungsten surface derived from the potentials V 4 and 
V , superimposed on the distorted image force potential 
of Fig. 1, is shown in Fig. 5 and departs considerably 
from that assumed for the original derivation of the 
Fowler-Nordheim law. It is to be expected that Eq. (1) 
cannot be satisfied in such a situation and it remains to 
estimate the form and magnitude of the departure from 
this law. 


III. Emission Characteristics 


The presence of an applied field F causes the motive 
in the neighborhood of a barium patch to become as 
shown in Fig. 5. At small values of F, the barrier is 
ABCD and the peak at C is sensitive to field changes. 
The shape of the barrier is essentially similar to that for 
a clean metal of low work function. On the other hand, 
at large values of F, the barrier becomes GHK which is 
not the high-field version of the barrier A BCD since the 
peak at H is characteristic of an emitter of much higher 
work function. The complete emission characteristic 
should show therefore distinct low and high work 
function regions, the transition from one to the other 
being determined by the strength of the adsorbed double 
layers and the consequent patch fields. 

In attempting to estimate the emission current 
density J for barriers such as A BCD or GHK, the same 





T. J. LEWIS 








10/F ( Fin volts/em) 


Fic. 6. Emission characteristics for barium-on-tungsten emit- 
ters. (a) and (b) Theoretical results for double-layer strengths of 
2 and 3 ev, respectively. (c), (d), and (e) Experimental results 
taken from reference 2. Equivalent low-field work functions are 
indicated on the characteristics. 


problem as earlier arises since, for such complex barriers, 
the transmission coefficients cannot be evaluated. The 
previous approximation, in which an equivalent image- 
law barrier having a known transmission coefficient was 
used, can still give a useful estimate in the present case, 
however. The error involved in such a procedure will 
probably be most serious in the transition region between 
the low and high work function regions but should be 
otherwise small. 

By using this approximation, emission characteristics 
have been obtained as in Fig. 6 for barium layers on 
tungsten producing double-layer strengths of 2 and 3 ev, 
the fields of such layers decreasing to zero at approxi- 
mately 5 A from the surface as already discussed. The 
patch fields were chosen according to Eq. (9), with 
r=5X10~ cm and 2X10-* cm for the 2- and 3-ev 
double layers, respectively. This assumption is purely 
arbitrary but not unreasonable since it means that the 
patch radius is about 10% of the emitter radius used in 
the experiments. In any case, it is sufficient to show that 
estimates of this sort can produce emission charac- 
teristics which are in close agreement with experiment, 
i.e., that the qualitative argument is satisfactory. 

Comparison between the theoretical results and the 
experimental values given in reference 2 (Fig. 6) show 
striking general agreement, all the main features of the 
experiments being reproduced. The general form of 
barrier shown in Fig. 5 not only gives rise to the double 
work-function emission characteristic observed but also 
permits the whole family of such characteristics to be 
obtained by variation of the double-layer strength Vg 
according to the degree of barium adsorption. 


CONCLUSIONS 


The results shown in Figs. 3 and 6 indicate that it is at 
least a plausible assumption that the observed deviations 
from the Fowler-Nordheim law of Eq. (1) are due to the 
nature of the surface potential barrier of the emitter. It 
should be remembered that there is considerable evi- 
dence from other sources to indicate that the electron 
motive will not be determined by a simple image force, 
especially for barium-coated emitters. In the latter 
case, extensive data from thermionic emission, photo- 
electric effect, and contact potential measurements,*:!* 
as well as theoretical arguments, exist. The acceptance 
of a lowered effective work function for a coated 
tungsten emitter implies the existence of a surface 
double layer and therefore appreciable distortion of the 
original motive. This distortion cannot be ignored in 
deriving the emission characteristics for such an emitter. 
Viewed in this manner, it is possible to interpret the 
experiments of Dyke and his co-workers as definite and 
significant evidence of the existence of double layers and 
patch fields. Such an interpretation becomes an ex- 
tension of the argument by which, at lower field 
strengths, departures from a Schottky-type thermionic 
emission law are taken as indicative of patches and 
patch fields for thermionic emitters.” 

Of greatest interest perhaps, is the possibility that the 
departures from a Fowler-Nordheim law observed with 
clean tungsten emitters can be ascribed to failure of the 
image law within distances of approximately 3 A from 
the surface. Such a possibility must introduce a correc- 
tion into the emission calculations by Dolan and Dyke,” 
especially at fields as high as 7X10? v/cm. 

While this discussion does not preclude the possibility 
of space-charge field distortion, the omission of surface 
layer effects and the failure of the image law renders the 
explanation given in references 2 and 3 incomplete and 
not entirely sufficient. 
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Drift mobility measurements have been made on eleven silicon single crystals ranging in resistivity 
from 19 to 180 ohm cm. The drift mobility of electrons (4,) in the purest p-type crystals and of holes (u») 
in the purest n-type crystals can be expressed by the formulas pa=(2.1+0.2)X10°7-* 9! and 
p= (2.340.1) KX 10°T-*-74- between 160 and 400°K. At 300°K yu, and wu, are 1350+100 and 480+15 cm? 
(volt sec)“, respectively. The conductivity of some of these crystals was measured between 78 and 400°K, 
and provides independent evidence for the temperature dependences of mobility quoted in the foregoing. 

Below 100°K hole mobility in the n-type crystals decreases markedly, probably at least in part because 


of short-time trapping of the injected holes. 





Y using a modification of the pulsed field method of 
Haynes and Shockley,! the drift mobility of 
minority carriers has been measured between 120 and 
400°K in high-purity p-type silicon crystals and between 
78 and 400°K in high-purity n-type silicon crystals. 
For comparison, the conductivity of some of these 
crystals was measured between 78 and 400°K. 


THE EXPERIMENTAL METHOD 


The experimental arrangement used to measure 
drift mobility in p-type silicon is shown in Fig. 1. A 
pulse generator provides a sweeping field of from 0 to 
25 volts/cm, lasting for 500 wsec. A second pulse, 
delayed from the start of the sweeping field, triggers a 
spark generator? and a Tektronix 535 oscilloscope. 
The spark is focused on the silicon crystal through a 
slit and produces a short pulse (~several psec) of 
minority carriers, which is swept along the crystal by 
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Fic. 1. The experimental arrangement used for the measurement 
of drift mobility in p-type silicon. The pulse of carriers injected 
with the line of light drifts to the left, toward the positive electrode. 
The line of light would be moved to the left of contact 6 in measur- 
ing drift mobility in n-type silicon, since pulses of carriers would 
drift toward the negative electrode. A and B are the input 
terminals of 53D plug-in preamplifier for a Tektronix 535 
oscilloscope. 

1 15. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951). 

2 The characteristics of the light source, which is also used in 


lifetime measurements, are discussed - R. L. Watters and 
be publi 


G. W. Ludwig, J. Appl. Phys. (to shed). 


the pulsed field. As the pulse passes the line electrodes 
a and 5, the simple bridge circuit shown in Fig. 1 
becomes unbalanced and then returns to balance. The 
voltage changes which are displayed on the oscilloscope 
(see Fig. 2) are a measure of the conductivity modula- 
tion produced in the crystal by the pulse of carriers. 
Temperatures are measured with a thermocouple 
strapped to the grounded end of the crystal. 

The ohmic contacts to the crystal are made by 
roughening the etched surface with 150-mesh carborun- 
dum (or with a diamond saw in the case of the line 
electrodes), plating gold on the roughened area, and 
arcing either indium (for p-type crystals) or 97.5% 
Au 2.5% Sb (for n-type crystals) into the plated area. 

The drift mobility was calculated from the formula 
u=d?/Vt, where d is the distance between the electrodes 
(~1 cm), V is the voltage difference between them when 
the pulsed field is on, and ‘=#,—¢, (see Fig. 2) is the 
time it takes the pulse to travel from one electrode to 
the other. A small correction (~2%) was applied 
to the mobility values to take into account the variation 
in electric field between electrodes a and 0b. Other 
sources of error in yw, such as the change in electric 
field due to the pulse, the decrease in the measured 
transit time due to diffusion and recombination while 
the pulse is passing the electrodes, and the possible 
inequality of pulse and drift mobilities,* were negligible. 





OSCILLOSCOPE 
DEFLECTION 


| 
'b 

Fic. 2. A typical oscilloscope pattern obtained in the drift 
mobility experiment. ¢, is the time the spark strikes the crystal, 


t, is the time the pulse of carriers passes line electrode a, and ft 
is the time the pulse of carriers passes line electrode b. 





®See M. B. Prince, Phys. Rev. 91, 271 (1953); W. van Roos- 
broeck, Phys. Rev. 91, 282 (1953). 
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TABLE I. Summary of drift and conductivity mobility results. 
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temperature* 
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Crystal Type material cm) 
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(4) RR-189 
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(6) RR-197 
(7) C-Si-170 
(8) RR-160 
(9) RR-158 
(10) RR-167 
(11) RR-168 


P 
P 
P 


P 475 








® The number given is the power of the temperature which best describes 
the temperature dependence of the minority carrier mobility as determined 
by drift (« column) or of the majority carrier mobility as determined by 
conductivity (¢ column). 


CONDUCTIVITY 


To find the average conductivity between the line 
electrodes (on a relative scale), a known current was 
passed through the crystal and the voltage difference 
between the line electrodes (~0.1 volt) was measured 
with a high-impedance voltmeter.‘ 


RESULTS 
Drift 
In five of the six p-type crystals studied, the drift 
mobility of electrons between 160 and 400°K can be 
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Fic. 3. Drift mobility in some high-purity p-type 
silicon single crystals. 
‘A millimicromicroammeter (Scientific Specialties Corpora- 


tion Model DC-151) was used with the input impedance set at 
10° ohms. 
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summarized by the formula u,= (2.14-0.2) K 10°T-*-5+°.1 
(see Fig. 3 and Table I). In the sixth and lowest 
resistivity crystal a slightly different temperature 
dependence was found (u,~Z7~**). The electron 
mobility in several crystals deviates from a power law 
at lower temperatures. 

Between 150 and 400°K, the hole mobility in the 
n-type crystals behaves like the temperature raised to 
a power and the exponent which gives the best fit to 
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Fic. 4. Drift mobility in some high-purity n-type 
silicon single crystals. 


the experimental data decreases (algebraically) from 
—2.5 to —2.7 as one proceeds from the lowest to the 
highest resistivity crystal studied (see Fig. 4 and Table 
I). At a lower temperature, the value of which increases 
with decreasing crystal resistivity, the hole mobility 
passes through a maximum. 

Between 160 and 400°K the experimental mobility 
values for a given crystal deviate from the straight 
line approximation of Fig. 3 or Fig. 4 by at most 10%, 
while most mobility values fall within 4%. 





DRIFT AND CONDUCTIVITY MOBILITY 


Conductivity 


The conductivity-temperature measurements on 
n- and p-type crystals are summarized in Fig. 5. In 
this figure the conductivity is scaled to equal the 
majority carrier mobility at 300°K. The majority 
carrier mobility at 300°K, in turn, is assumed equal to 
1350 in n-type crystals and 480 in p-type crystals. 


DISCUSSION 


The drift mobility of holes decreases sharply below 
90°K in the n-type crystals studied (see Fig. 4). One 
would expect a slower temperature variation (~7*!°) 
if charged impurity scattering were dominant in this 
range. It is likely, therefore, that the decrease in 
mobility is due at least in part to hole trapping.’ The 
mobility peak occurs at a higher temperature the 
lower the resistivity of the crystal, which is consistent 
with the assumption of trapping, since one might 
expect as many or more traps in low-resistivity crys- 
tals but fewer minority carriers to fill them. Charged 
impurity scattering would also tend to displace the 
mobility peak toward higher temperatures in the 
less-pure crystals. Measurements of hole lifetime® in 
some of these crystals lend independent evidence of 
trapping at low temperatures. The observed widths of 
the drift pulses on the oscilloscope screen (which cor- 
respond to times ~10 usec at low temperatures) set 
an upper limit to the time for which carriers are trapped 
in a single trapping event. 

The mechanisms which bring about the decrease in 
the hole mobility below 90°K probably influence its 
temperature dependence above 160°K in the lower 
resistivity crystals. Hence the formulas u,= (2.30.1) 
X 10°77 and wa= (2.140.2) X 10°T-* +"! derived 
from inspection of the experimental points for the 
purer n- and p-type crystals respectively, probably best 
represent drift mobility in the lattice-scattering range. 
For reasons which are not understood, the scatter in the 
scale of the electron mobility is about twice as large 
as the authors would estimate the likely experimental 
error to be. 

The graphs of o vs T are linear on a logarithmic scale 
over a considerable temperature range (see Fig. 5). 
Presumably, the concentration of majority carriers is 
constant in this range and the variation in conductivity 
corresponds to the variation in majority carrier mobility 
[o(T)=neu(T) }. From the conductivity measurements 
on the highest resistivity m- and p-type crystals, 

-respectively, one therefore may infer that u»~7-** 


5A similar explanation for some drift mobility results on 
germanium has been advanced by R. Lawrence, Phys. Rev. 89, 
1295 (1953). 

*R. L. Watters and G. W. Ludwig, J. Appl. Phys. (to be 
published). 
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Fic. 5. The variation of conductivity with temperature in 
some n- and p-type silicon single crystals. Ko is plotted, where K 
is a constant which converts the conductivity to the majority 
carrier mobility (as determined by drift experiments on crystals 
of the opposite type) at 300°K. 


and up~7~*, in complete agreement with the drift 
results. 

While the drift mobilities at 300°K, 1350+100 for 
electrons and 480-+15 for holes, agree reasonably well 
with earlier measurements of Prince,’ different tempera- 
ture dependences were found.® The conductivity (and 
drift) measurements agree with results of Morin and 
Maita® in the case of electrons (u,~ 7~*-*) but disagree 
in the case of holes (up~ 7T~**). 

7M. B. Prince, Phys. Rev. 93, 1204 (1954). 

8 Prince found u»~T-'* and up~T** as compared to the 
values un~T~** and up~T*? reported here. The discrepancy 
probably is due largely to a difference in purity of the crystals 


studied. 
®R. J. Morin and J. P. Maita, Phys. Rev. 96, 29 (1954). 
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The excited states of crystals arising from the configuration in which an electron is transferred from a 
negative ion to a nearest neighbor positive ion are analyzed. It is concluded that 72 overlapping exciton 
bands result for crystals having the NaCl structure. Optical transitions from the ground state are allowed 
to only 5 of the 30 energy levels into which the 72 bands collapse at the center of the Brillouin zone. For 
crystals having the CsCl structure, 96 bands occur which collapse into 40 energy levels at k=0, 6 of which 
can be reached from the ground state by allowed optical dipole transitions. In the absence of spin-orbit 
interaction, only two transitions are allowed for both structures. It is concluded that the lifetime of exciton 
states, as limited by interaction with optical phonons, is sufficiently short to account for the width and 
temperature dependence of fundamental absorption lines. Approximate wave functions describing the 
exciton states are constructed and a procedure for calculating energy levels and relative intensities of 


absorption components is formulated. 





I. INTRODUCTION AND CONCLUSION 


HE first peak in the fundamental optical absorp- 
tion of alkali halide crystals is generally inter- 
preted! as the result of an electronic transition from 
the ground state to an exciton state* of the crystal. 
These absorption peaks* are generally a few tenths of 
an ev in width, and their position and width are sensitive 
to temperature. For the bromides and iodides there is 
a second absorption maximum at a slightly higher 
energy, the separation from the first being about equal 
to the spin-orbit splitting of the ground-state configur- 
ation of Br and I, respectively. Therefore this structure 
has been attributed to the spin-orbit coupling of the 
hole left on the Br~ or I- ion during the formation of 
an exciton. 

Recent studies of the optical absorption of several 
alkali halides and BaO at low temperatures using high- 
resolution techniques have revealed considerably more 
structure in the exciton region than has been indicated 
previously. Zollweg* has measured the optical absorp- 
tion of evaporated BaO films at low temperatures and 
has found four components, two large and two small, 
in the first half-volt of the fundamental absorption. 
His results are shown in Fig. 1. The two small compo- 
nents, which lie on the low-energy side of the larger 
ones, appeared at low temperatures for all of a large 


*This work was supported in part by the Office of Naval 
Research. 

1F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
aes Inc., New York, 1940), Chap. 12; Revs. Modern Phys. 
6, 27 (1954); N. F. Mott and R. W. Gurney, Electronic Processes 
Ch a Crystals (Oxford University Press, London, 1948), 
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. Frenkel, Phys. Rev. 37, 17 (1931) ; 37, 1276 (1931) ; Physik. 

Z. fhe eek 9, 158 (193 6); R. Peierls, "Ann. Physik 13, 905 

eid J. C. Slater and W. Shockley, Phys. Rev. 50, 705 (1936) ; 

. A. Wannier, Phys. Rev. 52, 191 (1937); W. R. Heller and 
a Marcus, Phys. Rev. 84, 809 (1 951). 

?R. Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930); H. 
Fesefeldt, Z. Physik 64, 623 (1930) ; E. G. Schneider and H. M. 
O’Bryan, Phys. Rev. 51, 293 (1937); for a complete survey see 
H. Pick, Landolt- Bornstein Tables (Springer-Verlag, Berlin, 
1955), Vol. I, Part IV, p. 869. 

*R, J. Zollweg, Phys. Rev. 97, 288 (1955); 
University, 1955 (unpublished). 
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number of films and are well established. They cannot 
be attributed to absorption processes analogous to the 
a and 6 bands® observed in alkali halides because they 
were not altered when the BaO films were heated 
either in barium vapor or oxygen gas, and, furthermore, 
their peak absorption constant is several orders of 
magnitude larger than that of typical a and 8 bands. 
Hartman and Nelson® have measured the optical ab- 
sorption of evaporated films of NaCl and KCl and the 
reflectivity of single crystals of the same materials in 
the fundamental region. At low temperatures the 
“first” peak in both materials is well resolved, having 
two strong components. For NaCl there appears one 
and perhaps two smaller components on the low-energy 
side of the larger peaks, similar to Zollweg’s observa- 
tions for BaO. 








Fic. 1. Optical 
absorption of BaO, 
after Zollweg. 








5 Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 


(1951) ; 20, 446 So for a summary ' see F, Seitz, Revs. Modern 
Phys. 26, 53 (1954 

§ Nelson, Sieefrind, and Hartman, Phys. Rev. 99, 658 (1955); 
P. L. Hartman and J. R. Nelson (to be published). 
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EXCITONS IN IONIC CRYSTALS 


The discovery of the additional structure mentioned 
above indicates the necessity for carrying out such 
experiments at low temperatures and with single 
crystalline materials whenever possible, or at least with 
carefully prepared and well annealed films. A complete 
study of the effect of substrate temperature and 
annealing treatment on the fundamental absorption of 
KI evaporated films has been made by Fischer.’ 

In his work on the temperature dependence of the 
absorption peaks in KI, Fesefeldt* resolved quite clearly 
(at liquid nitrogen and liquid hydrogen temperatures) 
a moderately strong peak lying between the first two 
peaks apparent at room temperature. As the data of 
Hilsch and Pohl* for KI show a third peak a fraction 
of an electron volt higher in energy than the two just 
mentioned, it is possible that the exciton absorption of 
KI has at least four components. It is the purpose of 
the present paper to explain the origin of a complex 
absorption structure associated with exciton creation. 
In fact we shall conclude that the primary exciton 
multiplet for ionic crystals having the NaCl lattice 
should consist of five components and that the exciton 
multiplet for crystals with the CsCl structure should 
have six components. 

The traditional view regarding the nature of an 
exciton in an ionic crystal is as follows. (Throughout 
the remainder of the discussion we shall refer to NaCl 
only, regarding it as a prototype for the other salts.) 
The electronic configuration of the Na* ion consists 
of closed shells up to and including the 2 shell. The 
lowest energy state available on the ion is the 3s state 
ordinarily occupied by the valence electron. The Cl- 
ion consists of closed shells up to and including the 
3p shell. The electronic transition associated with 
exciton formation has usually been ascribed to the 
removal of one electron from a Cl- 3 state and its 
reassignment to a 3s state of a nearest neighbor Na* 
ion. Since such a state of excitation in one unit cell of 
the crystal is energetically equivalent to that in any 
other unit cell (as a result of the translational symmetry 
of the lattice), the excitation will readily propagate 
through the crystal. Experimental evidence regarding 
the mobility of the excitation has been provided by 
the work of Apker and Taft.’ 

Theoretical calculations® of the energy of the first 
excitation state relative to the ground state have been 
based upon the assumption that the excited electron is 
on a nearest neighbor alkali ion relative to the hole on 
the halogen ion. Agreement with the experimental 


7F. Fischer, Z. Physik 139, 328 (1954). 

8L. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 81, 698 
(1951); 82, 814 (1951); Imperfections in Nearly Perfect Crystals 
(John Wiley and Sons, Inc., New York, 1952), Chap. 9; M. H. 
Hebb, Phys. Rev. 81, 702 (1951); D. L. Dexter and W. R. Heller, 
Phys. Rev. 84, 377 (1951). 

9K. L. Wolf and K. F. Herzfeld, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1928), Vol. 20, p. 632; M. Born, Z. 
Physik 79, 62 (1932); W. Klemm, Z. Physik 82, 529 (1933); 
A. von Hippel, Z. Physik 101, 680 (1936); T. Neugebauer, Z. 
Physik 104, 207 (1937). 
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values is quite satisfactory for most of the alkali halides, 
provided electronic polarization effects (Klemm’) and 
overlap effects of the neutralized ions with their sur- 
roundings (von Hippel®) have been taken into account. 
In calculating the absorption cross section associated 
with exciton creation, Dexter used a wave function 
for the exciton state in which the excited electron was 
concentrated primarily on the same Cl atom as its 
associated hole and which had the character of a Cl 4s 
state. There is no doubt that the wave function of the 
excited electron overlaps the Cl atom considerably, 
otherwise the transition probability would not be so 
large as it is. Furthermore, within the framework of a 
variational calculation one may expect that a Cl 4s-type 
state will be admixed in so far as it is energetically 
favorable. Nevertheless, it seems legitimate to ask 
whether the best “zeroth-order” description of an 
exciton in NaCl would require the electron to be 
primarily in a Cl 4s state or in a Na 3s state. The 
agreement with observation of the calculated exciton 
energies mentioned above supports the latter alterna- 
tive. As shown below, the occurrence of many compo- 
nents in the exciton absorption can be understood also 
only if the latter alternative is the correct one. 

Let us consider the electronic configuration (3p)*4s 
associated with the former alternative. The total 
orbital angular momentum is L=1. The total spin S is 
either 0 or 1. There is one resulting energy level with 
total angular momentum J=0 and one with J=2. 
There are two energy levels with J=1. Since the total 
angular momentum of the ground state is 0, optical 
dipole transitions are strictly forbidden to the states 
J=0,2. The only allowed transitions are to the two 
states with J=1. If the spin-orbit coupling is negligibly 
small, only one of these states (S=0) can be reached 
by an allowed transition. If the spin-orbit interaction 
is weak, there will be one strong and one weak transi- 
tion. The case of BaO cited above illustrates the 
inadequacy of the model under consideration. Four 
lines are observed instead of two. The two observed 
weak lines cannot be attributed to transitions to the 
forbidden levels, J=0,2 made possible by phonon 
interactions because the lines would then be consider- 
ably broadened, whereas in fact they are quite narrow. 
Furthermore, the two strong components are of com- 
parable magnitude, whereas the spin-orbit splitting of 
the O- ion is small (~0.03 ev) compared to the splitting 
(0.24 ev) of the large components. For the alkali 
halides the model is also inadequate in those cases 
where more than two components have been resolved. 
The foregoing argument is not altered in essence if the 
cubic structure of the lattice is taken into consideration. 

We shall now enumerate the various exciton states 
that arise according to the traditional configuration. 
Consider a hole to be located on a particular Cl ion. 
Since the 3 state is triply degenerate, and since there 


“TD. L. Dexter, Phys. Rev. 83, 435 (1951). 
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are six nearest neighbor Nat ions, there will be a total 
of 3X6X4=72 excited states. The extra factor of 4 is 
due to the four possible spin states of the electron-hole 
pair. Since the hole can be located on any of the N 
chlorine ions of the crystal, each of the 72 states will 
be N-fold degenerate in the zeroth approximation. 
When appropriate interactions are taken into account,’ 
each N-fold degenerate level will spread into a band of 
states, each state being associated with one of the NV 
allowed wave vectors k of the fundamental Brillouin 
zone. The exciton configuration gives rise, therefore, to 
72 complete energy bands, all of which are nondegen- 
erate for a general point in k space. One would expect 
the energy width of each exciton band to be the same 
order of magnitude (several ev) as that of electronic 
conduction bands, a feature which is born out by 
detailed calculations (Heller and Marcus*). The 72 
exciton bands will be mutually overlapping. The wave 
function of a specific exciton state can be represented 
approximately as a linear combination of the 72N wave 
functions associated with the localized excitation states 
considered originally. 

If we are concerned only with those exciton states 
that can be excited as a result of an optical transition 
from the ground state of the crystal, our study is 
greatly simplified as a result of the wave vector selection 
rule? The wave vector of an absorbed photon must 
equal the wave vector of the created exciton. Because 
typical optical wave lengths are very large compared 
to a lattice constant we can assume for all practical 
purposes that k=0. The problem of classifying energy 
levels lying at the center (k=0) of the fundamental 
Brillouin zone is determined to a large extent by the 
symmetry properties of the lattice. There are many 
degeneracies imposed by the symmetry alone. The 
classification of the 72 states at k=0 into energy levels 
and symmetry types is carried out in Sec. IT. A result 
is that the 72 states fall into 30 energy levels, each 
belonging to one of the 10 symmetry types possible 
for a cubic structure. 

Since the ground-state wave function of the crystal 
is invariant under all of the cubic symmetry operations, 
it follows from the general principles of group theory” 
that the only energy levels which can be reached by an 
allowed electric dipole transition are those which belong 
to the same symmetry type as the perturbing Hamil- 
tonian responsible for the transition. Only 5 of the 30 
energy levels have this appropriate symmetry. Conse- 
quently, there will be in general 5 lines in the exciton 
multiplet. If the spin-orbit interaction of the electrons 
can be neglected, the total spin is a good quantum 
number and must be conserved during the transition. 
It follows from the analysis in Sec. II that for this 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936); C. Herring, J. Franklin Inst. 233, 525 (1952). 

%E. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechamik (Vieweg und Sohn, Braunschweig, 1931); B. L. 


van der Waerden, Die Grup pentheoretische Methode in der Quanten- 
mechanik (Verlag Julius Springer, Berlin, 1932). 
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circumstance only two exciton levels can be reached 
by an allowed transition. If the spin-orbit interaction 
is weak, but not zero, there will be two strong and 
three weak transitions. If the spin-orbit interaction is 
comparable to other interactions involved, all five 
components will be of similar magnitude. These are the 
major conclusions of the present work. 

For ionic crystals with the CsCl structure the number 
of components is changed. Since there are 8 nearest 
neighbor metal ions to a given negative ion, there will 
be 3X8X4=96 exciton bands. At k=O the exciton 
states collapse into 40 energy levels, 6 of which can be 
reached by allowed transitions. In the case of weak 
spin-orbit interaction, there will be 2 strong and 4 weak 
components. Compared to the NaCl lattice there is 
one extra component. 

If one examines the data of Hilsch and Pohl’ for the 
sequence of salts NaI, KI, RbI, and CsI, an obvious 
correspondence between three peaks in each of the four 
materials is observed (Fig. 2). CsI, the only one having 
the CsCl structure, has one extra and relatively strong 
peak lying between what otherwise would have been 
the first and second peak. Since the spin-orbit splitting 
of the iodides is very large, the appearance of an extra 
absorption peak of fair magnitude seems to be well 
accounted for by the present analysis. However, until 
further low-temperature and high-resolution studies are 
performed on the bromides and iodides, it would be 
best to regard such apparent confirmation as tentative. 

It is of interest to consider the interaction of excitons 
with lattice phonons. The writer is not aware of any 
theoretical study of this subject. It is to be expected 
that the primary interaction will be with the optical 
modes of the lattice vibration spectrum, as is the case 
for electrons in the conduction band. At first sight 
one may expect the interaction of excitons to be weaker 
than that of electrons because the exciton is a neutral 
unit and will not feel the electric field arising from the 
polarization (longitudinal, optical) waves. This con- 
sideration does not apply, however, to transitions be- 
tween many of the 72 exciton bands because the 
“internal state” of the exciton can be changed in a 
way analogous to the change effected by an electric 
dipole transition in an atom. Consequently the lifetime 
of an individual exciton state is very likely as short as 
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Fic. 2. Optical absorption of NaI, KI, RbI, and CsI, 
after Hilsch and Pohl. 


13H. Frohlich, Proc. Roy. Soc. (London) A160, 230 (1937); 
for a review see H. Frohlich, Advances in Phys. 3, 325 (1954). 
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that of a conduction electron state. It is relatively easy 
to observe that such is the case. Consider the electro- 
static potential V arising from a polarization wave with 
wave number gq. The direct interaction of an electron 
with the potential produces a perturbation energy eV. 
An exciton will have associated with it an electric 
dipole moment of magnitude ea (where a is the lattice 
constant) and will interact with the electric field, 
VV =igV, so that the matrix element of a transition 
will be of magnitude eVga. Since ga~1 for most 
phonons, it follows that the transition probabilities 
will be of similar magnitude. 

The lifetime of a conduction electron state can be 
estimated from the observed mobilities" of electrons in 
typical ionic crystals, and is of the order of 10~'® to 
10-“ sec at room temperature. According to the 
uncertainty principle, therefore, the energy width of 
an exciton state may be a few tenths of an ev, a magni- 
tude which agrees with the width of observed funda- 
mental absorption peaks at room temperature. 

Since the lifetime determined by phonon interactions 
will increase with decreasing temperature, the narrow- 
ing of the fundamental absorption lines at low temper- 
atures, observed by Zollweg* and others, is to be 
expected. For temperatures considerably below the 
Debye temperature of the lattice only a temperature 
independent, spontaneous emission of optical phonons 
can occur, because the optical modes undergo only 
their zero-point oscillations at such temperatures. This 
fact may account for the observations of Fischer’ and 
Zollweg,‘ who find that the exciton lines do not continue 
to narrow below liquid nitrogen temperature. Since 
emission of optical phonons by an exciton is possible 
energetically only if there are exciton states or bands 
lying lower in energy, one may expect a general trend 
(not without exception) for exciton absorption lines of 
lower energy (in the same material and measured at 
low temperatures) to be narrower than those of higher 
energy, for the simple reason that a low-energy exciton 
will have fewer exciton bands lying below it. Such a 
trend is apparent in the data of Fischer on KI and 
that of Zollweg on BaO. 

In the preceding paragraphs we have been speaking 
of the lifetime of an individual exciton state and not of 
the ultimate life of the electronic excitation as such, 
which we shall consider now. To avoid ambiguity we 
shall refer to this process in terms of its decay time. 
There are many conceivable mechanisms by which 
excitons can decay: direct luminescence of a free 
exciton, transfer of the excitation to or capture at a 
foreign atom with subsequent luminescence or non- 
radiative (multiple phonon) decay, capture at a dislo- 
cation with subsequent production of lattice vacancies,!* 

4 E. M. Pell, Phys. Rev. 87, 457 (1952); A. G. Redfield, Phys. 
Rev. 94, 537 (1954); J. R. Macdonald and J. E. Robinson, Phys. 
Rev. 95, 44 (1954). 

16 F, Seitz, Revs. Modern Phys. 26, 7 (1954), p. 80; for a 


uantitative study of such processes see H. Riichardt, Z. Physik 
140, 547 (1955). 
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capture at a negative ion vacancy to produce an F 
center and a free hole (Dexter and Heller*), capture at 
an F center to produce a vacancy and a free electron,* 
etc. All but the first of the processes just mentioned 
require lattice imperfections, and these processes will 
probably predominate in even the best crystals avail- 
able. 

It is of interest, nevertheless, to consider the char- 
acteristics to be associated with the direct luminescence 
of a free exciton. A newly created exciton will have a 
decay time of about 10~* sec with respect to re-emission 
of a photon. However, as has been discussed above, 
the exciton will probably undergo phonon-induced 
(nonradiative) transitions to other exciton states in 
about 10-" sec. These latter states will almost invari- 
ably fail to satisfy the wave-number selection rule or the 
other selection rules (Sec. II) governing allowed optical 
transitions. Consequently, in a perfect lattice direct 
optical decay must be accompanied by the simultaneous 
emission or absorption of one or more phonons. Since 
interaction with optical phonons is strong, it is possible 
that the decay time associated with such higher order 
processes is not many orders of magnitude longer than 
10-$ sec. 

The energy of the direct luminescence may be con- 
siderably lower than the energy of the first fundamental 
absorption peak, since the excitation will be degraded 
by phonon interactions to within kT of the lowest 
exciton state prior to radiative decay. The long-wave- 
length tail observed in the fundamental absorption of 
many crystals may possibly be attributed to low-lying 
exciton bands which can be reached via optical transi- 
tions only with the simultaneous emission or absorption 
of phonons. If, however, the lowest exciton band has 
its minimum at the center of the Brillouin zone and 
can be reached from the ground state by an allowed 
optical transition, the direct luminescence will lie near 
the edge of the fundamental absorption, and a long- 
wavelength tail in the absorption may not occur. Other 
mechanisms that might produce a tail in the funda- 
mental absorption have been discussed by Seitz!® with 
regard to the silver halides. 

It is very unlikely that the strong luminescence 
observed in unactivated NaI by Van Sciver and 
Hofstadter’’ arises from the decay of free excitons since 
the energy of the radiation was about 1.5 ev lower than 
that of the fundamental absorption edge whereas the 
decay time was only 10-* sec. If an emission process 
characteristic of a pure crystal could occur so rapidly, 
a corresponding strong-absorption process having about 
the same energy would occur in the fundamental 
absorption. For the case of CdS it is also very unlikely 
that the edge luminescence observed by Klick'* and 
others is caused by free exciton decay, an interpretation 


16 F, Seitz, Revs. Modern Phys. 23, 328 (1951). 

17 W. Van Sciver and R. Hofstadter, Phys. Rev. 97, 1181 (1955). 

1C. C. Klick, Phys. Rev. 89, 274 (1953); L. R. Furlong, 
Phys. Rev. 95, 1086 (1954). 
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which has been suggested by Kréger and Meyer.’® The 
observed uniform sharpness and spacing of all the 
vibrational components of the emission could not occur 
if the structure were produced by multiple phonon 
induced radiative decay of excitons, since phonons 
having all frequencies of the vibration spectrum would 
participate. The interpretation of the data proposed 
by Furlong" in terms of localized luminescence centers 
is probably correct. It seems likely that crystals having 
a concentration of one part in 10" or less of active 
impurities or other imperfections are necessary if 
luminescent decay of free excitons is to compete 
favorably with other processes. 

We have described how the first, or primary, exciton 
configuration gives rise to 72 exciton bands. Wannier® 
has shown (in his paper establishing effective mass 
theory) that an electron and hole in a rigid lattice can 
be associated with one another in a way analogous to a 
hydrogen atom, or better to positronium. An entire 
spectrum of exciton levels results, extending in energy 
to a series or “ionization” limit beyond which a free 
electron and free hole description is appropriate. The 
theory is accurate only for states in which the mean 
separation of the electron and hole is large compared 
to a lattice constant. Consequently the states described 
by the theory will be higher than those of the primary 
configuration and will be relatively closely spaced. 
When interaction with phonons is considered, these 
levels may be expected to be largely obscured by the 
broadening resulting from their short lifetime. The 
mean free path of the electron or hole may be small or 
comparable to their separation. Under such circum- 
stances it is difficult to anticipate the manner and 
extent of the manifestation of these levels in optical 
absorption spectra. Sharp absorption lines in the funda- 
mental region of Cu,O have been attributed to such 
levels.” 

In the following section we shall analyze and classify 
the exciton bands arising from the primary configur- 
ation. In Sec. III we shall construct wave functions for 
the states of the primary exciton multiplet, and in 
Sec. IV we shall discuss the Hamiltonian matrix 
relevant to this multiplet and the relative intensities 
of the absorption components. 


II. GROUP THEORETIC CLASSIFICATION OF STATES 


There are five irreducible representations T';, 7=1 to 
5, of the cubic group containing 24 proper rotations. 
Following the notation of Bethe,” I’; is the completely 
symmetric representation, I’, is the other one-dimen- 
sional representation, I’; is the two-dimensional repre- 
sentation, I, is the three-dimensional representation 
having the transformation properties (under proper 


 F, A. Kroger and H. J. G. Meyer, Physica 2 20, 1149 (1954). 


”M. Hayashi and K. Katsuki, J. Phys. Soc. Japan 7, 599 
(1952) ; Gross, Zakharchenya, and Reinov, Doklady Akad. Nauk 
SSSR 90, 745 (1983); 92, 268 (1953). 

= H. A. Bethe, Ann. Physik 3, 133 (1929). 
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rotations) of the functions x, y, z, and I's is the remaining 
three-dimensional representation. The decomposition 
of the product representations is as follows: 


T; x ty == Tr i 

rXl.=F, 

P,.XT3=Ts, 

rXly=Ps, 

M.XPs=T,, 

PsXT3=Tit Tet Ps, 

PsXly=e+Ts, 

rsXTs=T.tTs, 

MXTy=Pi4 Ts tle Ps, 

MXTs=FotlstletTs, 

PsXPs=Ci tls tls. 
The full cubic group (48 elements) contains 24 addi- 
tional symmetry operations (which are the same proper 
rotations followed by an inversion) and has ten irre- 
ducible representations I';, Tj’, 7=1 to 5. The unprimed 
representations have even parity and the primed repre- 
sentations have odd parity. As a result of the fact that 
the inversion operation commutes with proper rotations, 
the above multiplication rules (1) still apply and the 
parity can be considered separately as follows: 

unprimed X unprimed = unprimed, 
primed X primed = unprimed, (2) 
primed X unprimed = primed. 

The spherical harmonics decompose into cubic irre- 
ducible representations as follows®: s: Ti, p: Ty’, d: 
T3+Ts, f: T.’+r+Ts’, etc. 

In order to classify the states that will occur in the 
primary exciton configuration, consider a hole to be 
localized on one Cl- ion. The hole states (neglecting 
spin) will belong to I,’ since they are p states. The 
excited electron can be in any of the six nearest neighbor 
Na* 3s states, which we can represent by the symbols 
x, x’, y, y’, 2, 2’, where x and 2’ are on opposite sides 
of the CI ion, etc. These six states will form a reducible 
representation of the cubic group which can be reduced 
by inspection. The appropriate basis functions, formed 
from linear combinations of the foregoing six states are 
as follows: 


Ty: s=(ata/+y+y'+2+2')//6, 
Pa: w=[ste'—Hate'tyty)IN3, 
v=[x+2'—(y+-y’/) 1/2, 
Ty: p= (x—2’)/2, 
9= (y-y) 2, 
r= (z—2')/V2. 
If we wish to find the irreducible representations that 
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will occur for the total wave functions, formed by 
products of the hole state functions and the electron 
functions (3) (continuing the neglect of spin), we need 
only evaluate the following product using (1) and (2): 


Pd’ X Cit Pst’) =F /4-Ts/+TitTstlitTs. (4) 


Seven energy levels and six symmetry types occur. 

If we consider spin and neglect any spin-orbit 
interaction, the spin of the hole and electron will 
couple to form either a singlet (S=0) or triplet (S=1) 
state. Space wave functions of the symmetry types in 
(4) may then be combined with a singlet spin function, 
which has I’; symmetry. The resulting symmetries are 
given by 


Pd’ X(Tit-Ts+Ty’) XP , 
=20/4+Ts+Tit-TstIit Is. (5) 


If the space wave functions are combined with triplet 
spin functions, which have I’, symmetry, the resulting 
representations are given by 


Pd X Cit Pst ys’) KM g= 20 4-19 +30 +30 
+305’ +1T 14+ 2+2F3+40.+3Ts. (6) 


There are a total of 23 triplet energy levels. A spin-orbit 
interaction will mix the singlet and triplet energy levels 
having the same symmetry. The sum of (5) and (6) 
gives a total of 30 energy levels into which the 72 
exciton states must collapse as a result of cubic sym- 
metry: 


QP +P’ +30's' +5S0 a +4705’ 
+20, 4+124+30'3+5F4+4rs. (7) 


This classification will apply to the exciton states at 
the center of the Brillouin zone." Although the wave 
functions will be nonlocalized (see Sec. III), they will 
have the same transformation properties under cubic 
symmetry operations as the localized functions de- 
scribed above. 

As a result of the orthogonality of functions belonging 
to different irreducible representations of a symmetry 
group,” it is easy to derive selection rules governing 
optical transitions. The integrand of the matrix element 
for such a transition contains the ground-state wave 
function (I; symmetry), the momentum operator (I',’ 
symmetry), and the final state wave function. Since 
r,XI=Ty’, only a final state having Ty’ symmetry 
will yield a nonzero matrix element. Only 5 of the 30 
energy levels in (7) have this symmetry, so that there 
will be just 5 allowed transitions to the excited configur- 
ation. If there is no spin-orbit interaction, total spin 
will be conserved during a transition. For this case, 
only the singlet energy levels having I’,’ symmetry can 
be excited. There are two such levels in (5). 

The Cl ion in the CsCl lattice has eight nearest 
neighbor metal ions located in (1,1,1) type directions. 
We shall denote the s-type valence electron wave 
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functions of the metal ions in each of the eight directions 

by the following symbols: (1,1,1):a, (—1, —1, —1):a’, 

(+1)1, —1):b, (1, —1,1):8, (~1, -1i, 1):¢, (1, 1, —1): 

ce’, (1, —1, —1):d, (—1, 1, 1):d’. These eight states are 

the basis functions of a reducible representation of the 

cubic group. The appropriate linear combinations which 

form the bases of the reduced representation are as 
follows: 

Ti: S=(a+a’+b+0'+c+c'+d+d’)//8, 

T,’: T=(a—a’'+b—b'+c—c'+d—d’)/f8, 

Ty’: P=(a+d+0b'+c'—b—c—a’—d’)/V/8, 

Q=(at+b+c'+d'—c—d—a’—V’)/r/8, 

R= (a+c+b'+d'—b—d—a’—c’)//8, 

: U=(at+d+a’'+d'—b—c—b’—c’)/8, 

V=(atb+a'+b'—c—d—c—d')/r/8, 

W = (a+c+a’'+c’—b—d—b’—d’)//8. 

Following the procedure used above for the NaCl 


structure, the symmetries that the space part of the 
exciton wave function can have are 


‘eX (Cit Te’ +T/+Ts) 
=P +P y’+2F/4+lst+litlstlit 2s. (9) 

Combining this set of irreducible representations with 

a singlet spin function yields the same set. For a 

triplet spin function, one obtains 

PX Pit P +P’ +l s) Xl 4= 20 +1 +3Fy 
+40 +50 +1 14-20 2430 3+ST +47. 


(8) 


(10) 


With spin-orbit coupling, the levels in (9) and (10) 
which belong to the same representation will be mixed. 
Our total list of levels is 


20 / +20 +40 +6F,’+6r's’ 
+20, +2F2+403+6F.+6Fs. (11) 


We observe that the 96 possible exciton states collapse 
into 40 energy levels. The number of times I’,’ appears 
in (11) is six, so there will be six allowed transitions 
from the ground state. Since I'y’ appears twice in (9), 
there will be only two allowed transitions in the absence 
of spin-orbit interaction. 


III. CONSTRUCTION OF WAVE FUNCTIONS 


In this section we shall construct the zeroth-order 
exciton wave functions having wave number k=0 and 
belonging to the I,’ representation of the cubic group. 
In order to carry out this construction we must know 
how to find a wave function ¥, belonging to I, if it is 
formed from product functions ¢;, and ¢;,’ belonging 
to I'; and I;, respectively. The appropriate relationship 


is 
Va=Liur Grint irs - (12) 


The coefficients @,j,4, are the cubic symmetry analogs 
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of the Clebsch-Gordan coefficients” associated with the 
irreducible representations of the rotation group. For 
the cubic group, tables of these coefficients can be 
constructed most easily by trial and error, especially if 
one has Bethe’s table of Kubic Harmonics” as a guide. 
These coefficients have been determined for all of the 
products (1) and yield the following basis functions of 
the product representations: 


MiXYr;: 
Va=dida ; 
MrXTPe: 
vi=o2d? ; 
rXTW;: 
Viu=Grbsu , 
Vav=G2b0 ; 
MrexXTy: 
Vsz=Gr2baz , 
¥sy=drbay’, 
Vs2=Grbas ; 
rXW;: 


Viz = Gros: ; 

Vay =br2bsy ; 

12=Gabse ; 
r;XT;3: 


Vi= (bsubsu' +osbsr )/V2, 
V2= (—dsubse +harsu')/V2, 
V3u= (Psubsu —Psvbse )/V2, 
Vav= (—Psuhse —bavbsu )/V2 ; 
rsxV,: 


Vaz= (—dsubsz +V3bsrb42 )/2, 
Vay = (—Psubay’ —V3bsrbay’)/2, 
Wis=Psubae 5 
Vs2= (—V3osubsz —GsrGaz )/2, 
Vsy= (V3bsubay’ —Pavay’)/2, 
V52=Dvbae ; 

r3sXQT;: 


Vi2= (—V3bsub52 —Garhsz )/2, 
Vay = (V3bsubsy’ —Psvhsy’)/2, 
Vis=3rG52 5 

V52= (—Osubse +V3bsb52 )/2, 
Vsy= (—dsubsy — V3bsrb5,')/2, 
¥52= subse ; 


(13a) 


(13b) 


(13c) 
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MX: 


Vi= (bssbsz +biybay +baba2)/N3, 
V3u= (—darhse — bay ay’ +2barhas)/r/6, 
Vs0= (Gazbaz — bay hay’)/V2, 

Waz= (—day har +ba2by’)/V2, 

Way = (barbae —Gasbaz )/V2, 

Wis= (—barbay’ +bayhaz)/V2, 

W52= (daybae’ +baebay )/V2, 

Vov= (barbae +barbaz )/V2, 

V52= (Pssbay' +oaya2’)/V2; 
XT: 


V2= (b42b52 +biybsy’ +452 )/V3, 

Vsu= (bizbsz —daybsy )/V2, 

Vav= (Pazbs2 +bsybsy’ — 2bashss )/+/6, 
Wiz= (bayhse’ +G125,')/V2, 

Vy = (bizbse +2652 )/V2, 

Wse= (barbs, +baybsz )/V2, 

V52= (Payhse —basbsy )/V2, 

Viy= (—Gs2b5e +G12652)/V2, 

V52= (G12b5y’ —baybs2 )/V2 ; 

r;XT;: 


Vi= (b52b52' +o5yh5y' +o52652 )/V3, 
Vsu= (—O52052 —PsyPsy +265.952 )/V/6, 
Vs0= (b52b52 —dsybs, )/V2, 

Viz= (—bsybse +o5205,')/V2, 
Way = (52052 —bseb52 )/V2, 
Wis= (—o5265,'+bsybs2 )/V2, 
Vs2= (syOs: +o5205,')/V2, 
Voy= (bs2b52 +Os2052 )/V2, 
V52= (b52b5y'+osyb52 )/V2. 

We will also need to know how spin functions are to 
be combined with space functions so as to yield wave 
functions belonging to irreducible representations of 
the cubic group. Since our crystal contains an even 
number of electrons, it is not necessary to consider the 
double valued representations” of the cubic group. It 
is sufficient to know the linear combinations of spin 
functions for a two electron system which are basis 
functions of (single valued) representations of the cubic 
group. Let a(j) and (j) be the usual spin-up and 
spin-down functions, respectively, associated with elec- 
tron j. For a pair of electrons one can construct spin 
functions for which S=0 or 1. They are as follows: 

S=0, Ti: o=[a(1)6(2)—B(1)a(2) /v2, 

S=1, Ta: x=[—a(1)a(2)+8(1)6(2)/v2, 
n=iLa(1)a(2)+8(1)A(2)/v2, 
§=[a(1)8(2)+8(1)a(2))/v2. 


(14) 
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o belongs to I’. It is readily verified that x, , ¢ trans- 
form like x, y, 2 under proper rotations and belong 
therefore to T'y. To observe this fact, one must make 
use of the transformation properties of spin functions 
under rotation operations.” It should be evident now 
that wave functions of the type (14) can be combined 
with space functions according to the rules presented 
in (13). 

We are now prepared to construct approximate 
exciton wave functions. It is emphasized that this 
construction should be considered in the spirit of the 
Heitler-London and molecular orbital approximations 
familiar in molecular problems. The resulting functions 
can be expected to represent the energy levels only 
somewhat crudely. They will, however, provide a 
starting point for further refinement. 

Let us represent the p-type functions associated with 
the outermost shell of the halogen ions by ®,, @,, and 
®,. We shall indicate the particular lattice cell under 
consideration by adding a subscript L, and shall indicate 
the spin state by the superscript + or — for spin-up 
and spin-down, respectively. The wave function repre- 
senting the state for which an electron is missing from 
the state &,;~, for example, can be written 


Xi" =[(6N—-1)!} 44X74, 
where X;* is the simple product function, 


X1+=21* (2)b,1* (3)hy2- (4) 


X#,1+(5)®,2- (6) IT 8x, 
L'#4L 


(15) 


$x being the product function for a closed-shell con- 
figuration on the halogen ion in lattice cell L’. -4 is 
the antisymmetrization operator. It should be observed 
that X,*’ belongs to I,’ and is an eigenfunction of the 
spin operator, 


S=5 (i), 


i=2 


with total spin $ and S,=}. Recalling the definitions, 
(3) of the excited electron configurations and extending 
the notation as above to include spin state and lattice 
location, it follows from (13a) and (14) that the func- 
tion, 


(sz+(1)Xr-’—si-(1)X ir" v2, 


has total spin 0 and belongs to I’,’. If we antisymmetrize 
this function and take a linear combination of such 
states for all NV lattice cells so as to generate a running 
wave solution with k=0, we obtain, 


¥.=[(6N)!IPAN-4LA Di (sit X-—51-X 14) /N2. 


We have dropped the prime from the X_-, etc., since 
it is sufficient to antisymmetrize only once. The wave 
function (16) is that of an exciton with k=0 and which 
belongs to the « component of Ty’. 

In a similar manner we can construct all 72 of the 
exciton wave functions for k=0. We shall present only 


(16) 
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the five functions belonging to the y component of I,’ 
which occur for the NaCl lattice. The corresponding x, 
y, and z components will be degenerate, of course, and 
only one of them is needed for calculating energies and 
matrix elements. We have chosen to present the y 
components for the trivial reason that they turn out to 
be real, whereas the x and z components are sometimes 
complex. Each of the five functions is labeled by its 
parentage, the meaning of which should be clear from 
the discussion of Sec. II. Letting ®=(6N)!'N-“4, 
the functions are as follows: 


(XTi) Xl ry: 
V,=6 Dor(scet+¥i-—sr-V1*)/v2; 
(Ci XTsTy) XT ry: 
V,=8 D1 (— ut V.-—v30,+V +r Y¥ rt 
+v30,-Y 1+)/2v2; 


(17a) 


(17b) 
(Xl ory’)xXle4ry: 
W,=B8 Dor (set¥X1-+5,-X 1+ 
+s+Z1+—s1-Z,-)/2; 
(Ty XTsTy) XT ery: 
Wy =@ Dir (—urtX +3 0,+X —up-X 1+ 
+v30,~-X 1++2ur.+Z1+—2ur-Z1-)/4; 
(Ti Xl3;-Ts’) XT y: 
V,= B > 1(—V3uptX ~~ opt X ~~ —V3uz-X r+ 
—0,-X ~+—20,+Z1++20,-Z1-)/4. 


(17c) 
(17d) 


(17e) 


These functions are mutually orthogonal and normal- 
ized if and only if the atomic p functions on the Cl- 
ions and the atomic s functions on the Na* ions are 
all mutually orthogonal. Such orthogonality would 
never obtain. It may be a fair approximation to consider 
the various Na* 3s functions to be mutually orthogonal 
and the various Cl- 3p functions also, but there is 
certainly considerable overlap between Na* 3s functions 
and nearest neighbor Cl- 3 functions. Only one 
overlap integral of this type occurs, namely that 
between, say, a ,;+ Cl- function and the 3s function 
on the nearest neighbor Na* ion in the positive x 
direction. If we call this overlap integral y, then a 
straightforward calculation (but one involving con- 
siderable mental exercise) yields the following matrix 
related to the functions (17): 


pPis= (Wyi,Vys) 


1-77? —v2y’ 0 0 0 
—v2y? 1-8, 0 0 0 
0 0 1-1777/3  y/v2 0 
0 0 v2 1—-167/3 0 
0 0 0 0 1—6/’ 
(18) 
The off-diagonal elements can occur between (17a) and 


(17b) because they have the same space symmetry and 
spin symmetry, and similarly for (17c) and (17d). All 
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other off-diagonal matrix elements are necessarily zero, 
as can be shown from the orthogonality theorem.” 

The correct zeroth-order exciton functions will be 
linear combinations of the five functions (17). The 
proper linear combination is determined by a five by 
five matrix equation and will be discussed briefly in 
the following section. 

For the sake of completeness we shall present also 
the six wave functions associated with the y component 
of Ty’ for the CsCl structure. Using the definitions, 
(8) and (15), and the rules for construction, (13) and 
(14), the functions are found to be as follows: 


(TXT ry) xl ry: 
¥,=@6 D1 (SitV¥i2-—Sr-Y1*)/v2; 
(TXT) Xl ry: 
V,=8 ~.(Ui+Z.-- Ur-Z1* 
+WitX1~-—-W1-X_*)/2; 
Xl rr’) xXlery: 
¥,=8 D1(SitX1-+-S1-X1* 
+S$1*Z1*+—S1-Z1-)/2; 
(Ti XTs-Ty) Xl ery: 
¥,=6 D1 2Z-4+W it 7-4+V-Z,* 
+WrYrtsturyytstV Xx, 
—Ur,-Yi--V,-X-)/2v2; 
(TXT s—Ts’) Xl ry: 
v= 3) YU rtX+—- WrtZ1* 
+Ur XL, —WrZ,)/du; 
(T,’XT;—T;’) x rT, ° 
V¥,=6 1(V4Z,--Wrt¥-4+-V-Z,+ 
_ WrYrt- UrptYyt+ VitX,* 
+UrYr- Vi-X1-)/2v2. 


(19c) 


(19f) 


If the matrix analogous to (18) is computed for these 
functions, the only nonzero off-diagonal elements will 
be between (19a) and (19b) and between (19c) and 
(19d). 

In the foregoing development it appears that we 
have failed to treat the excited electron and hole on an 
equivalent basis, since prior to Eq. (16) the hole was 
localized on a particular ion whereas the electron was 
regarded as “revolving” about the hole on the nearest 
neighbor ions. We could have proceeded by constructing 
wave functions corresponding to the excited electron 
being localized on a particular ion and the hole revolving 
about it on its nearest neighbor ions. The two pro- 
cedures are equivalent, however. The only difference 
is that the alternative method would yield exciton wave 
functions that are linear combinations of (17). Since 
the linear combinations corresponding to stationary 
states of the system must be determined in either case 
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by the solution of an eigenvalue equation, there is no 
reason to prefer a particular set of basis functions. 


IV. THE HAMILTONIAN MATRIX 


A primary objective of the theory is the determination 
from first principles of the relative positions and 
intensities of the absorption lines. Needless to say such 
a task is quite difficult and has not yet been accom- 
plished. We shall limit ourselves here to a qualitative 
discussion and formulation of the problem. 

The zeroth-order wave functions for exciton states 
having symmetry corresponding to the y component 
of ’,’ will be linear combinations of the functions (17) : 


o= Vv jaj- (20) 


The index 7 is summed from 1 to 5. If # is the Hamil- 
tonian operator of the system, then 


KHo=KV 0;~ EW ;a;, (21) 


where £ is the energy of the state whose wave function 
is @. The last equality is only an approximation as a 
consequence of the crudeness of our starting wave 
functions. The approximation results from the neglect 
of other electronic configurations. If one forms the 
inner product of Eq. (21) with ¥;, the equation becomes, 


(Ki ;— Ep;;)a;=0, (22) 


where 3C;; are the matrix elements of K in the space 
defined by the functions (17) and p;; is the matrix (18). 
This is a secular equation of order five, and it will have 
five energy eigenvalues EZ" and five corresponding 
eigenvectors a;". The wave functions (20) determined 
by these solutions are presumably the best representa- 
tions of the exciton states neglecting configuration 
interaction. 

The major problem is the determination of the matrix 
elements 3C;;. There are a number of contributions to 3 
which must be considered, some of which will affect 
only the energy location of the entire multiplet and 
others which will contribute also to the fine structure 
of the multiplet. We shall consider a number of them 
briefly : 

(a) Our wave functions have been constructed as 
linear combinations of atomic orbitals. Consequently 
a contribution to the energy difference between the 
ground state and exciton configuration will arise from 
the change that would occur if the electron were 
transferred from a free Cl ion to a remote Na* ion. 
This energy is the electron affinity of a Cl atom minus 
the ionization potential of a Na atom. It should be 
appreciated that if overlap between 3 functions on 
adjacent Cl- ions is neglected and also between 3s 
functions on adjacent Na* ions, this term includes the 
entire energy difference arising from the kinetic energy 
operator of the system. This term also takes into 
account the potential interaction with the Cl core and 
the other five 3p electrons when the electron is on the 
Cl ion, and it includes the potential interaction with 








EXCITONS IN 
the Na core when the electron is on the Nat ion. This 
energy difference has a magnitude of one or two ev, 
and does not contribute to the fine structure of the 
multiplet. 

(b) The potential energy of an electron at the 
center of a Na* ion arising from all of the other ions 
is the Madelung potential, M. The corresponding 
potential at the center of a Cl- ion is —M. That part 
of the energy of an exciton arising from the ionic 
potential is at first sight 2M. One must consider the 
fact that the electronic states involved are not localized 
at the center of the ions concerned and that the ionic 
potential is a rapidly varying function of position. The 
ionic potential near a Cl- ion arising from all other 
ions can be expanded in a series, 


V (r,0,0) =>. m AimY 1m(0,6)r", (23) 


where YVim(6,6) are the spherical harmonics. This 
expression is valid only at points in space where the 
ionic charge density is zero, since it is a solution of 
Laplace’s equation. The Madelung potential is 


M= eaoo Yoo. 


Since the charge density p(r) associated with a 3p state 
of a Cl ion does not overlap the nearest neighbor Nat 
nucleus, the potential energy of the charge distribution 
is, 


f o(t)V (r8,0)d. (24) 


(The ionic charge of a positive ion is a point charge 
located at the nucleus.) An harmonic expansion of the 
charge density associated with a p function contains 
only harmonics of order 0 and 2. Furthermore, since 
the potential (23) has cubic symmetry, the terms of 
the series for which /=1, 2, 3 are all zero.” Consequently 
the only nonzero contribution to (24) will be from the 
1=0 term of (23). We find the following: 


for rserer= f o(t)anY wir —M. 


If one makes the same analysis for the interaction of 
a Nat 3s state with the ionic potential, one can obtain 
a value M only by neglecting the overlap of the 3s 
function with the ionic charge on the six nearest neighbor 
atoms. This overlap is appreciable, however, and will 
give rise to a significant correction. Therefore the 
contribution of the ionic field to the exciton energy is 
not 2M, but 2M—6, where 


é= (6e2/R) vita fontrde (r2)d°r1d*ro/r12. (25) 


In this expression p, is the charge density associated 
with six 3p electrons on a Cl ion and p, is the charge 


2F, C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947). 
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density associated with one 3s electron on a nearest 
neighbor Nat ion, the distance of separation being R. 

(c) The atomic orbitals will overlap the nearest 
neighbor ion cores to some extent. The interaction of 
Cl- 3p functions with the outer-shell electrons of Nat 
ions provides, for example, the repulsive forces which 
prevent the lattice from collapsing. If g is the repulsive 
energy of the crystal per molecule, an additional 
amount of energy —g/6 is required to remove one 
Cl- 3p electron from its state. Similarly, an electron in 
a Nat 3s state will experience the overlap potential 
with nearest neighbor ion cores. This term will include 
the Coulomb interaction with the five 3p electrons on 
each of the six neighboring Cl atoms. [The Coulomb 
interaction with the sixth electron has already been 
considered in (b) above. All exchange interactions 
associated with the excited electron will be included 
in (e) below. ] 

(d) Formation of an exciton causes a separation of 
electric charge relative to the perfect crystal which will 
induce electronic polarization of the surrounding 
medium. This polarization energy has been calculated 
by Klemm! for the state in which the electron and hole 
are localized. Since electronic response is very rapid, 
the calculation is probably still valid even if exciton 
motion is taken into account. On the other hand, the 
response of ionic polarization is sufficiently slow com- 
pared to the motion of an excitation wave that it 
probably does not play an important role. The extent 
to which this latter assumption is not valid is an 
interesting theoretical question somewhat analogous to 
the polaron problem. 

The four interactions mentioned so far will contribute 
a constant energy Ep» to the multiplet and will not 
split the levels of the multiplet at k=O. The matrix 
5; associated with these terms will be Eop;;. The two 
remaining contributions will determine the fine struc- 
ture of the multiplet. 

(e) With the Coulomb and exchange interaction of 
the electron and hole we shall include all other terms of 
Coulombic origin which we have not already mentioned. 
The only safe way to evaluate these interactions is to 
determine the matrix elements of the function, 


6N 
} L e/re, 


k,l=1 


(26) 


between the exciton states (17) and to subtract from 
them the expectation value of (26) for the ground state 
multiplied by p;;. The physical origin of all terms must 
be identified so that those already included in (a), (b), 
(c) can be discarded. In addition those Coulomb inte- 
grals which will be canceled by interactions of the 
electrons with the nuclear charge, 5e, on the Cl- ions 
must be discarded. Since (26) is invariant under cubic 
symmetry operations and does not depend on spin 
coordinates, it follows that the only nonzero off- 
diagonal elements will be between the states (17a) 
and (17b) and between (17c) and (17d). 
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(f) Finally, we must consider the effect of spin-orbit 
interaction on the structure of the multiplet. As a 
consequence of the approximations we have made, the 
only contribution from the spin-orbit coupling will be 
associated with the hole in a Cl- 3p state, and will be 
related to the spin-orbit splitting of the Cl atom ground- 
state configuration. If L and @ are the orbital and spin 
angular momentum operators, respectively, for a single 
electron, the matrix of the total spin-orbit interaction 
can be easily evaluated with the help of the following 
relations applicable to atomic p states: 


o-Lé+=6-+76,*, 
o-Lt,+=ib,-—1i6,*, 
o-Lt,+=—i6,-—-9,, 
o-Lt-=—%,+-i0,,, 
o- Lé,-=10,++i6,, 
o-Lé-=—ib,++4,+. 


If 3’ is the total spin-orbit interaction operator, one 
obiains the following for the NaCl structure: 


5 
KR, = > Pinky ;, (28) 


p=l 
where the matrix h/ is 


r 0 0 —2v2i 0 0 


(29) 


a. 0 Vi —V6 
| 2v2i OO a ee as 


6 0 —v2i 0 1 v3 


. a. € Bot 


The constant \ is here the magnitude of the spin-orbit 
splitting of the halogen atom ground state. If the 
spin-orbit coupling is large compared to the splitting 
arising from Coulomb and exchange interactions, then 
(28) can be used as an approximation for 3C;; in (22), 
and the solution of the resulting secular equation is 
equivalent to the diagonalization of (29). This matrix 
has double root, 2\/3, corresponding to a j=} hole 
state and a triple root, —\/3, corresponding to a 
j=3/2 hole state. 

The energy levels of the other exciton states at k=0 
having different symmetry can be derived according 
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to the same procedures described here for I'y’ symmetry. 
The only difference will be that the order of the secular 
equation will equal the number of times the symmetry 
type under consideration appears in (7). For exciton 
states having a wave vector that is not a symmetry 
point of the Brillouin zone one will obtain a 72 by 72 
secular equation, since such states have no symmetry 
properties whatsoever. 

The relative intensities of the exciton absorption 
components can be computed very easily once the 
eigenvectors of (22) are known. The absorption constant 
of a cubic crystal is independent of crystal orientation 
and the direction of polarization of the light. Consider, 
then, light which is incident in the z direction and 
which has electric polarization in the y direction. The 
matrix element for the transition depends on the overlap 
between Cl- 3 functions, 6, and Nat 3s functions, 
(y), and is proportional to an integral of the type, 


f (y) pybdr, 


where p, is a momentum operator. Evaluating the 
matrix element of the perturbing Hamiltonian (associ- 
ated with the incident light) between the ground state 
of the crystal and the exciton states (17), one readily 
finds that the five matrix elements are proportional to, 


1:v2:0:0:0. 


Consequently the relative intensity of an absorption 
line will be given by 


I= | a:+V2a-|?, (30) 


where a; and a are the first two coefficients in (20). 
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Results are obtained for the photomagnetoelectric (PME) effect that are more general and exact than 
those of earlier theory. Through an ambipolar treatment, the underlying general theory for current carrier 
transport with magnetic field, which can provide similarly unrestricted results for the Hall, Suhl, and 
magnetic rectifier effects, is first developed. The PME effect is considered in detail for the infinite slab 
with strongly absorbed steady radiation on one surface and parallel, steady, uniform magnetic field. Small 
Hall angles and constant surface recombination velocities and lifetime are assumed. Small-signal theory 
is given as well as nonlinear theory for arbitrary light intensity. The latter provides methods for determining 
lifetime that require only negligible dark-surface concentration of added carriers, as well as a method for 
determining surface recombination velocity; curves for these are given for germanium. Expressed in terms 
of conductance increase, PME current or voltage does not depend explicitly on light intensity nor on 
recombination velocity for the illuminated surface. Distance along the slab between equipotential probes 
on opposite surfaces as obtained from a nul measurement in which Dember and PME potentials cancel 
determines directly the sum of the magnitudes of the Hall angles, upon which the PME effect depends. 





1, INTRODUCTION 


HE photomagnetoelectric effect, or PME effect, 
may be described as a Hall effect associated with 
the diffusion of optically injected current carriers. It 
was first observed in cuprous oxide at low temperature,! 
shortly following which Frenkel provided a theoretical 
explanation based on the concept of the optical exci- 
tation of electron-hole pairs.? It was observed com- 
paratively recently in germanium at room temperature, 
and, notably through the work of Aigrain and Bulliard*4 
and Moss and Pincherle,’ has been used to study 
recombination in the volume and on surfaces of ger- 
manium*~* and other semiconductors.‘ 

The detailed theory of the present paper for the 
PME effect involves fewer restrictive assumptions and 
approximations than have previously been employed. 
In Sec. 2, the underlying general theory for the trans- 
port of current carriers with magnetic field is developed. 
This can provide similarly unrestricted results for the 
Hall,” Suhl," and magnetic rectifier effects; with 


1T. K. Kikoin and M. M. Noskov, Physik. Z. Sowjetunion 5, 
586 (1934); I. K. Kikoin, Physik Z. Sowjetunion 6, 478 (1934); 
G. Groetzinger, Physik. Z. 36, 169 (1935). 

2 J. Frenkel, Physik. Z. Sowjetunion 5, 597 (1934), 8, 185 (1935). 

ol Aigrain and H. Bulliard, Compt. rend. 236, 595, 672 (1953). 
H. Bulliard, Ann. phys. 15, 52 "(1954 54) ¥. Aigrain, Ann. radioélec. 
Compagn. Gén. de T. S. F. 9, 219 (1954). The term “photo- 
magnetoelectric” is in accord with the usage of these authors. 

4H. Bulliard, Phys. Rev. 94, 1564 (1954). 

5 Moss, Pincherle, and Woodward, Proc. Phys. Soc. (London) 
66B, 743 (1953); T. S. Moss, Physica 20, 989 (1954); L. Pincherle, 
Proceedings of the Atlantic City Conference on Photoconduc- 
tivity, November 4, 1954. 

| J. Oberly, Phys. Rev. 93, 911 (1954). 

T. M. Buck and W. H. Brattain, J. Electrochem. Soc. 102, 
636 (1955). 
( pat} Grosvalet, Ann. radioélec. Compagn. Gén. de T. S. F. 9, 360 
1954). 

®Kurnick, Strauss, and Zitter, Phys. Rev. 94, 1791 (1954); 

ti S. Moss, reference 5; Proc. Phys. Soc. (London) 66B, 993 
1953). 

”R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, Cambridge, 1936), p. 428; H. Welker, Z. Naturforsch. 6a, 
184 (1951); R. Landauer and j. Swanson, ’Phys. Rev. 91, 555 
(1953). Thise treatments take added carriers into account, in 


added carriers (in concentrations which may be negative 
as well as positive), these effects present a unified 
aspect. Under the assumptions often made for homo- 
geneous semiconductors, an ambipolar treatment” 
furnishes partial differential equations and other equa- 
tions which, provided Boltzmann statistics remain 
valid, are applicable for unrestricted added carrier 
concentration and whatever be the n- or p-type con- 
ductivity at thermal equilibrium. These are applied, in 
Sec. 3, to the PME effect in an infinite slab with 
strongly absorbed steady radiation incident on one 
surface and steady parallel magnetic field. Constant 
surface recombination velocities and lifetime are as- 
sumed, as well as small Hall angles for which magneto- 
resistance is negligible.“ 

In this theory, phenomenological distinction is made 
between Hall and drift mobilities, scattering models’ 
not being considered. An extension to the case of slow 
and fast holes is given which shows that relatively few 
fast holes can make a relatively large contribution to 
PME current or voltage. The same equations still 
apply, however, in which the Hall and drift mobilities 


contrast to “classical” ones which ply to zero lifetime; see O. 
Madelung, Z. Naturforsch. 9a, 667 (1954 

4H. Suhl and W. Shockley, Phys. Rev. is, 1617 ; 76, 180 (1949); 
W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), pp. 71-75, 325 ff. 
See also H. Suhl, Bell System Tech. J. 32, 647 (1953). 

2H. Welker, Z. Naturforsch. 6a, 184 (1951); E. Weisshaar and 
H. Welker, Z. Naturforsch. 8a, 681 (1953); Lehovec, Marcus, and 
Schoeni, Phys. Rev. 98, 229 (1955); O. Madelung, Naturwiss. 14, 
406 (1955): Madelung, Tewordt, ‘and Welker, Z. Naturforsch. 
10a, 476 (1955); E. Weisshaar, Z. Naturforsch. ‘10a, 488 (1955). 

8 W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 

4 For less than 1% magnetoresistance in germanium or silicon, 
Hall angles should in general not exceed 0.1 to 0.2 radian or 
about 5 to 10 degrees: G. L. Pearson and H. Suhl, Phys. Rev. 
83, 768 (1951); G. L. Pearson and C. Herring, Physica 20, 975 
(1954). A similar restriction applies also to InSb: G. L. Pearson 
and M. Tanenbaum, Phys. Rev. 90, 153 (1953); Cm a 
Pearson, and Feldman, Phys. Rev. 93, 912 (1954); ae & 
Hrostowski (private communication). 

15 See O. Madelung, reference 10. Theory for the large-magnetic- 
field PME effect has been given by I. I. Ansel’m, Zhur. Tekh. Fiz. 
24, 2064 (1954). 
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Fic. 1. The PME effect in an infinite semiconductor slab. 


for holes are certain weighted averages that correspond 
to the apparent values determined by measurements at 
given temperature of Hall effect at given magnetic 
field and of drift velocity or conductivity. It is indicated 
briefly how the theory for arbitrary Hall angles can be 
developed in a straightforward manner for semicon- 
ductors like InSb and InAs, whose mobility ratios are 
large’® and whose magnetoresistive behavior is com- 
paratively simple if they are not degenerate.'” Magneto- 
resistance in these materials, negligible only for small 
Hall angles,“ can perhaps to advantage be taken into 
account semiempirically on the basis of measurements 
without added carriers. 

The condition that the curl of the electrostatic field 
must vanish requires a constant (depth-independent) 
PME field along the infinite slab and a nonvanishing 
curl of local total current density I. Thus, PME open- 
circuit voltage is the same on both surfaces, and the 
associated I constitutes a circulating current. As 
previously indicated,'* neglect of this circulating current 
by the otherwise plausible assumption that the open- 
circuit I is everywhere zero—valid only if there is no 
magnetic field—has led to some theoretical results 
that are inconsistent and also at variance with the 
experimental observation” of PME open-circuit volt- 
ages substantially the same on both surfaces. 

In advance of the proper derivation, it may be well 
to enlarge upon this aspect of the theory in descriptive 
terms. With reference to Fig. 1, consider first the short- 
circuit condition with field Z, along the slab zero, as if 
the ends of the infinite slab were joined. Optically 
injected electrons and holes are deflected respectively 
to the right and left by the applied magnetic field H, 
and their corresponding flow densities make the Hall 
angles 6, and @, with the negative of the concentration 
gradient of added carriers. As indicated in the figure, 
the electron and hole currents along the slab add to 
give a total PME short-circuit current density J,“° 


16H. Welker, Z. Naturforsch. 7a, 744 (1952), 8a, 248 (1953); 
Physica 20, 893 (1954); M. Tanenbaum and J. P. Maita, Phys. 
Rev. 91, 1009 (1953); O. Madelung and H. Weiss, Z. Naturforsch. 
9a, 527 (1954); H. J. Hrostowski and M. Tanenbaum, Physica 
20, 1065 (1954). 

17 E. Burstein, Phys. Rev. 93, 632 (1954). 

18 W. van Roosbroeck, Phys. Rev. 98, 1533 (1955). 

%” T. M. Buck (unpublished); Moss, Pincherle, and Woodward, 
reference 5. 


to the left. Since the total current density across the 
slab is zero, J,“ is proportional to the sum of the 
tangents of the Hall angles. 

In general, and in particular for the open-circuit 
condition, the field along the slab is constant. The field 
across the slab is the field of the Dember effect”: Since 
the diffusion constant for electrons exceeds that for 
holes, zero-current diffusion involves a field opposite 
to the concentration gradient which assists the transport 
of holes and retards that of electrons. This field is 
proportional to the concentration gradient and is thus 
largest near the illuminated surface. The open-circuit 
equipotentials, orthogonal to the resultant field, are 
accordingly parallel curved surfaces, as indicated in 
the figure by the dashed lines. For Hall angles not so 
large that magnetoresistance occurs, the Dember effect 
predominates and the equipotentials are inclined mostly 
along the slab. It is shown in Sec. 3.5 that the distance 
Ax along the slab between the intersections of an 
equipotential with the surfaces of the slab is a measure 
of the sum @ of the magnitudes of the (small) Hall 
angles, upon which the PME effect depends. For the 
distance measurement, directly opposite points on the 
slab might first be found, say, as points for which there 
is no change in the Dember potential measured under 
the magnetic field upon reversal in direction of this field. 
The value of 6 found by this proposed nul method, in 
which the PME and Dember potentials cancel, may be 
compared with that computed from the Hall mobilities, 
if the latter are known for the particular sample and 
magnetic field. 

If J,“* were substantially uniform across the slab, 
then, under open circuit, it would just be canceled by 
the drift current density to the right associated with 
the PME open-circuit field, Z,‘°. Because of recombi- 
nation, however, J,“* decreases with depth into the 
slab, being largest at the illuminated surface, where the 
concentration gradient of added carriers is largest. The 
sum of J,* and the drift current density is the open- 
circuit circulating current density, /,°°; its integral 
across the slab is zero. As shown qualitatively in Fig. 2 


”H. Dember, Physik. Z. 32, 554, 856 (1931); 33, 207 (1932). 
The effect was first observed in cuprous oxide and later measured 
by many other workers in this material and other materials as 
well. Its theory was given by J. Frenkel, Nature 132, 312 (1933); 
Physik. Z. Sowjetunion 8, 185 (1935). 








PHOTOMAGNETOELECTRIC EFFECT 


for a slab of finite length with no electrodes, the open- 
circuit current is principally photomagnetoelectric and 
to the left near the illuminated surface over a minor 
fraction of the thickness, and principally a drift current 
to the right of smaller average density over a major 
fraction of the thickness. 

In a slab with high-conductivity electrodes, the 
current flows between the electrodes in paths which are 
straight but otherwise similar to the ones in the figure; 
and the corresponding electrostatic field E and equi- 
potentials are qualitatively as shown in the lower 
diagram. It is clear from this diagram that end effects 
result in principle in some difference between the PME 
open-circuit voltages between directly opposite pairs of 
probes on the illuminated and dark surfaces. This 
difference is minimized if the probes are located sym- 
metrically about the center. However, the condition of 
constant PME open-circuit field that applies to the 
infinite slab is in principle not correct for a slab with 
perpendicular end electrodes. Also, if the electrodes are 
maintained at the same potential, as in measurements 
of PME short-circuit current, then E nevertheless has 
components along the slab. These are directed towards 
the electrodes; only at the center of the slab, about 
which E is symmetrical, is E simply the Dember field. 
While the general equations given in Sec. 2 are appli- 
cable to two-dimensional boundary-value problems for 
the slab with electrodes, specific results are obtained in 
Sec. 3 only for the infinite slab. The use of relatively 
long slabs is accordingly always a necessary experi- 
mental precaution. 

Linear calculations given in Sec. 3 readily provide 
PME short-circuit current and open-circuit field for the 
limiting small-signal and large-signal cases. Included 
also is theory for the general nonlinear case of arbitrary 
light intensity which takes into account the concen- 
tration dependence of added carrier diffusivity. In 
conjunction with experiment, appropriate cases of this 
theory can serve to determine lifetime 7 or surface 
recombination velocity with good accuracy, after having 
provided a critical check of the validity of the under- 
lying assumptions. It is shown that by simultaneous 
measurement of photoconductance a useful simplifi- 
cation can be effected: Expressed in terms of conduc- 
tance increase, PME current or voltage does not depend 
explicitly on light intensity nor on the recombination 
velocity s; for the illuminated surface. If absorbed light 
intensity is known, then s; can also be determined, in 
addition to 7 or to the recombination velocity s2 for 
the dark surface. 

In particular, a method is developed for determining 
7 in a thick slab in which no added carriers reach the 
dark surface. For applying this method to germanium 
Fig. 6 gives theoretical curves that serve to determine 
the number 2Y>) of diffusion lengths in the slab thickness 
from measured quantities or quantities otherwise known 
with good accuracy, namely a dimensionless PME 
short-circuit current g and the relative conductance 
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Fic. 2. The PME effect in a semiconductor slab of finite length: 
I—Open-circuit current, without electrodes; II—open-circuit field 
and equipotentials, with electrodes. 


increase AG/Go. A more widely applicable method for r 
in a slab of any thickness is also developed which 
depends on negligible added carrier concentration at 
the dark surface, as may be realized by sandblasting 
this surface. This method appears to be well suited for 
accurate determination of lifetime, even in slabs only 
of the order of a diffusion length in thickness; it can 
serve to check whether volume recombination is negli- 
gible within experimental error in a particular sample. 
Figure 7 gives families of curves for m- and p-type 
germanium that specify 2Y» according to this method 
in terms of 9/(AG/Go), with 9 as parameter. The small- 
and large-signal asymptotes for infinite 2Y) shown in 
this figure indicate that the thick-slab approximation 
applies only for thicknesses of at least several diffusion 
lengths. For negligible volume recombination, Fig. 8 
and Fig. 9 illustrate for m- and p-type germanium a 
method developed for the determination of surface 
recombination velocity which is based on curves of 
9/(AG/Go) versus AG/Go with a dimensionless form of 
the recombination velocity sz as (unknown) parameter. 
These curves show that PME open-circuit voltage 
generally saturates slowly with increasing light in- 
tensity, the large-signal approximation applying only 
at large conductance increases that are not readily 
obtained in practice. 

Time dependence is not considered in detail. The 
PME current or voltage following suddenly applied 
illumination, the steady state for which is established 
about as quickly as that for the photoconductance, 
does not at present seem well suited for quantitative 
studies.” It may, on the other hand, be desirable to 
extend the theory that has been given for the depend- 
ence of the relative amplitude and phase of PME and 
photoconductive response on the frequency of ac 
illumination.® 


21 Reference 4 and L. H. Hall, Phys. Rev. 97, 1471 (1955). 





W. van ROOSBROECK 


2. GENERAL THEORY” 
2.1 Fundamental Equations 


With the hole and electron currents I, and I, suitably 
specified, the fundamental equations for steady mag- 
netic fields are 


p—po=Ap=An=n—N; (1) 
divI=0, I=I,+1,; (2) 
curlE=0, E=—gradV; (3) 

0p/dt= dn/dt= dAp/dt= — ec" divI,—Ap/r 
=e"divI,—Ap/r. (4) 
The continuity equations for holes and electrons, Eqs. 
(4), are the general equations simplified by use of the 
condition of local electrical neutrality, Eq. (1), and by 
introduction of the lifetime function r for added carrier 

concentration. 

If Boltzmann statistics apply, then the hole and 
electron currents in a homogeneous semiconductor 
under steady magnetic field may be expressed by use 
of tensors (of the second rank) as 
I,=0,: E—eD,-gradp=o,-[E— (kT /e) grad Inp], 
I,=o,- E+eD,,-gradn=o,-[E+ (k7/e) grad Inn], 
the conductivity and diffusivity tensors being related 
to mobility tensors by 
D,= (kT/e) wp, 

D,= (kT/e) wn. 


p= CP¥p, (6) 


Tn, = CNUn, 


The form of the current equations and the proportion- 
ality of the diffusivity and mobility tensors in accord- 
ance with Einstein’s relation obtain since steady mag- 
netic field does not change the statistics: It affects 
neither the distribution in velocity, which remains 
Maxwellian, nor the Boltzmann density distribution.” 


Fic. 3. The Hall 
angles. 


(@)xH 





VE 


® The notation employed is consistent with that of reference 13. 

%S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-Uniform Gases (Cambridge University Press, Cambridge, 
1939), pp. 322 ff.; W. Shockley, reference 11, pp. 301-302. 


The tensors may be separated into symmetric and 
antisymmetric parts, and the terms involving the 
antisymmetric tensors written as vector products, so 
that 

I,=0,-&)+S)X &), (7) 

I,=on - &a+SnX En. 
Here o, and o,“ are the symmetric conductivity 
tensors, and &, and &, (which may be written as 
negative gradients of electrochemical potentials) are 
the vectors in brackets in Eqs. (5). The vectors §, and 
S,, may be referred to as Hall vectors. It follows from 
the principle of microscopic reversibility that the 
components of the symmetric tensors are even functions 
of H=|H], while those of the Hall vectors are odd 
functions of H. 

By specializing Eqs. (7), which are applicable to the 
general case of the normally anisotropic semiconductor 
with magnetoresistance, explicit dependence of the 
tensors on magnetic field can be exhibited. If principal 
axes of the tensor ellipsoids of o,“ and oe,‘ are 
collinear with the Hall vector, then “forces” &, and &,, 
perpendicular to the Hall vector will give currents I, 
and I, which are also perpendicular. The angles between 
these forces and the corresponding currents may be 
identified with the Hall angles if the tensor ellipsoids 
are ellipsoids of rotation about the Hall vector, so that 
the angles are independent of orientation in the trans- 
verse plane and the Hall vectors are collinear with the 
magnetic field H. These conditions may be realized in 
cubic crystals by H in, say, the 100 or 111 direction. 
The Hall angles 6, and @, for holes and electrons are 
shown in Fig. 3 for drift (in uniform concentrations) 
under perpendicular fields.”* Equations of definition, 


tand,= Ryo pH == CupnH, 
(8) 


—tand,= Rr == CO usnH, 


relate these angles to Hall coefficients R, and R, and, 
in context with theoretical considerations, to Hall 
mobilities up and way. Here op, and on; are the trans- 
verse conductivities and, with cgs units, ¢ is the speed 
of light. In this paper, only Hall angles, as the most 
directly phenomenological quantities, will be employed ; 
R, and uyx may, for example, depend on H even for 
comparatively small H if holes of differing mobilities 
are actually present.’ 

Consistently with these considerations, the hole and 
electron currents for the case of the isotropic semi- 
conductor with conductivities ¢, and co, independent 


% This terminology is here more convenient than that resulting 
from the definition of a Hall vector in terms of the antisymmetric 
resistivity tensor: S. R. de Groot, Thermodynamics of Irreversible 
Processes (Interscience Publishers, Inc., New York, 1951), p. 51. 

% J. Meixner, Ann. Physik 40, 165 (1941); S. R. de Groot, 
reference 24, pp. 8, 15-17, 50-51. 

26 W. Shockley, reference 11, pp. 204 ff. The angle 0, for elec- 
trons is negative by convention. 

7 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
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of H are given by 
I,—(I,Xk) tané,=I,*, 


9 
I,— (1,Xk) tand,=I,"*, a 


in which k is a unit vector in the direction of H and 
I,*=0,E—eD, gradp=o,| E— (k7/e) grad Inp], 


(10 
I,*=0,E+eD, gradn=o,LE+(k7/e) gradinn] 
are currents respectively proportional to & and &,. 
Equations (9) and (10) are illustrated for transport 
transverse to H by the vector diagrams of Fig. 4. These 
equations and diagrams apply with I,* and I,* given 
by Eqs. (10) since analogous equations and diagrams 
with the same Hall angles apply separately for the 
drift and diffusion contributions to I,* and I,*. The 
electrostatic field E and concentration gradients need 
not, of course, be collinear vectors. Solving Eqs. (9) 
for I, and I, gives 


I,=cos’@, [I1,*+tand, (I,*k)]+sin’, (I,*-k)k, 11) 
I,,=cos’6, [1,*+tané, (1,* xk) ]+sin’0, (I,*-k)k. 


The generalization for tensor ellipsoids of rotation 
about the magnetic field is readily effected: Eqs. (9) 
and Eqs. (11) apply with Eqs. (10) replaced by 


1,*=o pe E— (kT /e) grad Inp}-[ii+ij] 
+o pi E— (kT /e) grad Inp]-kk, 


1,*=ond_ E+ (k7/e) grad Inn ]-[ti+jj] 
+oni_E+ (kT /e) grad Inn ]-kk. 


For drift in a semiconductor with no added carriers, 
the conductivities o,; and o,,; are the reciprocals of the 
transverse resistances, and o,; and oy; are the recipro- 
cals of the longitudinal resistances, as may be verified 
by calculating the reciprocals of the conductivity 
tensors** or the hole and electron resistances them- 
selves. The latter are defined in terms of the powers 
dissipated by the hole and electron drift currents, and 
equal 


[op:(E2+E,?) cos®,+opE 27 )/ 
[op?(E2+E,?) cos, +o,7E, | 


for holes; there is a similar expression for electrons.” 
The dependence on the Hall angles of the resistance 
E-I/I*, which is the sum of these partial resistances 
multiplied respectively by (J,/Z)* and (I,,/T)*, indicates 
that there is magnetoresistance in general even for 
scalar conductivities ¢, and o,. Theory of the PME 


%8 W. Shockley, reference 11, pp. 301-302. 

®Tt is easily shown that the angle between the hole current 
I, and I,* is sin“ (sin@, sin®,), where ®, is the angle between I,* 
and H, and similarly for electrons. As may be expected, this 
angle equals the Hall angle @, for I,* and H perpendicular and 
vanishes for these vectors parallel. 
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effect for this case of large Hall angles is straightforward 
but rather involved. It is, however, materially simpli- 
fied, at least for an -type semiconductor, if the mobility 
ratio is large so that hole transport can be neglected. 


2.2 Differential Equations for Small Hall Angles 
For small Hall angles, Eqs. (11) reduce to 


1,=1,*+0,1,*xk, 


13 
I,=1,*+0,1,* Xk, ) 


with I,* and I,* given by Eqs. (10). 
Adding these equations gives 
I=cE+e(D,—E,) gradAp+ (0,0,+6non) EXk 
—e(0,D,—0nD,) gradApXk, 


where the terms on the right-hand side represent the 
drift, Dember, Hall, and PME contributions, respec- 
tively. Solving this equation for E results in 
oE=I—e(D,—D,) gradAp—o (0,0 +0n0n)1Xk 
+6eD gradApXk, 


(14) 


(15) 


if terms quadratic in Hall angles are neglected; three 
terms on the right-hand side represent the Dember, 
Hall, and PME contributions, respectively. Here 


0=0,—0,=0,+ |Onl, (16) 


and D is the general ambipolar diffusivity for added 
carrier concentration": 


D=o7\(o.D +0 pDn)=hTunttp(n+p)/o 
=(n+p)/(n/Dy+p/D»). (17) 


Equation (15) shows drift and Dember fields to be the 
only ones that can be realized separately; I/o is the 
drift field if the other terms are absent. If there are no 
added carriers in the presence of magnetic field, then 
drift and Hall terms occur, while if the PME effect 
obtains then all four terms are in general present. The 


Tp OPE 
6p 


* 
P}/-eDp GRAD p 
TAN 6p ‘Ip xk 


TAN 6n*In xk 


@)xH 


@Dn GRAD N 
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Fic. 4. The hole and electron currents. 
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coefficient of [Xk in the Hall term of Eq. (15) is the 
negative of the Hall angle for total current density.” 
By substituting from this equation in Eqs. (13), the 
currents are obtained in ambipolar form as 


I,=(¢,/c)I+ I=, 1,.=(c,/oc)I—I=, (18) 


where 
==—eD gradApt+0(c,0,/0°) Xk 


— (6,0,+6n0,)(eD/c) gradApXk, (19) 


if terms quadratic in Hall angles are neglected. 

The continuity equation for Ap is readily derived by 
noting that since E and gradAp are lamellar, the 
equations 


divI,=div(c,E)—eD, div gradAp+6,[gradc,,E,k] 
= —e(dAp/dt+Ap/r) 
= —div(c,E)—eD, div gradAp 
—6,Lgradc,,E,kJ=—divI, (20) 
obtain, in which the heavy brackets denote scalar 


triple products. Multiplying respectively by ¢, and a», 
adding, and simplifying gives 
dAp/dt=divD gradAp—v-gradAp—Ap/r, (21) 
where, with ”,=m— po=n—, 
V= (cunt pt./o)E+gradD 
+ (6,n—6,p) (€ntp/o)EXk (22) 


is the drift velocity for Ap. By use of Eq. (14), the 
equation 
dD/dAp=eunuy(D,.—D,)n,/o? 


(23) 
and the identity 

Bat? + ppp?=07/e(untuy)+iin,’, 
where f=pnptp/(untuy), Eq. (22) may be written as*! 


v= (eu,upn,/o*)I+6f(1+eu.u n/c) EXk 
= (Cunt yn./o*)1+0(1+ eu nu p.*/o*) (2/0) 1Xk. 


(24) 


(25) 


The second form applies, from Eq. (15), with the 
neglect of terms quadratic in Hall angles. 

A complete formulation involves also Eq. (2) as a 
second differential equation which, from Eq. (14), may 
be written as 


div[oE+e(D,—D,) gradAp } 
+¢(6 pp t+Onun)LgradAp, E,k]=0. 


It is convenient to use, in addition to Ap, the potential 


v=V—[(6—1)/(6+1) (AT /e) In(e/o0) (27) 


(26) 


*® Suitably specialized, this angle is the one derived by W. 
Shockley, reference 11, pp. 215 ff. 

31 A term in gradApXk is deleted; expressions for v differing 
only by terms that do not contribute to v-gradAp are considered 
equivalent. 
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as second dependent variable, in terms of which the 
total current density may be written as 


I= —o grady— (6,0,+0,0,) gradyXk 


—6eD gradApXk, (28) 


and the continuity equation and Eq. (26) as 


div(D gradAp)+<aln, grady+ (6,n—0,p) grady Xk] 
-grad Ino-—-Ap/r=0, 

div grady+[grady+ (,4p+Onun) grady 
Xk/(unt+u,) ]- grad Ino=0. 


Equations (29) are fundamental differential equations 
of the theory for small Hall angles. The condition that 
E be lamellar, Eq. (3), is implicit in the introduction 
of y. If the transport geometry is a simple one, it is 
often better not to solve for this potential, but to apply 
Eq. (3) directly; the continuity equation in the single 
dependent variable Ap is then the only differential 
equation that need be solved. 


(29) 


2.3 Extension for Holes of Different Mobilities 


Various experiments on infrared absorption, magneto- 
resistance, Hall effect, and cyclotron resonance and 
their theoretical interpretation have indicated the 
presence in germanium of holes of essentially two 
effective masses.” The present treatment may easily be 
extended to take these into account. Denote by #; and 
p2 the respective concentrations of slow and fast holes; 
by wp: and pope, their drift mobilities; by op1=eupipi 
and o2=¢€p2f2, their contributions to conductivity; 
by Dy: and Dj», their diffusion constants; and by @p1 
and 6,2, their Hall angles for given H. The hole current 
densities for scalar conductivities and small Hall angles 
are then 

L.= 1,:*+0 :1p:*X 4 ; 


i=1,2 (30) 


where 


I= opE— eD yi gradp; 


=opi_E—(kT/e) grad Inp,]; i=1,2. (31) 


The second equations of Eqs. (9) and (10) give the 
electron current density. 

It will be assumed that the ratio of the hole concen- 
trations is fixed, so that 


p2/p=r, pi/p=1-1; p=pit pr, 


with r a constant. With this assumption and the 
neutrality condition, Eq. (1), the expression for I 
obtained by adding the three current-density equations 
may be solved for E in terms of I and Ap. If the defi- 


(32) 


® Much of this work has recently been summarized by C. 
Kittel and by A. C. Beer, Phys. Rev. 98, 1542 (1955). See also 
reference 27. 
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nitions 
Mp= (opitop2)/e(pit po) = (1—r) epi trupe; 
D,=kTu,/e, 
9p= (0 p19 pi to pXp2)/op 
=((1—r) upp tru pP po 1/up, 
D,=0 pD/op= (1—1)upD/uy, 
D,+D2=D 


(33) 


D2=0 p2xD/o p= pe) /up; 


are employed, with o,i+¢,2=¢,, then, to the first 
order in Hall angles, E is given by Eq. (15) and the 
hole current densities in ambipolar form are 


L.= (op:/o)1—eD; gradAp 

+ (opi/0*)[ Opi—On)ont (Opi—Op)oy Xk 

—e(api/op) (0p:—00,/0)D gradApXk; 

i=1,2, (34) 

with the corresponding total hole current density and 
electron current density as previously given. Since it is 
implicit in Eqs. (32) that the lifetime 7 applies to 
concentrations of added holes of either mobility, the 
definition of Eqs. (33) thus lead to Eqs. (21) and (25) 
for the continuity equation for added carriers; and 
Eqs. (29) apply as the fundamental differential equa- 
tions. 

In accordance with these considerations, all results 
of this paper apply for holes of two mobilities provided 
that where boundary conditions are involved the con- 
ditions hold with surface recombination velocities for 
these holes that are the same. By further extension of 
an obvious nature any discrete or continuous distri- 
butions of concentration ratio r for holes with respect 
to mobility can similarly be taken into account. Compu- 
tation of @ shows that a small concentration of fast 
holes in germanium—a value of r of about 0.02, with 
Mp2/Mp1 about 8, has been found to account for the 
dependence on H of the Hall effect and magneto- 
resistance®—contribute about 30% to PME current 
or voltage, the slow holes contributing only about 
two-thirds as much and the electrons 50%. 


3. THE PME EFFECT IN AN INFINITE SLAB 
3.1 Formulation 


From the symmetry of the infinite slab, I equals 
I,i, with I, a function of y, and is parallel to the slab 
surfaces; and gradAp equals (dAp/dy)j and is perpen- 
dicular to the surfaces; both are perpendicular to the 
magnetic field which is assumed parallel to the surfaces, 
as shown in Fig. 1. Thus, from Eqs. (15), (18), and 
(19), if Zp, is the (scalar) hole current density across 


the slab, 
E,=o"(Iz—@1 py) =o (z+ 0eDdAp/dy) (35) 


holds to the first order in Hall angles, with EZ, a con- 
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stant, in accordance with Eq. (3); and*- from Eggs. 
(21) and (25) the continuity equation is 


dAp/dt=d(DdAp/dy)/dy 
+OfE.(1+eCunupn.?/o*)dAp/dy—Ap/r. (36) 


For the theory of the Hall effect in the infinite slab and 
the magnetic rectifier, this equation (with the time 
derivative zero) applies in general without further 
material simplification.** For the PME effect, however, 
usually either short-circuit current or open-circuit 
voltage is of interest. For the former, the condition 
is E,=0, for which the drift term does not occur in 
Eq. (36); for the latter, this term is of order # and may 
be neglected. From Eq. (35), the PME short-circuit 
current is 


AP, 


Yo 
oo =0 f I ,dy= —e f Dddp=—eD[Api— Ap» 
—U Am 


(37) 


per unit width along the magnetic field, where yo and 
— yo and subscripts 1 and 2 denote the illuminated and 
dark surfaces. The integrated form, in which D; 
=2D,D,/(D,.+D,) is the diffusivity for intrinsic ma- 
terial,** is obtained by use of Eq. (17). The open-circuit 


condition is 
Y% 
f I dy=0, 
an 


which, with Eqs. (35) and (37), gives E, equal to the 
PME open-circuit field 


Yo 
E,{ oa — J (se) 'G, c= ody, 


Yo 


—}(b—1)(b+1)—, In(o1/02) ] 


(38) 


(39) 


and J, equal to the open-circuit circulating current 
density*” 


[,(0 = —oI ‘G—6eDdAp/dy, (40) 


in which G is the conductance of the illuminated slab 
per unit width along the magnetic field. With the drift 
term of Eq. (36) for the open-circuit condition thus of 


% In Eq. (26), the second differential equation, the scalar triple 
product vanishes for this geometry, and the equation merely 
provides (for small Hall angles) the Dember field Z, across the 
slab. See Sec. 3.5 and reference 34. 

% The magnitude of the apparent Dember potential is reduced 
by an amount quadratic in (small) Hall angles since, from Eq. 
(14), Ey, includes the term o'(0,0)+0non)E2° for the open- 
circuit condition. This term represents a Hall field associated 
with the PME circulating current, or, more precisely stated, 
with the difference between the open-circuit and short-circuit 
current densities. See G. Groetzinger and J. Aron, Phys. Rev. 
100, 978 (1955). 

85 Equations (26) and (27) of Landauer and Swanson, reference 
10, give the corresponding small-signal equation but without the 
drift term. This continuity equation is approximately valid 
provided the change in potential in a diffusion length associated 
with £, is small compared with kT/e. 

36W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950); 
see also reference 13. 

37 The associated nonuniform magnetic field is in the direction 
of H; its contribution is relatively small, 
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Fic. 5. The dependence of mer fy on resistivity po 
for germanium at 300°K 


order #, the equation may be written as 


d(DdAp/dy)/dy—Ap/7r=0 (41) 


for the steady state. With a theory based on Eq. (41), 
it is evidently better in principle to measure short- 
circuit current rather than open-circuit voltage. If both 
are measured, and the conductance without magnetic 
field as well, then consistency according to Eq. (39) is 
an indication of the validity of the assumption of small 
Hall angles. 
Boundary conditions for the slab are 


eR+1 py=esiAP, v=o, 


(42) 
Tpy=—esrAp, y= 


7 


—_ V0, 


where ®& is the rate of generation of carrier pairs per 
unit area by strongly absorbed radiation, and s; and se 
are surface recombination velocities. Note that in 


I py= —eDdAp/dy—6(on0,/0*)I 2, (43) 


which follows from Eqs. (18) and (19), the second term 
may be neglected with J, of order 0. 


3.2 The Small-Signal Case 


If the relative increase in local conductivity is 
everywhere small compared with unity, then D and o 
may be replaced by their thermal equilibrium values 
Do and ao, and r, s:, and s2 are also constants." Equation 
(41), the continuity equation, and Eqs. (42), the 
boundary conditions, are then linear and give the 
solution 


GL S2sinh(Yot+Y)+cosh(Yot+ VY) 
Do (1 +5182) sinh2 Yot (Si +S.) cosh2 Yo 





(44) 


in which 
=y/L, Yo=Uy/L, L=(Dor)', 


(45) 
S,;= siL/Do, S2=52L/Dp. 
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The conductance increase above the thermal equi- 
librium value Go is 


AG=G— Gu=eluntus) [ Apdy=e(untu,) TR 


Ve 


Se (cosh2 Yo- 1) +sinh2 Yo 
x 
(14+-S1S2) sinh2¥o+(Si+S2) cosh2¥o 





per unit width along the magnetic field. Thus, from 
Eqs. (37), (39), (44), (45), and (46), the PME small- 
signal current and voltage are given by** 


[@9 = —GoE,9 = —beDo(Api— Ape) 
sa S» sinh2Y¥o9+cosh2Yo—1 
(1+5S,S2) sinh2Vo+ (Si+S2) cosh2 Yo 
(Do/r)* Sot+tanhYo 
—6 AG 
Mnt+Hp S2 tanhYo+1 


Note that the result in terms of AG does not depend 
explicitly on ® nor on 51. 
For Yo>1, or the “thick” slab, Eqs. (47) reduce to 


[9 = —GoE, = —beRL(S1+1)7 
= —6(Do/1)*(un-+uy) AG, 

a result useful for the determination of 7 (and s; as 
well, if ® is known). For Yo<1, or negligible volume 
recombination, the result 
T°O=—GeR: 2yoS2' (S1'+S2'+281'S2') 

= —O(untup)'52(1-+S2y0/Do) AG, (49) 
in which S;/=syyo/Do and S2'=szyo/Do, may be used 
to determine s2 (and s, as well, if ® is known). For se 
large compared with s; and Do/rsi, lifetime + may be 
found from 
IO = —GeRL(S1+coth2V) 

= —60(Do/r)*(untuy) cothY» AG. (50) 


For s:=52, so that S;=S.=S, the result in terms of ® 
assumes the form, 


[9 = —6eRL(S+cothYo). 





(47) 





(48) 


(51) 


3.3 The Intrinsic and Large-Signal Cases 


Provided s;, s2, and r are constant,® the continuity 
equation and boundary conditions that apply in general 
to an intrinsic semiconductor are, since D has the 
constant value D;, those of the small-signal case. These 
equations apply also to an extrinsic semiconductor for 


%8 By specializing these results (to the case of Hall and drift 
mobilities of electrons and holes all equal and Do equal to the 
limiting value D, or D, for extrinsic material), they can be shown 
to agree with the PME voltage of H. Bulliard, reference 3, 
specialized to the small-signal, small-Hall-angle case. 

® Other volume recombination laws may obtain in some — 
such as the mass-action law or one of the type discussed by 
Shockley and W. T. Read, Jr., Phys. Rev. 87 835 (1952). 
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relative increases in local conductivity everywhere large 
compared with unity. Thus, with Dy construed as D; 
wherever it occurs, Ap is given by Eqs. (44) and (45), 
and from Eqs. (46) and 


[0 = —GE, (> = —6eD;(Api— Ap»), 
7° is given by Eqs. (47) and E,‘*) by 
eRL 
B00 =o 
Go 
S2 sinh2Yo+cosh2Yo—1 


xX 
(1 +5182) sinh2 Yot (Si+S2) cosh2 Yo 
+e(unt+uy)7LS2(cosh2Yo—1)+sinh2V |R/Go 


(52) 


(53) 





The approximate form of Eq. (53) for G~AG>Gy is 
(Do/r)! So+tanh Yo 
untuy Sz tanhYot1 


E,{0 =9 


(54) 





which shows that £,‘°? “saturates” for constant r in 
the large-signal cases, J“ being proportional to G. 
These results for £,‘° are consistent with theory 
previously given for the dependence on light intensity 
in which constant D is assumed and which is, thus, 
strictly speaking, theory for the intrinsic case.** 


3.4 Cases of Arbitrary Light Intensity 


The nonlinear continuity equation and boundary 
conditions for the slab, Eqs. (41) and (42), will be 
considered for 7 constant. They are advantageously 
expressed in dimensionless form as 


d 1+DAP dAP 
AP=0, 


maanoey (55) 
dY 1+AP dY 


1+ DAP dAP 
£- —=5S,AP, Y= Yo, 
1+A4P dY 


1+DAP dAP 
=S,AP, Y=—Yo, 
1+AP dY 
where“ 
AP=Ap/m, m=o»/e(untHp), 
L=e(untuy)L R/ooDo= e(unt+up) R/o0 (Do/r)4, 
D=D;/Do= 2m/ (not po) = 200/e(untuy) (mot po), 


(57) 


the other quantities that occur being defined by Eqs. 
(45). Note that the dimensionless added carrier concen- 
tration AP is the relative increase in local conductivity, 
Ao/oo, and that 


D/Do= (1+ DAP)/(1+AP). (58) 


Use of the concentration unit m seems best in the present 
connection; with m,, two parameters, including the mobility 
ratio b, occur explicitly. 
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In Fig. 5, D is plotted against pp= oo" for“! germanium 
at 300°K. 
Dimensionless hole current across the slab is 


5 Ty Do =% 
Cyy= (—)tn= (Un+up) (~) (—) 
emD oo T 


1+ DAP dAP 


SE ee ee ee 5 ) 


144P dY 
This quantity may be expressed in terms of AP; it is 


readily verified that a first integral of Eq. (55) is 
1+ DAP dAP 


1+AP dY 
=[A+2(D—1)[In(1+AP)—AP]+DAP*}}, 


in which A is a constant of integration. Three equations 
that determine A and the dimensionless surface concen- 
trations AP; and AP, in terms of £, D, Vo, Si, and S2 
are thus 
L£—S,AP; 

=[A+2(D—1)[In(1+4P,)—AP:]+ DAP}, 


SAP» 
=[A+2(D—1)[In(1+AP:)—AP2]+DAP;?}}, 


and 


(60) 


(14+DAP)dAP 


AP; 
ji, (1+AP)[A+2(D—1)[In(1+AP) 
—AP]+DAP*}} 





(62) 


the first two being the boundary conditions and the 
third following directly from Eq. (60). From Eqs. (37), 
(39), (57), and (58), dimensionless PME short-circuit 
current is 


a= (UntMy)l °°, 60 .D0= (Untup)GEs /ba.Do 
= D(AP,— AP?) 
—(D—1) In[(i+AP;)/(1+AP:2)]. (63) 


From Eqs. (46) and (57) the relative conductance 
increase is given by 


AG/Go= (2¥o)"'(£—-S:APi—S2AP2), (64) 


which, from Eqs. (59), (60), and (61), is proportional 
to the difference between the magnitudes of the hole 
currents at the surfaces. It is readily seen from Eqs. 
(61) to (64) that 9 may be obtained (in general by 
numerical calculation) as a function of AG/G» with D, 
2Yo, and S2 as parameters and no explicit dependence 
on £ and S;. These various relationships can be shown 
to provide the results derived directly for the small- 
signal case. 

“ Values of mop» and drift mobilities are employed as in reference 


13; these mobilities obtain provided go is not too large. In the 
notation of this reference, D=1+[(b—1)/(b+1)] tanhW». 
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Fic. 6. Dependence of g/(2YoAG/Go) on g for thick germanium 
slabs at 300°K. The dimensionless PME current-photoconductance 
ratio $/(AG/Go) equals the number 2¥> of diffusion lengths in 
the slab thickness for the small-signal and intrinsic cases and 
D+ times this for the limiting large-signal case. 


3.41 The Thick Slab 


Considerable simplification results if the slab is a 
number of diffusion lengths thick, so that the added 
carrier concentration and hole flow density at the dark 
surface are much smaller than at the illuminated 
surface. The idealization is the slab of infinite thickness, 
for which AP: and A are zero; the thickness integral 
of Eq. (62) then of course diverges, and, from the first 
of Eqs. (61), the boundary condition for the illuminated 
surface may be written as 


(L£—S,AP;)* 
=2(D—1)[In(1+AP,)—AP,]+DAP?. (65) 
Equations (63) and (64) reduce to 


$= DAP;— (D—1) In(1+AP) (66) 


and 


AG/Go= (2Yo)-'(L—SiAP3) 


=1(2ygm)-\(R—siApi). (67) 


From Eq. (66), 9 depends for given D only on AP» 
and from Eqs. (65) and (67), the quantity 2V,AG/G» 
does likewise. In Fig. 6, the ratio 9/(2YoAG/G») is 
plotted against 9g for the three values of D that corre- 
spond to intrinsic and (sufficiently strongly extrinsic”) 
n- and p-type germanium. For intrinsic material, for 
which D=1, the ratio is unity, as it is in the small-signal 
limit, D being D; and independent of Ap. Analysis by 
means of these curves of measurements of AG/G» and 
I°, the latter providing J, determines 2Y» and hence 
7. As the curves show, 7 may be obtained from small- 
signal measurements by means of the relationship 
2Yo= g/ (AG/Go) or 


t= Df 0AG/(untuy)l °F. 


Agreement between theory and experiment over an 
extended range in g would show that the assumption 
of constant r is valid. If ® is also known and Af; is 


(68) 


e ts the notation of reference 13, the approximate condition is 
|Wo| >3. 


evaluated in terms of g from Eq. (66), then s; may be 
found by use of the second form of Eq. (67). 


3.42 Method of the High-Recombination-Velocity 
Dark Surface 


The method of the thick slab has the practical 
limitation that in general it does not apply unless 2Y 
is sufficiently large, while large 2Y9 makes for small 
AG/G» which may be difficult to measure accurately. 
This limitation is largely obviated by a method em- 
ploying slabs in which 2Y» is not large and in which 
large so has been produced, as by sandblasting the 
dark surface. The condition of negligible AP: may thus 
be realized substantially independently of the value of 
2¥Yo. For this method, Eq. (66) applies as well as Eq. 
(62) with the lower limit of the integral set equal to 
zero. This integrai converges since A, from Eqs. (59) 
and (60) and the second of Eqs. (61), equals (S,AP2)* 
or C,,? for the dark surface and is not zero. 

Equations (61) and (64) give 


2¥ AG/Go=[A+2(D—1)[In(1-+AP)) 
~AP,]+ DAP} A}, (69) 


so that, with Eq. (66), 2Y¥>AG/G» depends for given D 
on A and J. By numerical integration of the thickness 
integral, 2Yo may also be obtained for given D in terms 
of A and J. Eliminating A furnishes a relationship 
between 2¥o, 2Y¥:AG/Go, and 9 from which a family of 
curves of 2¥o versus 9/(AG/Go) with 9 as parameter 
may be obtained. Figure 7 gives such families of curves 
for (sufficiently strongly extrinsic”) m- and p-type 
germanium. The dashed curves for zero and infinite 9 
correspond to g/(AG/G») equal to 2Y) cothY» and to 
D!-2¥,coth(D-*Yo) for the small- and large-signal 
cases, respectively.“ The value of 2Yo determines r, 
and if ® is known as well then s; may be found as for 
the thick slab. 

Use of a dark surface with negligible recombination 
velocity s2 would provide in principle a more sensitive 
measure of slight volume recombination. In practice, 
though, it may be difficult to secure sufficiently small 
$2. The small-signal g/(AG/G») for no volume recombi- 
nation and s2+0, namely 2/(1+Do/seyo), would result 
in a fictitious 2Yo in accordance with the relationship 
§/(AG/Go)=2Yo tanhY> that applies for ss=0 in the 
small-signal and intrinsic cases; and the condition that 
this fictitious 2Y9 be small compared with the true one 
is Sx<yo/r for slight volume recombination. If ‘yo is 
10sa7, say, and Ss» is 50 cm sec~, then 2yo is appreciably 
less than a diffusion length L if, for m-type germanium 
at 300°K, Z and 7r are appreciably less than about 
0.05 cm and 50 usec. These are conditions under which 
use of the small s: could confer some advantage; Fig. 7 
indicates that if 2yo is of order L, then the method of 
large s2 should provide good accuracy. 


* Note that the small-signal relationship applies for all 9 to 
intrinsic material. 
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Fic. 7. Dependence of the number 2 Y» of diffusion lengths in the slab thickness on the dimensionless PME current- 
photoconductance ratio $/(AG/Go) for germanium slabs at 300°K with high-recombination velocity dark surfaces. 


3.43 Negligible Volume Recombination 


For slab thickness small compared with a diffusion 
length, the condition of constant J,, represents a first 
integral of the continuity equation. Thus, C,,’ given by 


Cy = (yo/emDo)I py= (untup) Vol py/ooDo 


14+ DAP dAP 
ohaeye ss Y'=y/yo 


(70) 
1+AP dy’ 


is constant; primes here distinguish dimensionless 
quantities based on yo as length unit rather than L. 


The equation 
(D—1) In[(1+4P;)/(1+AP»)] 
—D(AP:i—AP:)=2C,,’ (71) 


is obtained by integrating Eq. (70), writing the result 
for the respective surfaces, Y’=+1, and subtracting. 
The boundary conditions, Eqs. (42), are 


L'+C py’ =S1/APi, 
C y= — Sy AP», 
L’= (yo/mDo) R= €(unt+uyp)YoR/ooDo; 
S1'=s1y0/Do, S2'=s2y0/Do. 


(72) 


(73) 
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Fic. 8. Dependence of the dimensionless PME current-photo- 
conductance ratio g/(AG/Go) on the relative conductance increase 
AG/G» for n-type germanium slabs at 300°K with no volume 
recombination. 


With constant J,,, the PME short-circuit current is 
given simply by 


nT = y oes = 2S2'APo, (74) 


from Eqs. (37), (63), (70), and (72). Eliminating C,,’ 
from Eqs. (71) and (72) results in the equations 


(M—1) In[(1+4P)/(1+A4P2) ]—D(4P:— AP») 
as —2S,/AP2= —Jg (75) 
and 


SYAP;+S2/AP2= £’, (76) 


which determine AP; and AP». The relative conduc- 
tance increase is 


1 
AG/Go=} f APAY’ 
-1 


AP; 
=—(2C»,)7 f AP(1+ DAP) (1+AP)—daP 
AP 


= g—[ (D—1) (In[(1+AP1)/(1+4P2)] 
—AP;:+AP2)+}D(AP}— AP?) ] 
=499—-(AP,—AP:)(AP:+AP.+2/D)—1, (77) 


obtained by use of Eqs. (70), (74), and (75). 
To facilitate numerical computation, Eq. (75) may 
be written as 


In(i+AP;)=[D/(D—1) ]AP.—K, 


78 

K=(9+25,)(—1)"AP;—In(14+AP,). 
Then, with D known, values may be assigned to S,’ as 
parameter and to AP: which determine, besides 9, also 
K and thus AP, as root of Eq. (78). To compute AG/Gp 
from Eq. (77) with reasonable accuracy, this root must 
be evaluated to a number of significant figures. Figures 
8 and 9 give 9/(AG/Go) versus AG/G» so obtained for 
values of S;' as parameter for (sufficiently strongly ex- 
trinsic”) n- and p-type germanium. 
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Fic. 9. Dependence of the dimensionless PME current-photo- 
conductance ratio /(AG/Go) on the relative conductance increase 
AG/Go for p-type germanium slabs at 300°K with no volume 
recombination. 


With this method, volume recombination, which 
increases 9/(AG/Go), would give an apparent s2 larger 
than the true one. It can be shown that the correction 
59/(AG/Go) at fixed AG/G» for slight volume recombi- 
nation is [2—4(1+3/2S2’)/3(1+1/S2')*]Ye for the 
small-signal and intrinsic cases. 


3.5 The Open-Circuit Equipotentials 


The equipotential surfaces shown in Fig. 1 for the 
infinite slab are specified by 


vo 
Ax= f cotgdy, coty=—E,/E,, (79) 
hak 


which relates to the y coordinate of a point on an 
equipotential its x distance from the intersection with 
the dark surface. For the open-circuit condition, the 
constant field EZ, is E,‘°”, which is of the first order in 
Hall angles. It follows then from Eq. (14) that, to the 
same approximation, EZ, is the Dember field,* 


E,=— (e/c)(D,—D,)dAp/dy. (80) 


The integral obtained by substituting for Z, in Eq. (79) 
is easily evaluated. For open circuit, it gives 


Ax= (kT/e)(b—1)(6+1)—[In(e/o2) /E. 
=$[ (up un )G In(o/o2) |/Oe[Api— Ape 


—}(b—1)(6+1)"n, In(o;/o2)], (81) 
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obtained by use of Einstein’s relation and Eqs. (37) 
and (39). 
The equipotentials for the small-signal case are given 
by 
(D,—D,)-2y0 Ap—Aps 
Ax= ; 


6Do Api— Apo 





(82) 


as obtained by expanding the logarithms. This result 
may be written explicitly in terms of y by use of the 
appropriate expressions for Ap and E,‘°?. From it, the 
distance along the slab between intersections of an 
equipotential with the surfaces is given by 


Az= (D.—D,) . 2y0/O@Do 


for the small-signal case. This Ax is a direct measure 
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of 6. It is large compared with the thickness 2yo of the 
slab, since 6 has been assumed small. 
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Hyperfine Structure and Nuclear Moments of Gadolinium* 
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Study of the optical hyperfine structure of several Gd 1 lines using enriched isotopes shows that the spins 
of the odd isotopes Gd'** and Gd'*’ each are }. The ratio of the magnetic moments is 4;(Gd!**) /u;(Gd!5") 
=(0.80+0.02. The magnetic moment for Gd'*’ obtained from two lines is —0.37+0.04 nm. Deviations from 
the interval rule in these two lines can be accounted for with a quadrupole moment of approximately 
1.0 10 cm? for Gd'*7 and 1.1 10~* cm? for Gd'®*, The known anomolous isotope shift between neutron 


numbers 88 and 90 (Gd! and Gd!) is accurately measured for several lines. 


INTRODUCTION 


PECTROSCOPIC measurements of the nuclear 

moments of the heavier odd-neutron nuclei have 
been hampered by the presence in the corresponding 
elements of several even-even isotopes. With the 
availability of enriched samples, however, it has 
become possible to add to the rather scanty data on 
such nuclides for comparison with predictions of the 
unified shell model developed by Bohr! and by Bohr 
and Mottelson.? The recent work of Mottelson and 
Nilsson* shows that marked deviations are to be ex- 
pected from the moments derived from the single- 
particle model in those regions of the periodic table 
where the nuclear deformations are large. Thus whereas 
a spin [=7/2 was assigned by Klinkenberg' to the odd 
isotopes ¢4Gd'®° and »4Gd'*’ on the basis of the shell 
model, it appears that if the nuclei are sufficiently 
deformed the lowest level should be either 3/2- or 5/2*.5 


* Work supported by the National Science Foundation. 

1A. Bobr, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 
26, No. 14 (1952). 

2 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab 
Mat.-fys. Medd. 27, No. 16 (1953). 

3B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

4p. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

5 Reference 3, Fig. 2, p. 1616. 


Previous studies** with natural gadolinium have 
been chiefly concerned with the isotope shifts, and 
Murakawa® has confirmed the anomalously large shift 
between isotopes 152 and 154 that was expected by 
analogy with Nd and Sm. This author, and somewhat 
earlier Suwa,* attempted to draw conclusions about the 
spins and magnetic moments of the odd isotopes of Gd 
from the unresolved structure underlying the strong 
components due to the even isotopes. Both investi- 
gators concluded that the spins were probably greater 
than 3/2, and Murakawa assumed the value 7/2 in 
estimating the magnetic moments. It is therefore 
apparent that further study of the hyperfine structure 
of Gd with separated isotopes was needed. The very 
complete classification of the lines of both Gd 1 and 
Gd 1 by Russell’ makes it possible to derive the nuclear 
moments from the observed splittings. 

The composition of the four samples of enriched 
isotopes used in the present work, as compared with 
that of natural Gd, is shown in Table I. 


* Pp. F. A. Klinkenberg, Physica 12, 33 (1946). 

7P. Brix and H. D. Engler, Z. Physik 133, 362 (1925). 

8’ K. Murakawa, Phys. Rev. 96, 1543 (1954). 

®S. Suwa, J. Phys. Soc. (Japan) 8, 377 (1953) and Phys. Rev. 
86, 247 (1952). 

0 H. N. Russell, J. Opt. Soc. Am. 40, 550 (1950). 





1726 


DAVID RALPH SPECK 





157 





Enriched Gd Mixed Gd 


Isotope 
155 
156 
157 
158 
160 

















INTENSITY ——~> 








157 





Isotope 
154 
155 
156 
157 
158 

















Fic. 1. Intensity 
distribution of Gd 1 
45015 from two mix- 
tures of the isotopes. 
The dotted curves 
indicate the posi- 
tions assumed for 
the individual com- 
ponents. The dashed 
curves represent 
their sum. 
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In the present work the spectrum was excited in a 
Schiiler tube with demountable cathode, cooled in 
liquid nitrogen, similar in design to that described by 
Arroe and Mack." The hyperfine structure was re- 
solved by means of a Fabry-Perot etalon crossed with 
a three-prism glass spectrograph in the external-beam 
mounting. The etalon mirrors were nine-layer dielectric 
films of ZnS and cryolite, which give a reflectance of 
over 95% and negligible absorption throughout the 
region of the spectrum from 4200 A to 5900 A. With 
the larger spacers used, these yield a calculated resolv- 
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Fic. 2. Hfs of Gd 1 \4436.1 and 45856 from 
enriched isotope samples. 


u Q. H. Arroe and J. E. Mack, J. Opt. Soc. Am. 40, 386 (1950). 


ese 
is 


b 156 1570 155a 


ing power to excess of 10°, but the Doppler width 
of the lines limited the effective resolution to approxi- 
mately 8X 10°. 


Gd'** and Gd'*’ 


On plates taken with the samples enriched in the odd 
isotopes the hfs of Gd'®® and Gd'*’ were found to be 
very similar except that the Gd'® splittings were about 
four fifths as large as those of Gd'*’. All observed lines 
with a'F° as the lower term show a structure consisting 
of three resolved components with the strongest toward 
the red. (A5015 is typical of these.) Most lines with 
a*D° as the lower term show only a single slightly 
broadened component for the odd isotope and a weaker 
satellite which can be attributed to the most abundant 
even isotope in the sample. A few lines with this lower 
term however have structure with three or four resolved 
components. The unclassified line 4436.1 A shows five 
components on Gd!* plates and four barely resolved 
components on Gd!* plates. 

As shown in Table I, the samples enriched in the odd 
isotopes contained enough of the even isotopes to 
appreciably distort the observed patterns. This dif- 
ficulty was partially overcome by adding a known 
(roughly equal) amount of the natural mixture. If the 
observed contour of the pattern than behaved as ex- 
pected, the interpretation given to the original pattern 
was assumed to be correct. Essentially this is a method 
of extrapolating to zero concentration of the even 
isotopes. 

Results of intensity measurements on the line \5015 





Hfs 


(a"F,°—z"'G») for both the enriched and mixed Gd!* 
samples are given in Fig. 1.” The dashed curve was 
obtained by assuming a value of 3/2 for the spin, giving 
each component its theoretical intensity and shifting 
their positions until the composite curve made the best 
fit with the observed contour (solid curve). The posi- 
tions of the even isotopes were assigned in accordance 
with isotope shift data obtained using natural Gd. Only 
the diagonal components of the hfs needed to be con- 
sidered since the intensity of the off-diagonal ones 
comprises only about two percent of the total intensity. 
No other assumed spin value will give a contour that 
fits the one observed. Results for Gd'*® were similar to 
those shown for Gd'*’, From this it is seen that the 
many lines with a three-component structure may be 
interpreted on the basis of a structure for the odd 
isotopes consisting of four components which degrade 
toward the red. 

The interpretation of the structure of the lines 15856 
(a°D;°—2°F 4) and 4436.1 (unclassified) are given in 
Fig. 2. The presence of four components for the odd 
isotope confirms that its spin is 3/2 in each case. The 
evidence from 4436.1 however is not conclusive be- 
cause of the unknown J-values for this line. Thus all 
available evidence indicated that J=3/2 for both Gd'® 
and Gd!*, 

The hfs of the odd isotopes show marked deviations 
from the interval rule in lines where the positions of 
three components could be accurately measured or 
estimated. For example, using the interval rule and 
the separation of the first two components gives 110 
mK for the total width of the structure for Gd!*’ in 
45015. This would place the fourth component well 
outside the observed contour and 20 mK from its 
position deduced from the intensity curve. The line 
45103 exhibits a similar behavior. There are no identi- 
fied levels which could perturb the terms involved in 
these two lines so these deviations from the interval 
rule have been ascribed to a quadrupole moment. 

The hfs of a term is expressed by the following 
equation”; 


Ao=3AK+B{K(K+1)— (4/3)IJ(J+1)U+)}, 
where K=F(F+1)—J(J+1)—J(J+1), and 





3 e’Q (- a) 
B=-- ‘ 
8 heI J (2I—1)(2J—1) r Av(My =J) 


Ao is the displacement of the hfs level from the center 
of gravity of the term. In order to use this equation 
for the evaluation of the nuclear moments the in- 
terval factor A must be expressed in terms of the 
coupling constants a; for the individual electrons and 


12 The name kayser (abbreviated K) and the symbol ¢ are used 
for cm™. The abbreviation mK is used for the millikayser 
(10-*K). 

13H. Kopfermann, Kernmomente (Akadamische Verlagsgesell- 
schaft M. B. H., Leipzig, 1940). 
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TABLE I. Composition of the enriched isotope samples 
compared with natural Gd. 











152 $ $ 156 157 158 160 


Nat.Gd_ 0.2 20.59 16.42 23.45 20.87 
Gd 0.5 i . 17.7 4.6 2.9 0.8 
Gd}? 0.04 , " 7.3 69.7 19.9 1.72 
Gd = 14.9 19.3 10.1 11.7 7.0 

15.9 5.5 4.5 2.0 








[ (3 cos*@—1)/r*]avumy=7) must be evaluated in B. 
With the assumption that the terms are formed by pure 
LS-coupling these calculations can be made from the 
LS-coupling wave functions. A summary of these 
calculations for the terms of the lines analyzed in the 
present work is given in the appendix. 

The lines which were used for the determination of 
the magnetic and quadrupole moments were the lines 
45015 (4f75d*6s a" Fs°—4f75d*6, 24Gy) and 45103 (a"F;° 
—z"'Gs). These lines were chosen because they have a 
relatively wide hfs and are not disturbed by close 
neighboring lines. Also the LS-coupling wave functions 
for these levels may be easily determined using the 
method of Gray and Wills." 

Since only the positions of the diagonal components 
could be obtained from the intensity curves it was 
necessary to take into account the hfs of both the initial 
and final terms when calculating the moments from the 
hfs of a line. This was done by subtracting the hfs of 
the initial term from that of the final term. As an 
example the separation of the first and fourth com- 
ponents in 5015 is given by 


Ao (1—4)={ (51/2)A (a"F°)— (102B(a"F°)} 
— {(57/2)A (2"Gp) — 114B (2"Gy)}. 


Substituting the values given in the appendix for the 
A’s and the B’s it was found in all cases that to within 
experimental accuracy the a,’s could be neglected and 
that the ratio of the coefficients of a, and a, were con- 
stant for a given line. Results of calculations on the two 
lines considered along with the necessary data are 


TABLE II. Summary of calculations to determine the nuclear 
moments from the structure of \5015 and 5103. 





Gd1ss 


Gas? 
—41 





5015 
Ao (1—2) /0.594 
= a,—1.70ay—12.0X 10-90 
Aa (1—4)/1.59 
=4,—1.70a)+0.67X 10-90 


Ao(i—2), mK 


Ao(i—4),mK —90 
a,—1.70ay —57 
Q(10™ cm?) 1.0 
5103 —36 

Ao(1—2)/0.561 
=a,—2.06a,—8.38X 10-*Q 

Ao (1—4)/1.49 
=d,—2.06a,+0.54X 1070 


Ao(1—2), mK 
Ao(1—4),mK —81 


a0, -3 -@ 
Q(10-* cm?) ke 





4 N, M. Gray and L. A. Wills, Phys. Rev. 38, 248 (1931). 
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TasLe III. Summary of intate shifts. The position of the 
components are given in mK with the 160 component taken as 
the origin. 








160 158 157 156 155 154 152 


5015 (a"F,°—s"G,) 0 42 ~78 85 ~112 141 
5103 (a"F;°—s"G,) 0 42... _.. 138 261 
4374 (®De—yF;) 0 57 ~104 ~116 154 192 365 
0 
0 





4402 (a°D,°—y*F¢) 58 ~107 ~119 163 202 384 
4436.1 (unclassified) Ble oe 148 ~242 








summarized in Table II. The positions of the com- 
ponents in A5015 are those obtained from the intensity 
curve. The positions in A5103 are those estimated 
directly from the plates by setting with microscope 
and cross-hair and are thus more uncertain. Only 
the differences Ao(1—2) and Ac(1—4) were used in 
the calculations because these were considered to be the 
most accurately determined separations. However, the 
positions of the third component in 5015 calculated 
from the derived values of a,, dp, and Q agrees with 
the value obtained from the intensity trace to within 
1 mK. 

The values of a, and a, were determined from the 
two equations in the second column in Table II. The 
results for Gd'*’ were 


a,=—65 mK, 


ay~—5 mK. 


The experimental uncertainty in a, is estimated to be 
about 10%. 

The Fermi-Segré-Goudsmit formula was used to 
determine py; from a,: 


8 Ro?ZZ? do\ pyr 
a,=- (1-5 )Gan—aua—9. 
3 1836n,3 dn/ I 


Since the spectrum of Gd is not extensively enough 
classified to allow a direct determination of 


“(1 do 
Ne J 
the value 0.319 for Gd 1 obtained by an indirect method 
by Brix'® was used. The relativistic correction «(},64) 
=1.60 was taken from tables in Kopfermann.” The 
Crawford-Schawlow correction'® is (1—6)=1—0.053 
and the Bohr-Weisskopf correction’? is (1—«)=1 
+0.016. Substituting these values into the above 
equation gives 

a,=0.266y1/I 


I=—0.37 nm for Gd!*’. 


% P, Brix, Z. Physik 132, 579 (1952).* 

16M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 

17 A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 


DAVID RALPH SPECK 


The average value of the ratio of the magnetic mo- 
ments obtained from Table II and the total splitting 
of the lines (5856 and 4436 is 


Br (Gd'*) 
Mr (Gd!7) 


=0.80+0.02. 


This gives n= —0.30 nm for Gd!®. 

The quadrupole moments deduced from the two lines 
are consistant to within experimental accuracy which 
was estimated to be about +30%. Giving the deter- 
minations from 5015 more weight in averaging, the 
best values are 


Q=1.0X10™ cm? for Gd!*, 
Q=1.1X10-™ cm? for Gd!*®, 


The correction factors for Q considered by Sternheimer'*® 
have been neglected. The experimental uncertainties 
given include only that part which arises from the 
accuracy of measurements. Additional uncertainties 
which might arise during the calculations such as 
deviations from LS-coupling and approximations made 
in calculating (r~*),, are much harder to estimate and 
have not been included. 

The value for the nuclear spin J = 3/2 is in agreement 
with the value predicted by Mottelson and Nilsson.’ 
The values for the quadrupole moments are about 
thirty percent lower than the interpolated values used 
by Mottelson and Nilsson in making their prediction 
but using the present value one still obtains J=3/2 for 
the Gd isotopes from their level scheme. 


ISOTOPE SHIFTS 


Isotope shifts were measured in five lines on plates 
taken with enriched Gd'® and Gd! samples. The 
results are summarized in Table III. It is confirmed 
that the shift Gd'®—Gd'™ is anomolously large when 
compared to the other shifts caused by the addition 
of two neutrons in the same element. The average 
values for the ratios Ao(158—160):Ao(156—158): 
Ao (154—156):Ao(152—154) obtained from the five 
lines were 1.00: 1.01:1.32:3.02. The center of gravity 
of the 155 and 157 patterns in the lise \5015 were 
estimated from the intensity curves of the line from 
enriched 155 and 157 samples. The 155 and 157 com- 
ponents appeared as single, slightly broadened com- 
ponents in the lines \4374 and 4402. However the 
157 component was never separated from the 156 
component and the positions of these two components 
had to be estimated from the center of gravity of the 
composite line on plates taken with different mixtures 
of the isotopes. These more uncertain values are 
preceded by ~ in the table. All other values should 
be assigned a probable error of 1 mK. 


18 R. Sternheimer, Phys. Rev. 95, 736 (1954). 








Hfs AND NUCLEAR MOMENTS OF Gd 


ACKNOWLEDGMENTS 


The author wishes to express his gratitude to Pro- 
fessor F. A. Jenkins for his guidance and advice 
throughout the course of this work and to Dr. J. M. 
Stone for the preparation of the very excellent in- 
terferometer mirrors. Thanks are due also to Oak Ridge 
National Laboratory for the separated isotopes. 


APPENDIX 


The factors A and B were evaluated for the terms 
4f'5@6s a" F,°, a\F7°, 4f'5d?(aF)6p2"Go, zGs. These 
calculations were made by first writing out the LS- 
coupling wave functions for the terms using the method 
of Gray and Wills.‘ The interval factors were obtained 
from the zero-order functions by evaluating the matrix 
elements of H,, the z-component of the magnetic field 
produced at the nucleus by the electrons."® The results 
were 


1 37 3 1 
A(a"F,°) =—a,+—a4’' +—aq""+-a,"", 
16 8680 80 5 


143 51 


6d! +—<, dé al 
2800 


ANSE Ie 175 


ad 
1120 " 2800 


1 37 1 8 
A(s"Gy) =-a9’-+—a'-+—a4""+—a,"”, 
6 90 30 45 


1341 81 1 25 
A(z"Gs) =——a,'+——a,""+—a,'"+—a,' 
1860 8640 40 64 


227 409 
oo aa’ + ag”. 
4800 1800 


” 


a, ai’, and a,’ are the single electron-coupling 
constants in the notation of Breit and Wills.” 

The (3 cos’?@—1)av(my= 7) were calculated from the 
zero-order functions using the same method used by 
Schmidt” in calculating and quadrupole moment of Ta. 

19 For a more detailed aT TON of the method see S. Suwa, 
J. Phys. Soc. (Japan) 8, 734 (1953) 


” G. Breit and L. Wills, Ph e Rev. 44, 470 (1933). 
21 T. Schmidt, Z. Physik 121, 63 (1943). 


The results were 


a (- cos’@— 1 
a 8 mete 
rs 


I) 

T° Po 
84 14 48 1 

“He testa) 
175 175 175 Td°/ wy 


350 100 35 





916 197 382 1 
opm | ae 2 ry M2 sh (1) 
2625 2250 2625 sd°J ny 


47 54 1 
Srta(Q), 
150 675 Yop? AL 


R’, R”, and S are relativistic corrections tabulated by 
Kopfermann.” (r5~*)4 and (rep~*)4, were calculated 
from the fine structure separations using the relation 


Caras 

TnbT wy Ro®Z X(1,Z) 

where ¢,; is the spin-orbit parameter for an nl electron 
in the notation of Condon and Shortley.” The effective 
nuclear charge was taken to be Z;= Z—11 for d electrons 
and Z;=Z—4 for p-electrons. The values {s4=864K 
and {,=1240K given by Murakawa® were used. 
\(1,Z;) is another relativistic correction given by 
Kopfermann. These values yield 


(a¢°/rsa*)w=2.8 and (ao°/rep*) y= 3.3. 


2 E. U. Condon and G. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1935). 
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The wave functions for the singlet and triplet states of a two- 
electron system in a given nuclear framework are investigated as 
superpositions of configurations and are shown to be transforma- 
tionally equivalent to quadratic forms having certain ranks and 
signatures. By introducing the “natural orbitals” diagonalizing the 
generalized first-order density matrix, the total wave functions 
may also be brought to principal form. If the basis contains M one- 
electron functions, the singlet and triplet wave functions contain 
respectively M(M+-1)/2 and M(M—1)/2 configurations, but the 
transformation to natural orbitals reduces the number of terms to 
M and [M/2], respectively. The natural expansion having the 


best convergence is also characterized by another important 
extremum property. The approximate wave function of rank r 
having the smallest quadratic deviation from the exact eigenfunc- 
tion is obtained by interrupting the natural expansion of the 
eigenfunction after r terms and renormalizing the result. For the 
singlet state, the wave function of rank two and signature zero has 
a special importance as giving a simple extension of the visual one- 
electron picture to include a large part of the correlation effects. 
The theory is illustrated by some results on helium obtained by 
using radial configuration interaction. 





WO-ELECTRON systems occur commonly in 
nature and are of great importance. The series of 
helium-like ions: H-, He, Li*, Be**, - - -O**, etc., is of 
considerable interest in physics and astrophysics and 
has been studied by several authors. The homopolar 
chemical bond is another example of a two-electron 
system of fundamental meaning for chemistry, and the 
electronic structure of the hydrogen molecule as well as 
the x electrons of ethylene, etc., have been investigated 
in great detail. 

In the quantum theory of the electronic structure of 
matter, the two-electron systems provide a valuable 
bridge between the comparatively simple one-electron 
systems and the systems containing many electrons. 
The structure of an electronic system within a given 
nuclear framework depends not only on the balance be- 
tween the kinetic energy of the electrons and their 
attraction to the nuclei, but also on the mutual elec- 
tronic repulsion. The last effect causes considerable 
difficulties in the theory, since it may not be treated 
within the conventional “one-electron approximation.” 
The accurate solution of the many-electron Schrédinger 
equation therefore demands other methods, and the 
results for two-electron systems are then also of guiding 
importance in treating systems containing many elec- 
trons. Two types of solutions of the two-electron 
Schrédinger equation have been discussed, namely an 
eigenfunction in the form of a “superposition of con- 
figurations” and a form containing the interelectronic 
distance as a variable. Both types were first investigated 
by Hylleraas in his pioneer works on the helium 
problem.' Hylleraas found that the series of configura- 
tions converged rather slowly and that a much quicker 


* Contribution No. 421 from the Institute for Atomic Research. 

+ This work was performed under a fellowship grant from the 
John Simon Gueakein Foundation. Present address : Chemistry 
Department, Indiana University, Bloomington, Indiana. 

’ 5) A. Hylleraas, Z. Physik 48, 469 (1928); Z. Physik 54, 347 
(1929). 


convergence could be obtained by introducing 12 ex- 
plicitly in the solution. Wave functions containing 112 
have later been treated for the Hz molecule by James 
and Coolidge,’ for the H~ ion by Henrich,’ and for the 
He series by Eriksson,‘ by Baber and Hassé,° and by 
Chandrasekhar and Herzberg.* The wave functions 
containing 712 have the disadvantage that it seems im- 
possible to give them an interpretation of simple 
physical visuality, and it is further difficult to generalize 
the approach to many-electron systems.’ 

The success of the 7:2 method was so large that, for a 
rather long time, it was almost generally believed in the 
literature® that “electronic correlation” could be taken 
into account only by introducing the interelectronic 
distances r;; explicitly into the wave function. However, 
it was already known in the early days of quantum 
mechanics that the wave function for a many-electron 
system could be expressed as a superposition of con- 
figurations built up from one-electron functions, pro- 
vided that the one-electron set was complete.® The first 
eigenfunction of this type was derived for helium by 
Hylleraas,’ but it seems as if less attention to this paper 
has been paid in the literature than to his ri2 work. It 


2H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933) ; 


ap a4 A. Frost and J. S. Braunstein, J. Chem. Phys. 19, 1133 

*L. R. Henrich, Astrophys. J. 99, 59 (1944); see also S. 
Chandrasekhar, Astrophys. J. 100, 176. (1944). 

4H. A. S. Eriksson, Z. Physik 109, 762 (1938); Nova Acta 
Regiae Soc. Sci. Upsaliensis IV, 11, No. 9 (1940); Arkiv Mat. 
Astron. Fysik B30, No. 6 (1944) ; Nature 161, 393 (1948). 

°T. D. H. Baber and H. R. Hassé, Proc. Cambridge Phil. Soc. 
33, 253 (1937). 
( 955). Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
19 

*Compare E. Wigner, Phys. Rev. 46, 1002 (1934); Trans. 
Faraday Soc. 34, 678 (1938). 
Pm ba e.g., C. "A. Coulson, Proc. Cambridge Phil. Soc. 34, 204 

® An antisymmetric wave function may be expressed as a sum 
of Slater determinants over all “ordered” configurations; for a 
ee, see, e.g., P.-O. Léwdin, Phys. Rev. 97, 1474 (1955), 
p. a 


1730 








QUANTUM THEORY OF 


has now also been shown by Green et al.!° how the riz 
forms may be transformed into “superpositions of 
configurations.” 

The method of “configuration interaction” has the 
great advantage that it may be directly generalized to 
many-electron systems. However, since the basic one- 
electron set y; may be chosen quite arbitrarily, the 
coefficients in the series of configurations cannot have 
any simple physical importance, and it is therefore 
difficult to give usable interpretations of the original 
wave functions presented in this way. In order to try to 
tackle this problem, it was shown in a previous paper® 
that, for each wave function, there exists a certain set of 
one-electron functions having such characteristic prop- 
erties that it naturally seems to belong to the system 
and state under consideration. These natural spin 
orbitals x, are defined as forming the set which di- 
agonalizes the generalized first-order density matrix 


¥(x1'| X:) = v fvran'n a -Xy) 


(1) 


where ¥ is the antisymmetric wave function, x;= (r;,5;) 
is the space-spin coordinate of electron i, and N the 
number of electrons. It was shown that, if the wave 
function Y is expressed in terms of configurations built 
up from the natural spin orbitals, this natural expansion 
of W is distinguished as the superposition of configura- 
tions of most rapid convergence." The use of the natural 
spin orbitals gives a nice interpretation of the generalized 
first-order density matrix, and it also simplifies greatly 
the treatment of the higher order density matrices. In 
order to start a more detailed investigation of the 
“natural expansion” of a wave function of a many- 
electron system, we will study in this paper the particu- 
lar properties of two-electron systems. The results are of 
importance for all the fundamental two-electron sys- 
tems occurring in nature, and it is also hoped that they 
may give some guidance concerning the more compli- 
cated many-electron case. From the very beginning, we 
will therefore assume that the exact solution of the two- 
electron Schrédinger equation really exists’ and that it 
is given as an infinite sum of configurations of a com- 
plete one-electron set. 


XV (xixe- - -Xy)dxedx3---dxy, 


1, TREATMENT OF THE SINGLET STATE 


In a two-electron system, the spins of the electrons 
may combine to form either a singlet or a triplet state. 


10 Green, Mulder, Milner, Lewis, Woll, Kolchin, and Mace 
Phys. Rev. 96, 319 (1954). 

See also P.-O. Léwdin, Advances in Phys. 5, 1 (1956), 
particularly p. 150. 

12 Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935); A. S. 
Coolidge and H. M. James, Phys. Rev. 51, 855 (1937); T. Kato, 
Trans. Am. Math. Soc. 70, 212 (1951); J. H. Bartlett, Phys. Rev. 
88, 525 (1952); 98, 1067 (1955); V. Fock, Izvest. Akad. Nauk. 
S. S. S. R. 18, (2), 161 (1954); E. A. Hylleraas, Svensk Kem. 
Tidskr. 67, 372 (1955). 
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The simplifications of the general theory obtainable in 
this case are of an instructive nature. Let us assume 
that the functions ¥;(r) form a complete set of orbitals 
depending only on the one-electron space coordinate r 
and that a(s) and @(s) are the two spin functions. The 
most general antisymmetric two-electron wave func- 
tions which may be constructed by superposition of 
configurations of the spin orbitals yi and ¥.8 have 
then the form 


W(x1,X2)=274 Yer Ans det{Pia; WB}. (2) 


This function has S,=0 and is the sum of a singlet 
component and a triplet component. The two triplets 
having S,=+1 and S,=—1 are built up similarly from 
the pairs yia, Ya and ¥.8, ¥i8, respectively. 


(a) Singlet Wave Function 


In order to select the singlet component of (2), we 
apply the projection operator '0= 1—4}5?=}(1— Pi.) 
and obtain 


NY (x1,X2)= 27! Do er Cur det{Yia; ih}, (3) 


where Cx:=}(Axrt+Ar). The singlet is hence charac- 
terized by the symmetry property Ci:=Cix. The Slater 
determinants in (3) with the factor 2-? form an ortho- 
normal set, and the singlet wave function (3) is hence 
normalized if 

Der] Cu|?=1. 


This relation may be condensed in the form Tr(CCt) = 1, 
where Tr(=trace) means formation of the diagonal 
sum. By expanding the determinants, the wave function 
(3) may also be written in the form 


1B2— 


a a8 
NY (x1,X2) = V(r1,F2), 


(4) 


W (41,82) = Der Curbed, (5) 


where (¥;,¥z) is an abbreviation for the “symmetrized 
product”: 


Vivn= $x (ti Wi(r2)+¥i (tiv (te) J. (6) 


The singlet wave function may therefore be factorized 
into a pure spin part and a pure space function. This 
result, which is strictly limited to V <2, greatly simpli- 
fies the treatment of the two-electron problem and has 
been of essential importance for the development of the 
whole theory. In using (6), it should be observed that 
this quantity is normalized for k=/ but that the 
normalization integral has the value 4 for k¥1. 

The coefficients C,; in the symmetric space function 
(5) may be found by the variational principle corre- 
sponding to the Schrédinger equation, which leads to a 
certain secular equation.* The numerical solution is 


13 P.-O. Léwdin, Phys. Rev. 97, 1509 (1955). 
4 For a short description of this procedure, see, e.g., reference 9, 
p. 1482. 
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then often presented in the form 
W (1,82) = De Capa (1ye(2) 
+E Colyer) +¥ive(2) 2, (7) 


with the normalization condition 
LlCrel?+ XD [Cus|*=1. (8) 
k k<l 


A comparison between (5), (6), and (7) then gives the 
connection formulas 


Cor=Cur, Cux=Cu=2-Cui, (9) 
for the formation of the fundamental matrix C. 
(b) Natural Spin Orbitals 


The generalized first-order density matrix +(x,’ | x1) is 
defined by (1), and, by using (4) and (5), we obtain 


(x1 | x1) = (ay'a1+81'BYD es Ve* (1 Wilt yx, 


where 


(10) 


YuR=Lm Cul on”, y=CCr. (11) 


The matrix y is therefore a Hermitean matrix, which 
may be brought to diagonal form n by the unitary 
transformation U: 

UtyU=n. (12) 


The natural orbitals x(r) are then defined® by the matrix 
relation x= ¥U or 


Xe(F)= Dom W(t) U me; (13) 


and the natural spin orbitals are represented by the 
functions x,a and x,8. Introducing the relations Y= xU*t 
and ¢*=Ux* into (10), we obtain 


y (x1" | x1) = (1a: +B1'B1) > e mexn* (t1')xe(), (14) 


where the coefficients m,, i.e., the eigenvalues of the 
matrix , may be interpreted as the occupation numbers 
of the natural orbitals x,. They satisfy here the relation 


Di m=Tr(y)=Tr(CCt)=1, (15) 


which corresponds to the condition fy (x:|x1)dx,;=2. In 
the general theory®" it was shown that the introduction 
of the natural spin orbitals into the total wave function 
would lead to a “natural expansion” of this function, 
which was characterized by having the most rapid 
convergence of all superpositions of configurations repre- 
senting the same solution. In the two-electron case, this 
natural expansion has particularly simple properties, as 
we now will show. 

Let us consider the fundamental case when the basic 
Hamiltonian is not only Hermitean but also real so that 
H.»=H.op' = H.p*. The energy eigenfunctions may then 
also be represented in real form and this implies that, if 
the basic set ¥; is chosen real, the coefficients Cy; will 
also turn out to be real. In this important case, the 
matrix C is Hermitean and may be brought to diagonal 
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form ¢ by the unitary transformation V, so that 
V'CV=c. By using (11), we then obtain 


VtyV= ViC’V =c?=diagonal matrix. (16) 


This means that, unless the matrix y is degenerate and 
two or more occupation numbers are equal, the trans- 
formation V must be identical with the transformation 
U. The eigenvalues c;, of ¢ are apparently the square 
roots of the occupation numbers: 


(17) 


and the signs are uniquely determined by the coeffi- 
cients C,; of the original wave function; the physical 
meaning of these signs will be discussed later. In the 
nondegenerate and real case, the introduction of the 
natural orbitals x into the total wave function (4) by the 
substitution ¢=xU'=Ux will lead to a natural ex- 
pansion of the form 


W (X1,X2) = 2-4 (aiB2—ar281) > & Cuxe(T1)Xe(T2). (18) 


We observe here" that the series >; c,? is term-by-term 
more rapidly convergent than the series }>4(3-1 Ci’) 
for any other superposition of configurations. 

The simplification rendered by the natural expansion 
is perhaps still more striking for the approximate wave 
functions. If the basic set ¥; contains only M orbitals 
(k=1,2,---M), the wave function (7) contains 
M(M-+1)/2 different terms, but, by the introduction of 
the corresponding approximate natural orbitals, this 
expansion is reduced to only M terms. It should be 
emphasized that, in the many-electron case, we cannot 
expect such a drastic simplification of the total wave 
function which, in the two-electron case, seems to 
depend on particular properties of the wave function 
itself. 


C~.= +n,}, 


(c) Equivalence of the Total Wave Function and 
a Quadratic Form. Rank and Signature 
of the Wave Function 


The natural expansion (18) does not contain any 
cross products (xx,x:) for k¥1, and this result depends 
essentially on the fact that, in the two-electron case, the 
total singlet wave function is equivalent to a real 
quadratic form. In order to prove this we observe that 
the “symmetrized product” (6) is symmetric in k and / 
and that, under a linear transformation ¥i= > mWm'dmx, 
it transforms like an ordinary product: 


(Viv) ry Lan (Vm Wr’ )dmkOnt- 


Hence we obtain 


Lu Cri dr) = Linn Cnn’ (Wm Wn’), (20) 


where Cin’ => 1 Cit@me@ni- This relation implies that 
the space function transforms just like a real quadratic 
form. 

Let us for a moment consider an approximate wave 
function, which is built up of configurations of a basic 


(19) 
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set ¥, of finite order M, such that when M—~- the 
approximate solution tends to the exact eigenfunction.” 
A quadratic form of finite order is now characterized by 
two integers, its rank and its signature, which are 
invariant against nonsingular linear transformations.'® 
The rank of the quadratic form is defined as the rank r 
of the determinant of its coefficients, det{C;:}, and, 
according to an elementary theorem, the quadratic form 
is then reducible by a nonsingular linear transformation 
to a sum of “squares,” which contains just r terms. If 
the linear transformation is kept real, the coefficients of 
the squares may be positive or negative. The number p 
of positive terms minus the number g of negative terms 
is called the signature s of the quadratic form, and the 
quantities 


r=pt+q, s=p—q, 


are then the fundamental invariants of the form. The 
equivalence theorem then implies that each approxi- 
mate wave function of finite order has a definite rank 
and signature and that it may be reduced to a sum of 
“squares”; this gives the explanation of the simple 
form (18). 

The equivalence theorem is a valuable tool for dis- 
cussing the properties of the wave function. Let us, for 
instance, investigate in which cases the space function 
(5) is reducible to a single symmetrized product 


V(r1,%2)= (u,v), (21) 


which means a state where one electron is occupying the 
orbital «(r) and the other the orbital v(r). Since 


uv=}(u+v)?—4(u—v)?, (22) 


the right-hand member of (21) has for u¥v the rank 
r=2 and the signature s=0. This implies that only 
wave functions (5) of this rank and signature may be 
reduced to the (u,v)-form. We note further that every 
function (5) having r=2 and s=0 may be expressed in 
the form (21), for, after reducing it toa sum of “squares,” 
we obtain 


(23) 


where c;>0 and ¢c.>0. A special case of this theorem 
was first found by Coulson and Fischer'* who pointed 
out that, in the hydrogen molecule, the molecular- 
orbital method using semilocalized orbitals leads to a 
wave function which was equivalent to a superposition 
of two configurations consisting of doubly occupied 
orbitals. The best (u,v) form for the Hz molecule has 
further been studied by Kotani.!” 

Other special results for functions of rank r=2 were 
derived by Mulliken'* in connection with the Shelter 

See, for instance, G. Kowalewski, Determinantentheorie 
(Walter de Gruyter and Company, Berlin and Leipzig, 1925), 
second edition, pp. 172-200. 

16 C. A. Coulson and I. Fischer, Phil. Mag. 40, 386 (1949). 

17M. Kotani, Proceedings of the Shelter Island Conference on 
Quantum M nical Methods in Valence Theory, 1951 (un- 


published), p. 139. 
18 R. S. Mulliken, Proc. Natl. Acad. Sci. U. S. 38, 160 (1952). 


C1 (x1,X1) —¢2(x2,x2) - (crdxitcebxe, e8x1— c2bx2), 
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Island Conference in 1951. The form (u,u) of the wave 
function corresponds to the conventional “closed-shell’’ 
structure of the two-electron system. This function, 
which has rank r=1 and signature s=1, may be con- 
sidered as a degenerate form of (21) for «=v. Mulliken 
characterized the (u,v) function (21) for uv as an 
“open-shell” form and pointed out that this function 
would contain an improved electronic correlation by 
letting the two electrons move in considerably different 
orbitals, thus increasing their mean distance. Re- 
markably good results for helium had previously been 
obtained by Hylleraas' and by Eckart" by using the 
simple form (21). It seems to us as if the (u,v) form is of 
great value for describing the structure of a two- 
electron system in a simple way to a rather high degree 
of accuracy, and further investigations are in progress 
here. 


(d) Extremum Properties of the Natural 
Expansion Taken Term by Term 


The “natural expansion” (18) is characterized by the 
general property of having the most rapid convergence 
of all superpositions of configurations describing the 
same wave function. We will now show that, for a two- 
electron system, the natural expansion has an additional 
extremum property. Let W be the exact eigenfunction 
and let W, be an arbitrary wave function of rank r. In 
order to determine the “best” approximation of W of 
rank r, we will then try to minimize the total quadratic 
deviation 


fiv-sranass=2(1- [ov dedss), (24) 


i.e., to maximize the overlap integral 


(25) 


S= [ands 


The “best” function ¥, of rank r is then obtained simply 
by interrupting the natural expansion (18) after the 
first r terms and renormalizing the finite series to unity. 

In order to prove this theorem, we observe that an 
arbitrary space function of rank r may be written in the 
form 


r 


W,(r1,82) = > he €x (Up, UE). 


k=1 


(26) 


If the functions 1, #2, ---#, are assumed to form an 
arbitrary linearly independent but not necessarily 
orthonormal set, the coefficients €, may be restricted to 
have fixed values, e.g., ¢,=-+1. Each function , is 
expandable in the complete orthonormal set xx of 
natural orbitals: 


ea 


uR= ys XmOmk, 


m=1 


(27) 


 C. Eckart, Phys. Rev. 36, 878 (1930). 
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and the coefficients a,,, may here be varied completely 
arbitrarily. Substituting (27) into (26), we obtain 


¥,(t1,12)= XC Amalxmxe), (28) 


m,n=1 
where the coefficients 
Tr 


Amn= >, €xOmikOnk 
k=l 


(29) 
form a symmetric matrix of rank r. The normalization 
condition gives 


 Ant=Tr(At)=1. 


m,n=1 


(30) 
Introducing (18) and (28) into the overlap integral (25), 
we obtain further 


Se x CmA mm Tr(cA), 


m=1 


(31) 


where c is the diagonal matrix formed by the elements 
Cup 

In order to maximize the overlap integral S by putting 
éS=0, we cannot vary the elements A, in (30) and 
(31) independently since they are subject to the condi- 
tion of forming a matrix A of definite rank r. However, 
since the coefficients @,, in (27) may be varied arbi- 
trarily, we obtain from (31) and (30) 


6S=2 > - Cm€kOmkOOmk= 0, 


m=] k=] 


4 > De A mn€k0npOOm,=0. 


m,n=1 k=l 


Introducing a Lagrangian multiplier \ on the first rela- 
tion formally changed to a double sum, we get further 


> 2. (A mn—ACmOmn)€kOnkOdme=0, 


m,n=1 k=1 


(33) 


x 


D (A mn—ACmOmn)€xOnk =O. 


n=l 


(34) 


In order to solve this system of equations, we will 
multiply (34) by a,; and sum over k from 1 to r, which 
leads to 


os (A ma—ACuBban)A np=0, 


n=l 


(35) 


or the matrix relation 
(A—Ac)A=0. (36) 


By forming the trace of (36) and using (30) and (31), we 
obtain easily the value of the multiplier ): 


1=Tr(A?)=A Tr(cA)=AS; A=S—. (37) 


AND H. 
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Since A is a symmetric matrix, the same is true for A? 
and, according to (36), this leads to (cA)ma= (cA) am 
=)!(A*) mn and 


(Cm—Cn)Amn=0. (38) 


This implies that, if c,,~c,, all the nondiagonal elements 
Amn Vanish. In the nondegenerate case, the matrix A 
of rank r consists therefore of just r diagonal elements, 
Axx, which fulfill the relation A ,.2—Ac.A 44=0, or 


A ke=Ne;.. (39) 


According to (28), the optimum wave functions of rank 
r may then be written 
(r) 


W,(ri,f2) =A > Ci(X kX), (40) 
k 


where the symbol (r) indicates that k is to be summed 
over r selected indices. Substitution of (39) into (31) 
leads to the formula 


(r) (r) 
A= S= (Po ca?}= {Li me}, 
k k 


(41) 


and, since the function (40) hence turns out to be 
normalized, the solution of the variation problem is 
consistent. In order to obtain a maximum overlap, we 
have now only to select the r largest occupation num- 
bers n,. If the natural orbitals x, are numbered in order 
of decreasing occupation numbers, the “best” wave 
function of rank r has consequently the form 


W(rif2)= Do cx(xesxe)/(X me)! (42) 
k=1 


k=1 


This proves our theorem. 

We have treated here the expansion of the exact 
solution, but we observe that the same theorem holds 
also for the expansions of approximate wave functions 
of rank higher than r. The approximations of low rank 
are of particular interest and will be considered some- 
what more in detail. 

Rank one.—A total wave function of rank r=1 may be 
written in the form W(r,,r.)=(u,u), and this “closed- 
shell” form therefore corresponds physically to a state 
containing a doubly occupied orbital u(r). According to 
(42), the function of rank one which has maximum 
overlap with the exact eigenfunction is simply 


(43) 


where x; is the first natural orbital associated with the 
exact solution and having the largest occupation number 
m. By using (41), we obtain for the overlap integral that 
S= ny}. 

Let us now consider the relation between the form 
(43) and the Hartree-Fock form. For a two-electron 
system, the Hartree-Fock solution (war,uur) is defined 
as the function of rank one having the best value of the 
total energy. This extreme value condition leads to a 
nonlinear process of the first order for the orbital wx, 


V,.1= (x1,X1)5 
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whereas the first natural orbital x, is defined by a linear 
process of infinite order. The two functions x; and wyr 
are therefore not identical, but the examples investi- 
gated so far have indicated that they are extremely 
lcosely related ; see also Table IV for r=1. Of practical 
importance is that the linear process leading to the first 
and higher natural orbitals seems to be considerably 
simpler than the nonlinear “self-consistent-field” 
method. 

Rank two.—The total wave function of rank r=2 has 
either signature s=0 or s=2. According to (42), the 
function of rank two which has the smallest total 
quadratic deviation from the exact eigenfunction has a 
space function of the form 


Wra2=[¢1(x1,x1) +62(x2,x2) |/ (mite). 


In the case when s=0, this function may be written in 
(u,v)-form with the orbitals 


u= (my'x1+m2'x2)/(m+n2)', 
v= (m1'x1—M2x2)/(m1+m2)!. 


(44) 


(45) 


The increase of the rank of the wave function gives rise 
here to a “correlation splitting” of the closed-shell form 
(43) into an open-shell form, where at least part of the 
effect of the inter-electronic repulsion is taken into 
account. 

In the case when in (44) the coefficients c, and cz are 
both found to be positive (s=2), the orbitals « and 9 
turn out to be complex and such that u*=v. This 
implies that both particles have the same orbital dis- 
tribution |«|?=|»|? in ordinary space but different 
probability distributions in momentum space. It seems 
likely, therefore, that this case will occur only when one 
has reason to expect that a “correlation splitting” in 
momentum space will be energetically more favorable 
than an orbital splitting in ordinary space. So far, no 
example of r=2 and s=2 has been found in the simple 
two-electron systems. 

Recently the Hartree-Fock scheme has been gener- 
alized to include at least part of the electronic correla- 
tion by introducing different orbitals for different spins." 
For two-electron systems this implies that, instead of 
the (u,«)-form, one is interested in the (u,v)-form having 
the best energy. Since the extended Hartree-Fock 
equations have a nonlinear character and are com- 
paratively hard to solve, it is of practical importance to 
observe that the functions (45), formed from the first 
two natural orbitals and x; and x2 found by a linear 
process, seem to give an approximate solution of excel- 
lent accuracy of the energy problem, too. Further 
calculations on this point are in progress. 


(e) Example: Some Results for the Ground 
State of Helium 


The method of “superposition of configurations” has 
already been successfully applied to the problem of the 
ground state of helium by Hylleraas in his first paper.’ 
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Recently Taylor and Parr® re-examined the same 
problem and, using configurations built up from hydro- 
gen-like orbitals, they obtained the discouraging result 
that the series of radial configurations led to an ex- 
tremely poor convergence for the energy towards the 
limit to be expected. A closer investigation shows, 
however, that this failure of the method depends es- 
sentially on the fact that Taylor and Parr neglected the 
contribution from the continuum.”! 

We have now repeated and extended Hylleraas’ first 
calculation on helium by using the complete orthogonal 
set 


(2n)4 (n-+1-+1) )-4 (n—I—1))3 
X (2nr)' Lng r4i2*(Qnre-"'Y m(3,e), (46) 


where L are the Laguerre polynomials, 7 is an adjustable 
effective charge, and Y;, are the ordinary spherical 
harmonics. Since this set is entirely discrete, one can 
thus avoid the treatment of the otherwise rather 
annoying continuum wave functions. We will here dis- 
cuss the results of the radial configurational interaction 
in order to exemplify the use of natural orbitals and to 
show the convergence properties of a natural ex- 
pansion.” 

The calculations were based on a finite set of (ns)- 
orbitals of order M of the form 


9 —— L(y e-™*. 
v (4r)) (n+-1) ![n(n+1)}! +1°(2nr)e 


In the general theory,’ a “measure of convergence” # 
was defined with the property that the natural ex- 
pansion had the smallest 3 value possible of all super- 
positions of configurations of one and the same wave 
function. Eliminating the spin, the quantity # is here 
defined by 


M 


sv=1— > Vek; 


k=1 


(47) 


where yz, may be evaluated according to (11). The 
quantities 3 for the original superposition of configura- 
tions and for the natural expansion are given in Table I. 
These quantities should be compared with the total 


TABLE I. Ground state of helium. Comparison between the 
original superposition of configurations and the natural expansion 
in order to show the reduction of the number of essential terms. 








Number of terms Measure of convergence =0 
M= oF oe. 4 1 2 3 4 


1 3 6 10 0 0.032907 0.070987 0.073251 
2 3 4 0 0.004976 0.008643 0.008729 





Original form 
Natural 1 
expansion 








2” G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. U. S. 38, 
154 (1952). This paper was also presented at the Shelter Island 
Conference (reference 17) in 1951. 

21H. Shull and P. O. Léwdin, J. Chem. Phys. 23, 1362 (1955). 

22 A preliminary report was given by H. Shull and P.-O. Léwdin, 
J. Chem. Phys. 23, 1565 (1955). 
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TABLE II. Occupation numbers m, for the natural orbitals x; for 
different values of M. 








M= 1 2 3 4 


k=1 1.000000 0.9975561 0.9956599 0.9956166 
k=2 0.0024439 0.0042652 0.0043114 
k=3 0.0000748 0.0000655 
k=4 0.0000065 











numbers of terms in WV, which has decreased from 
M(M-+1)/2 in the original form to M in the natural 
expansion. It should perhaps be emphasized that the 
quantity 3 cannot be used for estimating the energy 
accuracy of different wave functions. For each wave 
function, only the lowest value 0,4: is uniquely defined, 
and #nat increases with M towards a certain limit from 
its lowest value #,.:=0 for the Hartree-Fock approxi- 
mation (M=1), at the same time as the energy accuracy 
is also increasing. Other “measures of convergence” are 
also easily constructed. 

In Tables II and III, the occupation numbers nm, and 
the natural orbitals x. for M=1, 2, 3, 4 are listed, and it 
is remarkable how rapidly these quantities converge 
towards a definite limit when M increases. The total 
wave functions may then be found by using formulas 
(17) and (42), where it should be observed that, for the 
ground state of helium, we have hitherto found only the 
first coefficient c, to be positive, whereas all the others 
have turned out to be negative. The signature of a wave 
function of rank r is therefore s=2—r, and the wave 
function may be presented in the form 


mi4(x1,x1) — M2" (x2,x2) — <i -—NA(XeXr) 


. (48) 





WV,(r,r2) = 


(r nx)* 


k=1 


In Table IV, the energy values of the wave func- 
tions (48) are given in the modified atomic unit 
e*/ do, He( = 2hc Ryne) ; only radial configurations are here 
taken into account. We observe how quickly the energy 
converges towards the radial limit to be expected. The 
original wave function for M=4 contains fen terms and 
is rather clumsy to handle, but, after the transformation 
to natural spin-orbitals, it is reduced to only four terms; 
in both cases the energy is — 2.87860. The last term is 
here relatively unimportant, and, if it is omitted, the 
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renormalized function of rank r=3 containing only 
three terms has the energy — 2.87850. The natural spin 
orbitals seem therefore to provide a useful tool for 
simplifying the total wave functions. 

The series of energy values for a fixed rank ¢ are of 
interest since, for M—>~ , they converge towards a limit 
which is closely related to (but not identical with) the 
best energy value which is obtainable for functions of 
rank r by an extension of the Hartree-Fock method. In 
fact, our function (x,)? has for M=3 and M=4 the 
energy values — 2.861335 and —2.861415, respectively, 
whereas the self-consistent field (SCF) energy reported 
by Wilson* is — 2.8615; it should also be noted that the 
function xi, 1 does not differ from Wilson’s numerical 
SCF function in any part of space by more than 
+0.0056 for M=3 and +0.0061 for M=4. Recently 
Green ef al.“ have reported a somewhat better SCF 
energy, —2.86167, for an analytic SCF function; the 
value of the overlap integral between x:, ¥ and this 
function is 0.9999724 for M =3 and 0.9999754 for M =4, 
showing a slight improvement in the convergence of 
x1, w With increasing M. 

For the rank r=2, no SCF results seem to exist so far, 
but it would probably be comparatively easy to solve 
the extended Hartree-Fock equations" in this case by 
starting from the first two natural orbitals, x: and x2, 
obtained. However, the optimum energy will probably 
not be much better than our value —2.87769 for M=4 
and r= 2. The result already obtained is remarkable, for, 
if the radial limit is estimated to be about —2.879 or 
— 2.880, it implies that between 84% and 89% of the 
radial correlation energy is actually taken into account 
in the simple (u,v)-form, which may be constructed 
from x: and x2 by using (45). 


2. TREATMENT OF THE TRIPLET STATE 


In order to select the triplet component of the total 
wave function (2), we will apply the projection operator" 
§O= 45?=4$(1+ P12”) and obtain 


WW (x1,X2)=2-? Fer $(Ani—A x) det{yia; piB}. 


The triplet is hence characterized by the antisymmetry 
property of the matrix of the coefficients $(Ax:—A 1%) 
and is normalized to unity, if }>4:4(Ag:i—Ax)?=1. 
The triplet wave function (49) may also be factorized in 


(49) 


TABLE III. Approximate natural orbitals x, for the ground state of helium for different values of M; 7=2. 








x 
1 2 3 4 2 


X2 x 
3 4 3 4 4 





1.000000 +0.992794 +0.983545 +0.982955 
—0.119833 —0.168992 —0.170083 
+0.063880 +0.069537 

—0.005955 


+0.119833 
+0.992794 


+0.178369 +0.179264 +0.028690 +0.037891 +0.015090 
+0.964488 +0.968000 —0.202991 —0.181235 +0.034679 
—0.194800 —0.170104 —0.978760 -—0.982029  —0.042981 

—0.043657 —0.036555 +0,.998360 








% W. S. Wilson, Phys. Rev. 48, 536 (1935); W. S. Wilson and R. 


™ Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 757 (1954). 


B. Lindsay, Phys. Rev. 47, 681 (1935). 
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TABLE IV, Ground state of helium. Total energy in modified 
atomic units (=¢*/do,He=2hc Ryne) for the interrupted natural 
expansion (42) of rank r=1, 2, ---M, when only radial configura- 
tions are included; »=2. 








M= 1 2 3 4 


—2.750000 —2.837638  —2.861335 —2.8614151 
—2.850225 —2.877236 —2.8776857 

—2.878116 —2.8785000 

—2.8785973 





r=1 
r=2 
r=3 
r=4 








the form 
WW (x1,X2) = 2-# (a1 82+ 01281) (11,82), 
W(r1,82)= Der Celvei}, 


Cri=}i(Ani—A uw), 


(50) 
(51) 


where 
(52) 


and {x,y} is an abbreviation for the “antisymmetrized 
product” 


(Wawa) = — die (ta r* (ta) —a (to i*(41) J. (53) 


Here we have introduced the quantities y,*(=y, for 
real orbitals) in order to facilitate the later use of 
complex orbitals. We note that (50) corresponds to a 
triplet state with S,=0, whereas the wave functions for 
the triplet states with S,=+1 and S,=—1 may be 
obtained by replacing the spin factor in (50) by the 
functions aja2 and $2, respectively. 

The coefficients C;,; in (51) may be found by the 
variational principle“ corresponding to the Schrédinger 
equation, which leads to a certain secular equation. The 
numerical solution is often presented in the form 


V (1,62) = 2 Corlva (taal) —wWx(te)Wr(ts) |/v2, (54) 


which gives 


Cre=0, Crr=—Cu=i2-Wy,. (55) 


The normalization condition for the total space function 
may then be written in the form )4<:|Cx:|?=1 or 


Tr(CtC) => 4 2|Cx2|?=1. (56) 
(a) Triplet Wave Function as a Hermitean 
Quadratic Form. Diagonal Representation 


By introducing the factor i in the definition (52) of 
the quantities C;,;, we have ensured that the elements 
Cx: form a Hermitean matrix C having only real 
eigenvalues. However, this matrix with vanishing di- 
agonal elements and purely imaginary elements has 
rather peculiar properties. The secular equation for the 
eigenvalues ¢ contains either only odd or only even 
powers of c, and this implies that the eigenvalues occur 
in pairs, +c,, and that a matrix C of odd order has 
always an additional eigenvalue c,=0. 

Since the “antisymmetrized product” (53) fulfils the 
relation {W1,Wx} = {Wx 1} *, the total space function (51) 
must be equivalent to a Hermitean quadratic form. In 
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carrying out the transformation 
Ve Bes La Vm Omk; 
we obtain 
{vii} 1 Limn{Wm' Wn }OmeOni®; 
which gives 


WV (11,82) = Det Calas} = Limn Con (Wm Wn}, 
with 


(57) 


(58) 


(59) 


Cun’ =>, kl OmkC k 10 in", 
or 
C’=aCat. (60) 


Let us choose a= Ut, where U is the unitary transforma- 
tion which brings the Hermitean matrix C to diagonal 
form c= U'CU, with the eigenvalues c,. Introducing a 
new set of basic orbitals y; by the relation 


= qUt, Gr=Lim VnU im*, 
we then obtain 


WV (r1,82)= Doe Cel Ge, ee}, (62) 


which gives the “diagonal representation” of the total 
space function. We note that, in the odd case, the orbital 
vx belonging to the vanishing eigenvalue c,=0 will not 
occur in this expansion. Because of the special properties 
of the eigenvalues c,, the signature of the form (62) will 
always vanish: s=0. 

Since C*=—C, we can conclude from CU,=c,U, 
that CU,*=—c,U,*. This implies that, if the function 
gx is associated with the eigenvalue +c;, the function 
¢x* will be associated with the eigenvalue —c,. In the 
sum in (62), the contribution from a negative eigenvalue 
will therefore be identical with the contribution from 
the corresponding positive eigenvalue : 


(61) 


—crf{ pe*,pn*} =+cn{ pe,er}. (63) 


Hence we may write (62) in the form 
[M/2] 


W(rijte)= Lo 2ce{ oe, ee}; 


k=1 


(64) 


where we sum only over the positive eigenvalues c,; the 
number of terms is [M/2], i.e., the integer equal to or 
nearest lower than M/2. The normalization of the total 
space function may then be expressed in the form: 


[M/2] 
Dd 2¢2=>0 c2=Tr(ete)=Tr(CiC) =1. 


k=1 k 


(65) 


After the reduction to diagonal form, we can now 
easily go back to a real representation of the total space 
function. Putting 


U=R+3S, 
u=v2UR, v=v2uS, 


we obtain g=2-!(u—iv) and 


(66) 


{ pe,Gu} = 3 [ue (ti)04(2)— ue (Fe)ve (11) ]. (67) 
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Since g, and g,* are associated with different eigen- 
values, +c, and —c; (c.~0), they are orthogonal, i.e., 
JS ¢x¢xdv=0, and this implies that the functions «, and 
2 must be mutually orthogonal and have the same 
normalization integral, which is here chosen to be unity. 
In general, the functions 1%, 2, t#2, 02, 
therefore form an orthonormal set, or may be brought 
into this form in case of degenerate eigenvalues c,. 
Substituting (67) into (64), we get then the real ex- 
pansion 


o* "Uk, Vky . 


(m2) |x (ty) e(12) 
V(rir)= DO ce , 


68 
k=l ve(ti) v%(r2) ” 


It should be noted that the functions u; and 2; are 
here undetermined with respect to a linear trans- 
formation: 

uy! =U; cos6+0, sind 
; (69) 
0, = —uU, sind+ 2; cosé, 
which corresponds to a multiplication of the unitary 
transformation U by a phase factor exp(—i6). In 
treating the eigenvalue equation CU= Uc, we will some- 
times separate it into its real and imaginary parts: 


CR=iSc; CS=—iRe. (70) 


These relations show that both R, and S, are eigen- 
vectors to the symmetric Hermitean matrix C? having 
the eigenvalues c,”. Numerically, it is often convenient 
to solve the eigenvalue problem CU,=c,U; by an 
iteration procedure based on (70). 


(b) Natural Orbitals for the Triplet State 


It is immediately clear that the complex functions 
¢x(r) form the natural orbitals of the triplet state under 
consideration. Using (1), (50), and (51), we obtain 


y (x1" | x1) = (ean + B18) Dd er de (ty Wilts), 


where 


(71) 


Y= Lm Cian", y=CCt=C’. (72) 


If U is the unitary transformation which brings C to 
diagonal form, it will bring also the matrix + to diagonal 
form with the eigenvalues n,=c;’, i.e., 


UtyU=n=e. (73) 


By carrying out the transformation (61), the first-order 
density matrix may then be expressed in the following 
forms: 


¥(x1'| X1) = (ay'01+81'B1)> x mepr*(ti’) ex (t1) 
[M/2) 
= (ay'a1+81'B1) mel gn*(ty’) ge(11) 
k=1 
+ e(t1’) 9x* (11) ] 
[M/2) 
= (ay'ar+1'B1) DO melee (1y’)ue (ts) 
k=l 


+0x(ti')ox(t1)], (74) 
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and m, may thus be interpreted as the occupation 
number for the natural orbitals g,(r) and ¢4*(r), which 
are always simultaneously occupied. 

According to (64) and (53), the total space function 
has the natural expansion 


[M/2)} 
W(rijre)=2 LO cel ex, en} 
k=] 


[M/2} 


=i DY cel ee*(ti)ee(t2)— oe*(t2)ex(11) J, (75) 


k=1 


showing that, in the triplet state, two electrons with 
antiparallel or parallel spins may be considered as 
placed in pairs of conjugate complex orbitals ¢, and 
¢x*, which have the same charge distribution in space 
but which still are orthogonal to each other. The 
antisymmetry property in r; and 72 is here sufficient to 
take account of the main part of the electronic correla- 
tion even when only one term in (75) is included. In the 
form (68), the quantity ~,=c,? may be considered as 
the probability for the simultaneous occupation of the 
pair uy, Dp. 


(c) Example: Lowest Triplet State of Helium 


The theory outlined above will be exemplified by an 
investigation of the lowest triplet state of helium. The 
total space function (54) was first derived by using 
configurations built up from the basic set (46), but only 
the results of the radial configurational interaction will 
be reported here. Starting from the s-functions 
(1s,2s,---Ms), we get M(M—1)/2 different configura- 
tions and a secular equation of the same order. After 
having obtained the M(M—1)/2 coefficients C,, for the 
lowest triplet, we can easily form the antisymmetric 
Hermitean matrix C of order M according to (55). The 
eigenvalues of C form a maximum of [M/2] non- 
vanishing pairs +c,, and the normalization gives further 
Le cY=1. 

In the case M=3, the matrix C has the three eigen- 
values 0, +274, determined by the general properties of 
the matrix. The natural expansion (68) for the total 
space function consists then of a single term: 


W(11,%2)=2-*[u(11)0(t2)—u(re)0(r1)]. (76) 


For the best value of the adjustable effective charge, 
n=1.133, this wave function gives an energy of 
— 2.12906, which is to be compared with the experi- 
mental value — 2.1750 (see Table V). 

TABLE V. Lowest triplet state of helium. Total energy in modi- 


fied atomic units (=¢?/ao,He=2hc Ryne) for the interrupted 
natural expansion (68). Experimental value= —2.1750. 








M =3 
7 =1.133 


M=4 
9 =1.11141 


—2.167620 
—2.167636 


Number 

of terms 
1 —2.12906 
2 bom 
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In the case M=4, the total space function may be 
expressed in the form 


j u(t1) (te) ue(ti) u2(Te) 
W(ri,r%e) =c1 +62 ’ (77) 
vi(r1) v(t) ve(t1) —v2(Te) 


and, for the best value of the adjustable effective charge, 
n= 1.11141, the matrix C has the four eigenvalues 


¢1,-1= 0.707105, co,-2=+0.001519. = (78) 
The energy of (77) is then —2.167636, which should be 
compared with the above-mentioned experimental value 
—2.1750. The functions , 2, t#2, v2 are given in 


Table VI; the angles 6; and 62 in (69) have been de- 


TABLE VI. The natural orbitals of the lowest triplet of helium in 
a real representation. 








1 ue ve 


+0.181063 —0.34569 +0.00709 
+0.924828 +0.32263 —0.19260 
—0.281968 +0.87863 —0.00071 
+0.180011 +-0.06646 +0.98125 





+0.920687 
—0.059257 
+0.385358 
—0.018002 








termined so that #; and #2 have maximum overlap with 
the natural orbitals x; and x3, respectively, for the 
singlet ground state (for M=4). Table VII gives a 
survey of the overlap integrals between the triplet 
orbitals “,, 0, and the corresponding natural orbitals x; 
for the singlet ; we observe that the orbital x; occurring 
in the conventional closed-shell structure (x,)* for the 
ground state does not occur with any higher degree of 
accuracy in the description of the lowest triplet state, 
and this implies that one has to be careful in using the 
naive orbital picture of a single excitation as obtained by 
an electronic jump from one orbital to another, whereas 
the others are left unchanged. An excitation is instead a 
transition of the system as a whole from one state to 
another and may imply changes for all the electrons— 
there may be a certain orbital correspondence,” but the 
accuracy is usually rather limited. 

In conclusion, it should be observed that the second 
term in (77) has only a small importance; if it is dropped 
and the expansion renormalized by putting c;= 2-4, the 
energy is changed from — 2.167636 to —2.167620. This 
value is probably rather close to the best energy 
obtainable by a [#,v] wave function, which should 
strictly be calculated by a Hartree-Fock procedure. We 
note that the angular correlation energy does not 
amount to 0.0075, which is only half the value in the 
singlet case, and that most of the radial correlation is 
apparently taken into account already in the [u,v] 
form. 


%5 See, e.g., P.-O. Léwdin, Phys. Rev. 97, 1490 (1955), particu- 
larly p. 1506. . 
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TABLE VII. Overlap integrals between the natural orbitals for the 
lowest triplet and singlet states. 








S urxidv= 0.941976 
S 01x2dv = 0.967796 
S u2x3dv = 0.93684 
JS voxsd0=0.97310 


(maximum overlap) 


(maximum overlap) 








3. DISCUSSION 


In the general quantum theory of many-particle 
systems,’ it was shown that the total wave function 
may be expressed as a superposition of configurations 
built up from a basic set of one-particle functions. By 
introducing the natural spin orbitals diagonalizing the 
first-order density matrix (1), the corresponding “‘natu- 
ral expansion” of the total wave function may be 
obtained, and this series of configurations has then 
certain properties of maximum convergency. 

In this paper, the case of NV =2 has been investigated 
in greater detail. It has been shown that the total space 
function is equivalent with a quadratic form having a 
certain rank and signature and that the natural ex- 
pansion of the wave function corresponds to the diagonal 
representation of this form. For the singlet, it has 
further been shown that the approximate wave function 
obtained by interrupting the natural expansion after r 
terms and renormalizing the series represents the best 
approximation of rank r, i.e., the function of rank r 
having the smallest total quadratic deviation from the 
exact wave function. A corresponding theorem holds 
also for the triplet. The case of N=2 is, of course, of 
particular simplicity, but the possibility of generalizing 
the results to many-electron systems is now being 
further investigated. 

The theory has been exemplified by some results con- 
cerning the lowest singlet and triplet of the helium 
atom. Applications to the hydrogen molecule are now 
also in progress, but the results will be published 
elsewhere. 
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Spectra Emitted from Solid Nitrogen Condensed at 4.2°K from a Gas Discharge* 


ARNOLD M. Bass AND HERBERT P. Broa 
National Bureau of Standards, Washington, D. C. 
(Received December 7, 1955) 


Products of an electrical discharge in flowing nitrogen are frozen at liquid helium temperatures. The 
solid material emits a glow. Emission spectra have been obtained in the region 2200 A to 7000 A. The 
most intense features of these spectra, five sharp lines near 5230 A and three diffuse lines between 5530 A 
and 5670 A, are attributed to radiation from nitrogen atoms as affected by the solid lattice. There is a less 
intense series of bands, degraded to the red, extending from 3500 A to 6400 A. This system most probably 
arises from a transition of the Nz molecule, probably to the A*Z,* state. In the same region there is a group 
of very weak diffuse bands which may be emission from NOs. In addition several weak bands are attributed 


to the beta and gamma systems of NO and to NH. 


When the flow of nitrogen and the electrical discharge are removed, an afterglow from the solid is observed. 
The spectrum of the afterglow shows only the group near 5230 A and a weak line at 5944 A. The half-life 
of this afterglow radiation is about 15 seconds. Intensities of all other features decay to zero in less than 


one second. 





I. INTRODUCTION 


N recent years several laboratories have attempted 

to form solids containing large concentrations of 
free radicals. These efforts have led to some very 
interesting phenomena’ and to the tentative conclu- 
sion that free radicals can be stored in solids at low 
temperature. 

While investigating a solid condensed at liquid 
helium temperature from the products of an electrical 
discharge through nitrogen gas, a glow was observed 
from the solid.‘ Spectra have been obtained and wave- 
lengths of the radiation have been measured between 
2200 A and 7000 A. Many of the observed lines and 
bands reported here have been explained in terms of 
the interaction between nitrogen atoms and nitrogen 
molecules and the solid.’ In many respects these spectra 
are similar to those first observed by Vegard® and by 
McLennan and Shrum’ in 1924, who bombarded solid 
nitrogen with electrons and “canal rays.” Since the early 
work of Vegard**® and of McLennan and co-workers," 
no further work has been reported on experiments of 
this sort. 

The strongest features of the radiation observed 
in the present experiments are five relatively sharp 


* This research was supported in part by the U. S. Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1 F. O. Rice and M. Freamo, J. Am. Chem. Soc. 73, 5529 (1951); 
75, 548 (1953). 

? Giguere, Secco, and Eaton, Discussions Faraday Soc. 14, 104 
(1953); J. Chem. Phys. 22, 2085 (1954). 

*H. P. Broida and J. R. Pellam, J. Chem. Phys. 23, 409 (1955). 

‘H. P. Broida and J. R. Pellam, Phys. Rev. 95, 845 (1954). 

5 C. M. Herzfeld and H. P. Broida, Phys. Rev. 101, 606 (1956). 

*L. Vegard, Nature 113, 716 (1924). 

7 J. C. McLennan and G. M. Shrum, Proc. Roy. Soc. (London) 
—_ 138 (1924). 
Vegard, Compt. rend. 180, 1084 (1925); Ann Physik 79, 
377 m 1926); Leiden Comm. 16, 'No. 175 (1924-1926); Leiden 
Comm. 19, No. 205 (1929-1931). 

® Vegard published a large number of articles on his studies 
but it is difficult to summarize his results. Some of his more 
complete publications are given in reference 8. 

McLennan, Ireton, and Thompson, Nature 118, 408 (1926). 


lines near 5230A and three diffuse lines between 
5530 A and 5670 A. This radiation is thought to be 
caused by transitions of nitrogen atoms in the solid.® 
There is a striking, though less intense, series of bands 
degraded to the red which extend from 6390 A to 3572 A. 
These bands are probably due to a °2,+— A*Z,* transi- 
tion of the nitrogen molecule. Some bands of the first 
positive system of N2 also are observed in long exposures. 
Over much of this same region, there are also some very 
weak diffuse bands which appear to be related to the 
emission system of the NO molecule. In the ultraviolet 
and blue regions, there are two series of bands which 
increase in intensity with oxygen impurity and which 
most probably are the beta and gamma systems of NO. 
The A*II,;— X*2- and c'll—a'A bands of NH also are 
present. 

When the flow of nitrogen and the discharge are 
stopped, the solid continues to glow. The radiation 
consists of the emission near 5230 A, with a much 
smaller contribution at 5944 A. The half-life of this 
radiation varies between 12 and 22 seconds; all other 
radiation decays rapidly with a half-life considerably 
less than one second. 


II. DESCRIPTION OF APPARATUS 


Two types of apparatus were used in these experi- 
ments. The original apparatus, constructed of Pyrex 
glass, is illustrated in Fig. 1. Nitrogen gas is admitted 
through a control stopcock from a cylinder of nitrogen 
and passes through an electrodless discharge. The 
discharge is maintained in the wave-guide resonator 
by a 2450-Mc/sec power supply (125 watts input 
power). The surface, S, immersed in liquid helium acts 
as a trap by freezing out all gases except helium, and 
thus is an effective high-speed pump for maintaining 
the flow of nitrogen. In order to prevent the solidifica- 
tion of discharge products at temperatures above 4.2°K, 
the gas is carried to the cold walls within a passageway 
near room temperature. This relatively high tempera- 
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ture is maintained by forcing warm helium gas between 
the compound walls, D, surrounding the channel, E. 
This apparatus had the disadvantage of requiring 
observations of spectra through five layers of glass, two 
liquids, and the solid deposit. Furthermore it was im- 
possible to observe wavelengths shorter than that of 
the cutoff of Pyrex glass near 3100 A. The second 
apparatus was designed" to overcome these difficulties. 
It is a metal Dewar system of the type described by 
Duerig and Mador.” The modified system is illustrated 
in Fig. 2. The discharge tube and the tube for carrying 
discharge products to the cold surface are the same as 
in Fig. 1. Products from the discharge are collected upon 
a copper wedge kept cold by thermal contact through 
copper bars to the liquid helium reservoir. Early tests 
showed that the glowing material could be deposited 
on clean copper, and also on quartz and on sodium 
chloride suspended between the copper bars. Since 
thicker layers of material were deposited on sections 
of metal facing the direction of gas flow, a wedge- 
shaped collecting surface was used. Our later experience 
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Fic. 2. Metal Dewar and collection system. 











im Tl eee Ne showed that the use of this wedge did not greatly in- 

GAGE crease the brightness of the glow. 

Under our best operating conditions, the glow in the 
metal system was maintained for 1 hour while depositing 
about 1.5g of nitrogen and using approximately 2.5 
liters of liquid helium. In the glass system the glow has 
been maintained for 45 min while depositing 5.5 g of 
nitrogen and using 7 liters of liquid helium. Part of the 
helium was used to cool the apparatus from 77°K 
to 4.2°K. 

Radiation was observed through quartz windows 
i i oOo &E on both sides of the wedge and was focused by quartz 

uouo ta Mla lenses onto the slits of the spectrographs. Two prism 
NITROGEN |F-_ || r spectrographs and a direct reading grating mono- 
| | = chromator were used simultaneously. Each prism in- 
strument has interchangeable quartz and glass optics; 
both sets of optics were used in each instrument. One 
has an F/10 optical train giving, with the slit widths 
used, a resolution of about 1.5 A at 5200 A (glass) and 
0.5 A at 2600 A (quartz). The other spectrograph has 
a F/4 camera giving an increase in photographic speed 
speed of 6.5 times; with the slits used it gave a resolution 
of about 4A at 5200A (glass) and 0.8A at 2600A 
(quartz). The direct reading monochromator uses 
photomultiplier detection and the signal is amplified 
and transferred to a pen recorder.“ Because of the low 
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Fic. 1. Pyrex Dewar and collection system. 


1A Dewar constructed at the Johns Hopkins University 18 W. G. Fastie, J. Opt. Soc. Am. 42, 641 (1952). 
Applied Physics Laboratory, was loaned to us by Dr. R. C ‘4 This instrument was constructed by the Research Depart- 
Herman. ment of the Leeds and Northrup Company and loaned to the 
12 W. H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952). | National Bureau of Standards on a field trial. 
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TABLE I. Observed lines and bands emitted by a solid of condensed products of a discharge through nitrogen gas. 








Wave 
number 
cm~! (vacuum) Intensity 


Wavelength 


A (air) System 


Wave 
number 
em™~ (vacuum) 


Wavelength 


A (air) Intensity System 





42 204.3 
40 829.0 
40 354.3 
39 844.5 
39 614.0 
39 064.5 
38 522.6 
38 247.1 
38 015.8 
37 896.2 
37 310.7 
36 729.5 
36 306.7 
36 273.8 
36 197.6 
35 571.7 
35 258.0 
34 968.2 
34 534.6 
34 506.0 
34 440.6 
33 872.4 
33 753.4 
33 586.7 
33 506.8 
33 239.4 
32 824.7 
32 729.1 
32 456.0 
32 363.6 
31 658.5 
31 551.6 
31 235.1 
311514 
31 052.8 
30 680.2 
30 598.4 
30 552.6 
29 760.5 
29 659.8 
29 513.6 
29 420.7 
29 039.5 
28 916.0 
28 813.5 
28 312 

27 984.4 
27 954.7 
27 870.5 
27 785.3 
26 730 

26 521.2 
26 470.6 
26 284.1 


2368.7 
2448.5 
77.3 
2509.0 
23.6 
59.1 
95.1 
2613.8 
29.7 
38.0 
79.4 
2721.8 
53.5 
56.0 
61.8 
2810.4 
35.4 
58.9 
94.8 


Sah &ih 


SBS & & BS Sees 


— 


ttt 


76.7 


3803.5 





26 178.1 30 Cc 
25 726.8 D 
3985.8 25 082.0 

91.3 25 047.4 

97 25 012 
4100 24 383 
4224.0 23 667.6 

31.0 23 628.4 
4316 23 163 
4487.6 22 277.4 

96.0 22 235.8 
4621 21 634 
4782.0 20 905.9 

87.4 20 882.3 

92.0 20 862.3 
20 245 
19 891 
19 557.5 
19 527.4 
19 518 
19 173.1 
19 151.4 100 
19 120.6 200 
19 096.9 150 
19 077.2 80 
18 232.1 50 
18 200 1 
18 016 200 
17 801 150 
17 672 130 
16 927 20 
16 820 30 
15 821 5 
15 645 40 
15 485 10 
15 314 20 
15 120 20 
14 939 5 


3818.9 
85.9 


Pe Re he ame BR BR RRR 


RBBwD 


AAAAANR, 


Tentative assignments 


a, 8—atomic nitrogen transitions 
a’—unidentified, probably atomic 
A—Z—*, No 
B—NO:2, diffuse 

tabulated. 
C—NO 8, diffuse bands. Band head position tabulated. 
D—NO 8, shorter \ of doublet, degraded to red. 
E—NO vy, longest \ of 4 observable heads, degraded to violet. 
F—NH, heads 
G—N,, first positive 
H—Nz2, second positive 
J—OH, (0,0) Q1, Qs: 
X—Unidentified 


bands. Position of maximum intensity 








light intensity a wide slit (about 50 microns) was used, 
permitting a resolution of the order of 0.5 A. 


III. VISUAL OBSERVATIONS 


While the discharge is maintained, the collecting 
surfaces (Figs. 1 and 2) emit visible radiation strong 
enough to be seen in daylight. The color of this glow 
changes from a blue-green to a yellow-green with in- 
creasing nitrogen flow rate. At too high a flow the glow 
disappears, and in the metal system the deposited solid 
evaporates. The glow does not always begin as soon as 
discharge products are collected on the cold walls. 


Even though the correct flow and discharge conditions 
are established the glow may not appear for the first 
minute or two. We do not know if the condition of the 
surface is critical for the appearance of the glow. How- 
ever, the glow has been observed with products of dis- 
charges through nitrogen deposited on clean glass, 
copper, silver, fused silica, sodium chloride, and solid 
oxygen. A primary requirement is that the surface be 
below 35°K. It appears that the brightest glow occurs 
at a few degrees above 4.2°K. 

Another characteristic of the surface glow is the 
random occurrence of local bright spots while material 
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is depositing. Brilliant blue flashes can be observed on 
(or in) the surface. In the glass apparatus the region 
of the blue flash is a few millimeters wide. It appears to 
be an explosive reaction spreading in a fraction of a 
second for several centimeters within the deposited 
material. In the metal apparatus, similar flashing occurs 
and, in addition, a more usual occurrence is for the 
green to disappear leaving a blue surface. This latter 
effect occurs with different relative brightness every 
few seconds. Photoelectric measurements of this phe- 
nomenon were made and are discussed below. 

If the flow of nitrogen is stopped, the discharge goes 
out and an afterglow from the cold collected material 
persists for as long as 5 minutes. During this time the 
intensity diminishes steadily with no spontaneous 
flashing. The addition of more nitrogen through the 
discharge causes the material again to glow brightly. 
In one case the afterglow lasted more than 4 minutes 
even though the added deposition was for less than 
10 seconds. 

When the green afterglow has disappeared, warming 
the surface (by the addition of warm nitrogen or helium 
or by removal of liquid helium) causes a blue-green 
afterglow. Under conditions in which the temperature 


(a) (a') (b) 


Fic. 3. (a) Spectrum of afterglow in flowing nitrogen gas at 
pressure of 4mm Hg. The glow was observed 20cm from the 
discharge in a path length of 5 cm, F/4 quartz prism instrument ; 
slit width 0.03 mm; J-F (3) plate; exposure time 15 min. (a’) 
Same as (a), but exposure time 50 min. (b) Spectrum from solid 
at 4.2°K while products from a discharge through nitrogen are 
being collected. Slit width 0.014 mm; 103a-0 plate; exposure time 
10 min. 


SOLID NITROGEN 


A bands 
0,2 


(a) (b) (b') (c) 


Fic. 4. (a) Spectrum of afterglow in flowing nitrogen gas at 
pressure of 4mm Hg. The glow was observed 20cm from the 
discharge in a path length of 5 cm, F/4 glass prism instrument 
slit width 0.020 mm; 103a-F plate; exposure time 15 min. (b) 
Spectrum from solid at 4.2°K while products from a discharge 
through nitrogen are being ccllected. Slit width 0.041 mm; 
exposure time 25 min. (b’) Same as (b), but exposure time 5 min. 
(c) Spectrum of green afterglow from solid nitrogen near 4.2°K; 
discharge off. Total accumulated exposure time 30 min. 


does not change rapidly this afterglow has been ob- 
served for an hour. Indications are that the blue-green 
afterglow occurs only within a few degrees below 35°K. 
In two experiments using the glass apparatus, after 
the disappearance of both the green and blue afterglows, 
reimmersion of the vessel into liquid helium resulted 
in the reappearance of a somewhat weakened green 
afterglow. 

The glows originate from the solid or from the surface 
where deposition occurs. This is apparent to the ob- 
server and has been verified in two ways. In the metal 
system with the same nitrogen flow and the same 
discharge conditions, but without a cold surface for 
condensing the material, no spectrum is obtained in 
more than 10 times the exposure time needed to obtain 
the stronger features when a deposit is formed. Further- 
more in one experiment a green afterglow was obtained 
and then a small tip on the bottom of S (Fig. 1) pur- 
posely was broken to allow helium at 4.2°K into the 
vessel. Although one atmosphere of cold helium gas 
was admitted, the glow was not observably affected. 


IV. SPECTROSCOPIC OBSERVATIONS 


The spectra were photographed under various condi- 
tions. Figures 3 and 4 show representative spectra. 
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Fic. 5. Logarithm of measured intensity at 5228 A (a) as function 


of time after the discharge is turned off. Three separate runs are 
shown. The difference in slopes is unexplained. 


Table I lists the wavelengths of most of the prominent 
features together with eye estimates of the relative 
intensities on an arbitrary scale of 1 to 200. Intensity 
of 1 indicates the faintest feature visible in an exposure 
time of 25 minutes for the F/4 glass instrument with 
103a-F plates. The same intensity estimate represents 
an exposure time of 10 minutes for the F/4 quartz 
instrument with 103-0 plates. The intensity estimate 
of 200 is assigned to the most intense lines which can be 
photographed with the F/10 instrument in less than 
1 minute on a 103a-F plate. The symbols in the fourth 
column of Table I indicate the lines or bands that are 
associated with each other, i.e., appear under the same 
conditions, have a similar structure, or can be identified 
from gas spectra. Tentative assignments of the various 
bands also are given. 

Commercial cylinder nitrogen was used. Nitrogen 
flow rates about 20 cm*/min (NTP) were found to give 
the brightest green glow in the metal apparatus; in 
the glass apparatus the optimum flow rate was 105 
cm’/min. Two types of nitrogen gas were used— 


TABLE II. Intensity changes of features of the solid glow, 
coincident with the blue flash. 








Half-life, sec 


<0.10 
12-22 

<0.25 
<0.25 


% Change 


<+10 
— 250 
+ 20 
+100 


Wavelength, A 


5565 B 
5230 a 
4782 A 
4379 B 


System 
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Matheson Chemical Company prepurified nitrogen con- 
taining less than 10 parts per million of both hydrogen 
and oxygen; and Southern Oxygen Company superdry 
nitrogen containing less than 1 part per million of 
hydrogen and a few tenths of one percent of oxygen. 
The same phenomena were observed with both types 
of nitrogen. In one experiment a leak developed at the 
quartz windows. This addition of air enhanced the band 
systems of molecules containing oxygen. Figure 3 (b), 
shows the spectrum obtained under these conditions. 

Figures 3 and 4 also show for comparison some gas 
afterglow spectra obtained under the brightest condi- 
tions in the same flowing nitrogen gas at a pressure of 
4 to 5 mm Hg, more than 5 times the pressure used 
while obtaining the solid glow. 

Photoelectric measurements were used to supplement 
visual observations of changing conditions. Table II 
contains a summary of some observed intensity changes 
which accompany the blue flashes. Column 1 gives the 
wavelengths at which the intensity was observed. 


a B 


I! : Hg : Hg 


5228.5 5549 


Fic. 6. Spectra of the a and 8 lines emitted by the solid near 
4.2°K while the discharge is on. F/10 glass prism instrument; 
103-F (3) plate; exposure time—3, 9, and 27 minutes. 


Column 2 gives the designation of the other lines or 
bands having the same behavior. Column 3 shows the 
maximum percentage change of signal occurring simul- 
taneously with an observed blue flash. A minus (—) 
sign means that the intensity decreased and a plus (+) 
sign means that the intensity increased. The right-hand 
column gives the time after the discharge is off for the 
intensity to decay to one-half its value. With the excep- 
tion of the a radiation, all intensities dropped to zero 
more rapidly than the pen recorder could indicate. 
Three representative plots of the decay of the a radia- 
tion are shown in Fig. 5. 


V. DISCUSSION 


The spectra observed from the solid nitrogen are 
quite different from those obtained from either the 
nitrogen discharge or the nitrogen afterglow. Tentative 
assignments have been made for the observed systems 
in the spectra obtained from the solid material. 
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The @ and @ lines, (see Fig. 6) are thought to be 
emission from nitrogen atoms as affected by the solid. 
The relative intensity of these lines varies with flow 
rate, the @ lines coming out more strongly at higher 
flow. As Fig. 6 shows, the a lines are quite narrow, with 
a sharp edge on the short wavelength side. The @ lines 
are quite diffuse, having an average width of about 
30 A. Herzfeld and Broida‘ postulate that the a lines 
near 5230 A result from the 7D—4S transition of atomic 
nitrogen. The 2D state in the gas has a lifetime of several 
hours.'® while the lifetime in the solid is of the order 
of 15 seconds. No explanation has yet been made of 
the line at 5944 A, but the line is thought to originate 
in a manner similar to the a lines because it occurs 
under the same conditions. 

Herzfeld and Broida® also tentatively assign the A 
bands to the *2,+—A*2,* transition of molecular 
nitrogen. These 10 bands fit the following equation 
to within the experimental error of measurement, 
+0.5 cm™: 


v= 27961.1+12.10’— (1462.20 — 10.200’ 
+1.6X 10-*0'+ 1.0 10-50’). 


The £ bands are the y system of NO (A*2+— X?II). 
There may be a small shift (about 0.6 A) to shorter 
wavelengths of the bands in the solid as compared to 
those in the gas afterglow. Table III lists the measured 
wavelengths of the four heads (°P12, P2, Pi, Q1) in the 
solid and in the gas afterglow, as well as the vibrational 
quantum numbers.'*.'” The intensity estimates, for the 
spectra from the gas and the solid, were made from our 
photographs on our arbitrary scale of 0 to 10. This is a 
different scale from that described for Table I, but 
represents a self-consistent scale for this table. Curiously 
enough (Fig. 3) the vibrational and rotational intensity 
distributions indicate a higher “temperature” in the 
solid than in the gas afterglow. 

The D lines appear to be the bands of the 8 system of 
NO (B*IIl— XII) shifted about 9.4A (approximately 
100 cm~') to longer wavelengths. Associated with each 
pair of D lines and on the long-wavelength side is a 
diffuse band C. The C-bands are quite broad, having a 
width of about 10 A. Table IV lists the measured wave- 
lengths of the double heads in the solid and in the gas 
afterglow. Vibrational assignments are from Pearse 
and Gaydon.'’ The intensity estimates were made in 
the same manner as for Table ITI. If there is no rotation 
in the solid, the measured shift may in part be caused 
by the difference between the position of the origin 
and that of the band head and in part caused by solid 
state effects. Also it is possible that the diffuse bands C 
may be caused by hindered rotation as suggested for 


18 G, Cario and L. H. Reinecke, Abhandl. Braunschweig Wiss. 
Ges. 1, 11 (1949). 

16B. Rosen, Ailas des Longueurs d’Onde Caracteristiques des 
Bandes d’Emission et d’Absorption des Molécules Diatomiques 
(Hermann and Cie, Paris, 1952). 

17R. W. B. Pearse and A. G. Gaydon, The Identification of 
Molecular Spectra (Chapman and Hall, Ltd., London, 1950). 
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TABLE III. Gamma system of NO (A*2+— XII), E-bands, in 
the solid and in the gas afterglow. Band heads of the four branches, 
°Pi2, Po, Pi, and Q; are listed. 








Wavelength, A 
Solid Gas* 


2361.8 2363.6 
2369.0 2370.2 


2440.0 2439.5 
2448.5 2447.3 


2470.0 2469.8 
2471.3 2470.9 


2477.0 
2478.4 


Intensity 
Solid Gas 


5 6 





3 2 


2477.3 


2513.4 
2515.1 


2523.6 


2550.3 
2551.0 


2557.6 
2559.1 


2586.0 
2587.3 


2594.1 
2595.1 


2629.7 
2638.0 


2669.9 
2670.9 


2678.4 
2679.4 


2711.5 
2712.7 


2720.7 
2721.8 


2753.5 


2799.4 
2800.9 


2809.0 
2810.4 


2847.8 
2849.5 


2857.9 
2858.9 


2886.6 
2897.2 


2942.1 
2951.4 


2996.3 
3007.6 


3031.4 
3045.6 


3157.8 
3168.5 


3186.5 
3200.6 


3267.2 
3272.1 


3442.6 
3457.3 


2515.6 
2523.2 
2549.8 
2550.6 
2557.3 
2558.6 


2586.1 
2587.0 


2593.9 
2595.3 


2631.1 
2638.9 


2669.8 
2671.4 


2678.6 
2679.6 


2711.7 
2713.4 


2720.5 
2721.9 


2754.7 


2799.9 
2801.2 


2809.2 
2810.5 


2849.6 


2857.9 
2859.3 


2888.9 
2898.3 


2941.6 
2952.0 


2997.4 
3008.7 


3032.5 
3043.7 








* Wavelength of the gas spectrum are taken from Rosen.'* 
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TaBLE IV. Beta system of NO (B*H— XII), D bands, in the 
solid — in the gas afterglow. Band heads of the two R-branches 
are listed. 








Wave 
number 
difference 
em! 


Wavelength A 
Solid Gas* 


2613.8 (2602.5) 
2616.6 (2608.0) 


2629.7 2620.5 
2633.5 2626.4 


2756.0 2747.5 
2761.8 2754.2 


2894.8 2885.3 
2900.6 2892.6 


2943.2 
2951.5 


3034.5 
3043.0 


3197.7 
3206.7 


3376.2 
3386.2 


(3446.0) 
(3456.9) 


(3572.4) 
(3583.5) 


3787.4 


Intensity 
Solid Gas 


0 1 





166.0 
126.0 


133.5 
102.6 


112.2 
99.9 


113.7 
95.3 


2961.8 


3045.6 
3051.8 


3209.2 
3215.7 


3387.3 
3395.2 


3457.3 
3469.6 


3587.0 
3593.8 


3803.5 


117.8 


120.1 
94.8 


112.1 
87.2 


97.0 
78.3 


94.9 
105.9 


113.9 
79.9 


2 5 111.8 








* Wavelengths tabulated in parentheses are taken from Pearse and 
Gaydon.” 
the weak companion lines of the A-bands.' The meas- 
ured frequencies of the shorter wavelength line fits the 
following equation within the experimental error: 


v=45 742.1+1003.50’—4.0v” 
— (1903.40’’— 14.00’"—0.01950’"). 


This indicates a change in the vibrational frequency 
of the upper state (B*II) of NO from 1037.0 cm™ in 
the gas to 1003.5 cm™ in the solid. There is not sufficient 
data to know if the change in the anharmonicity (from 
7.6 to 4.0 cm™") is real. The change in the intensity dis- 
tribution is very marked. 

The rather prominent lines at 3359 A and 3370A 
are the Q maxima of the 0,0 and 1,1 bands of NH 
(A*II;— X*Z-). Fine structure observed in this region 
is associated with this system and also with the system 
c'II—a'A of NH for which the 0,0 band heads are ob- 
served near 3253 A and 3237 A. 

The B-bands have very diffuse appearance, and are 
extremely broad, extending is some cases 50 to 100 A. 
In some regions a few sharper features may be dis- 
tinguished within the diffuse bands. The positions of 
the maxima of intensity (listed in Table I) and of the 
sharper features show a fairly close correlation with 
the wavelengths of the emission and absorption 
spectra of NO».!7.8 

18 F. H. Newman, Phil. Mag. 20, 777 (1935); V. Kondratjew, 


Physik Z. Sowjetunion 11,320 (1937); Y. Tanaka and M. Shimazu, 
Tokyo Sci. Research Inst. 43, 241 (1949). 
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The group of bands labeled G, which is observed in 
the spectrum of the solid in the region between 6000 
and 7000 A, is probably part of the first positive system 
(B*IIl— A®Z) of Ne. Table V compares the wavelengths 
of these bands with those of the first positive system as 
measured in a gas afterglow at a pressure of about 
4 mm Hg and indicates a shift of 15 cm~. Our measured 
values for the spectrum of the gas differ from those 
listed in Pearse and Gaydon" because our small dis- 
persion made it more convenient to measure at the 
positions of the centers of the bands rather than at the 
band heads. The intensity estimates were made in the 
same manner as for Table IIT. In addition to the bands 
listed in Table V, bands of the Av=2 progression have 
been observed on another plate. The vibrational in- 
tensity distribution from the solid differs from those in 
the discharge and in the gas afterglow. In particular 
the lack of appreciable intensity in the bands originating 
from v’ = 12 is of interest in the interpretation of mecha- 
nisms of active nitrogen. 

A number of very weak lines between 2800 A and 
4000 A have been grouped together and marked H? in 
Table I. The positions of these lines are such as to 
indicate that these lines are part of the second positive 
system of Ng. However, a number of the more intense 
bands of the system which should be observable would 
fall in regions where they may be masked by other more 
intense features. The observations are suggestive of the 
occurrence of the second positive system, but the 
identification is quite tentative. It is possible that a 
small amount of light is reflected from the discharge, 
but there is no direct evidence of this. 


VI. SUMMARY 


On collecting, at liquid helium temperatures, the 
products of an electric discharge in nitrogen gas, several 


TABLE V. First positive system of N. (B*II— A®z), 
G-bands, in the solid and in the gas afterglow. 








Wavelength,* A 
Solid Gas 


Intensity 
Solid 


. 
: 


Gas 





5743 
5792 
5842 
5893 
5948 
5999 
6055 
6109 


6168 
6233 
6305 


6381 
6450 


6606 
6688 


— 
NOH 


—_ 
wy 


— ee 
PMN AW OS 


6319 
6390 
6456 
6528 
6612 
6692 


WOSMO~INAN & ONNRUADA 


RW PUD O OF DW PUD 0 








* The ition of the center of each group was measured. 
dB observed but position not measured. 
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types of glow are observed. Evidence that the observed 
glows are a solid phenomenon has been given above. 
The most intense features of the spectra, the a and 8 
lines and the A-bands (Table I and Fig. 3), are quite 
different in appearance from the usual spectra obtained 
from gases. However, the NO y bands (Z) and the NH 
bands (F) show considerable rotational structure and, in 
addition, indicate a comparatively high rotational 
“temperature.” It seems possible that local heating or 
“explosions” may form the excited molecules leading 
to these bands in the gas phase just above the surface. 
Band heads of the system attributed to NO 6 (B and C) 
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from the solid are displaced on the average of 9.4A 
from the gas NO 8 system and the system has a very 
much different structure and intensity distribution in 
the solid than in the gas. The intensity distribution of 
the N» first positive bands (G) differs in the solid from 
that in a gas discharge or in a gas afterglow, and the 
bands also may be shifted to longer wavelengths. 

We should like to acknowledge the assistance of Mr. 
G. E. Beale and Mr. A. K. Stober in preparation for 
and in carrying out these experiments. Discussions 
with Dr. C. M. Herzfeld have been very helpful and 
stimulating. 
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Molecular Excitation in Beta Decay* 
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The theory of molecular excitation in beta decay is developed for the general case of a polyatomic mole- 
cule. Calculations of the daughter molecule vibrational excitation are carried through for diatomic molecules, 
and the results are presented graphically. Finally, the formation of the (He*H*)* molecule ion in the decay 
of one nucleus of a tritium molecule is studied in detail. It is concluded that the (He*H®)* ground electronic 
state vibrational spectrum should be observable in the light spontaneously emitted by tritium. For example, 
neglecting nonradiative transitions, one expects approximately 10 photons per second to be radiated at 
wave number 2.35 X 10® cm™ by every gram of tritium in the 1-0 vibrational transition. 


I. INTRODUCTION 


HEN the nucleus of an atom undergoes beta 
decay, it is possible that the resulting daughter 
atom will be formed in an electronically excited or 
ionized state. A number of papers'~* have investigated 
the theory of this process both for electron (++) emission 
and for electron capture. In addition, the holes produced 
in the electronic shells and, .in the case of K-capture, 
the ejected orbital electrons have been detected experi- 
mentally, with a probability in general agreement with 
the theoretical predictions.!°-' 
If the nucleus which decays is one of several in a 
molecule, the physical situation is more complicated. 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t National Science Foundation predoctoral fellow. 

1A. Migdal, J. Phys. (USSR) 4, 449 (1941), 

*E. L. Feinberg, J. Phys. (U.S.S.R.) 4, 423 (1941). 

3A. Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 2 (1952). 

4P. Benoist-Gueutal, Physica 18, 1192 (1952). 

5H. M. Schwartz, J. Chem. Phys. 21, 45 (1953). 

6H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953). 
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8 P. Benoist-Gueutal, Ann. phys. 8, 593 (1953). 

®M. Wolfsberg, Phys. Rev. 96, 1712 (1954). 

10 G. Charpak, Compt. rend. 237, 243 (1953). 

1G, A. Renard, Compt. rend. 238, 1991 (1954). 

2 T. B. Novey, Phys. Rev. 86, 619 (1952). 

18 J. A. Miskel and M. L. Perlman, Phys. Rev. 94, 1683 ahs 

“4 W. Rubinson and J. J. Howland, Phys. Rev. 96, 1610 (1954). 

18 F, T. Porter and H. Hotz, Phys. Rev. 89, 938 (1953). 


Not only can electronic excitation and ionization occur, 
but the daughter molecule can be left in an excited 
vibrational or rotational state. The former effect is due 
primarily to the sudden change in nuclear charge, 
while the latter essentially results from the recoil 
momentum given the decaying nucleus. Dissociation of 
the daughter molecule can also take place if this 
molecule is formed either in an unbound electronic state, 
or in a bound electronic state but in vibrational and 
rotational states with a combined energy exceeding the 
depth of the corresponding internuclear potential well. 

The purpose of this paper is to present a theoretical 
treatment of the problem of molecular excitation in 
beta decay. It is divided into three parts. First, a 
general discussion is given for polyatomic molecules; 
time-dependent perturbation theory is used, and the 
direct interaction between the emitted electron and the 
molecular electrons is neglected. Second, the special 
case of diatomic molecules is treated. Here the Born- 
Oppenheimer" approximation gives simple vibrational 
and rotational wave functions for the nuclear motion 
so that the problem can be investigated in some detail. 
Also, a classical distribution of the daughter molecules 
over their final rotational states is given, and the 
possibility of experimental detection of the dependence 
of the final state population on the beta-decay coupling 


16M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 
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type is considered. Finally, the calculations are carried 
through for the tritium molecule, which becomes, after 
the beta-decay of one of the tritium nuclei, the He*H® 
molecular ion. 

It should be added that, particularly in the case of 
electren (—) emission, the daughter molecule is most 
often ionized. The general lack of quantitative infor- 
mation about ionized molecules makes it difficult, 
however, to produce specific theoretical predictions. 
On the other hand, experimental observations on 
molecular excitation in beta decay combined with the 
general theoretical work may provide a valuable tool 
for the study of previously neglected or unknown 
ionized molecules. 


Il. POLYATOMIC MOLECULE CASE 
Initial and Final States of the System 


The initial and final states of the beta-decaying 
system for a polyatomic molecule containing 9t nuclei 
(with one or more of them radioactive) and 


mn 
6= DY Zinitiai;v 


N=1 


electrons are, neglecting magnetic interactions, de- 
scribed by eigenfunctions of the following Hamiltonian: 


N 
H%= 3 A gue: n(- 4 *XkSkyQk’ -) 
N=1 
m Zyqie 
SANE © Sy pipet cal 
N=i |Ry—Y, 


<p, Sa See 


9 
e”di 


—+ A iept(Y¥1,51,91). (1) 


l 


Coordinates represented by the capital letters Y and R 
refer to axes fixed in space; those represented by the 
small letters y and r refer to axes fixed in the center of 
mass of the molecule; while those represented by x 
refer to the center of mass of a particular nucleus. The 
coordinates X;, Sz, gx are the space, spin, and charge 
coordinates of the kth nucleon in a given nucleus; Y, 
and s, are the space and spin coordinates of the eth 
electron of the molecule; Y;, s:, g: are the space, spin, 
and charge coordinates of the lepton involved in the 
beta decay; Ry is the space coordinate of the center of 
mass of the Nth nucleus in the molecule. Hauci;w and 
Hoi are respectively the Hamiltonians for the internal 
motion of the Aw nucleons in the Nth nucleus and for 
the molecular system of 3 electrons and ¥t nuclei 
(considered as point charges). Hip: is the free-lepton 
Hamiltonian. Here and in general below our notation 
follows that of Primakoff and Porter® to which reference 
should be made. 

If the interactions between the decay electron and 
all the other charged bodies except the decaying nucleus 
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(N’) are neglected, the Hamiltonian reduces to 


nN 
H®= z A yuei:v(- e *XkySkyQk’ . ‘) 


N=1 


+ Hint mol(* . * Ve Se° * 4 * “ifn: . -) 
+He.m. en; aD 


Zweqi 
a —— + Breve (¥i,51,91) ’ (2) 


[tw—yi| 


where, in addition, the internal molecular motion has 
been separated from the motion of the center of mass 
of the molecule. In this approximation, the correspond- 
ing eigenfunction can be expressed as a product of 
functions which are separately eigenfunctions of the 
individual parts of the Hamiltonian. 


N 
¥= II Prue; .n( ***KeSkyQk* * .) 


N=1 


XPint me C "We Serr s cc eEne: ‘)V- 
Xexp(iP- Re.m./#)Urept(Yi,52,92). (3) 


For the case of negative electron emission, the lepton 
in the initial state is a neutrino of negative energy, 
having as its eigenfunction 


Uiept; (Y1,81,92) 
= V- exp(—ip,- Y,/h)v_.¢»)(s:)w>(qu) 
= V~! exp(—ip,- Re.m./#) exp(—ip,-tw-/h) 
Xexp[ —ip,: (yi—tw-)/h Joa») (swr(qi). (4) 


After the decay, i.e., in the final state, the lepton is a 
negative electron. Since only the Coulomb interaction 
with the emitting nucleus is considered, the space part 
of the final state lepton eigenfunction referred to the 
center of mass of the daughter nucleus is Xtept;¢(Y1) 
=V-* exp[ip.:(yi—rw’)/#] times a confluent hyper- 
geometric function of p.-(y:—rw’). However, referred 
to axes fixed in space, the lepton eigenfunction com- 
puted on the Born-Oppenheimer approximation (i.e., 
on the assumption that the lepton velocity is large 
compared with the velocities of nuclei within the 
molecule) contains an additional and very important 
exponential factor: exp(ip.: Re.m./#) exp(ipetw’/h). 
Thus, 
Urept; ¢(¥1,51,92) =exp(ip.: Re.m./h) exp(ipe-tw//h) 

X x1ept; s(Yi)Ve¢*) (S1)We(qu)- (5) 


Transition Probability 


The interaction Hamiltonian causing the transition 
is the beta-decay interaction: 


®N Avy 
H®=gd DY Q,2,Q0,5(ty+xn— yi) 


N=1 n=1 


+Herm. conj. (6) 
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Then the transition probability per unit time is given 
in first order by time-dependent perturbation theory as 


Qn 3 
P,.¢= 7 fern. Pf, (7) 
1 


where the density of final states (p,) is in this case 
py=V? (169 h8c®)—"p?2(Eo— E,)*dp dQey. (8) 


The desired total transition probability per unit time 
is obtained by averaging (7) over the initial states of 
the system (i.e., of the molecule) using the appropriate 
Boltzmann statistical weighting factor and then sum- 
ming it over the final states of the system which are 
not experimentally distinguished. Except in those 
special cases where several identical radioactive nuclei 
are symmetrically located in the molecule, a specifi- 
cation of the type of the final molecule simultaneously 
tells which nucleus (N’) has decayed, so that the inter- 
action Hamiltonian reduces to a single summation. In 
this form the matrix element can be factorized into a 
product of integrals. Integration over the center-of- 
mass coordinates of the molecule simply introduces the 


Piya) 


Here the constant \ is characteristic of the coupling 
assumed,!? while 7K is the recoil momentum of the 
decaying nucleus. It is seen that expression (11) is just 
the average, over all possible modes of the beta decay, 
of the term included in the curly brackets. This brack- 
eted term itself can be interpretated as the probability 
P.s)(K) that a molecule, one of whose nuclei has 
suffered beta decay and has been given a recoil mo- 
mentum 7#K(p,.,0.,), will be found in a specified range 
of internal molecular final states. Thus 


J fapao.ce (Peer) Py) (K) 


P(iyoif) 
_ ret (12) 


Ps TIE IH al 
ff 40.06.16 (p..) 
where 


G™ (pe Ber) = pe (Eo— E.)°M™ (peer) 

X[1+A(0./c) cosPer | sind., 
is the beta-decay electron distribution function in the 
variables pe, Ber. 


17J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 716. 
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requirement of conservation of momentum, so that 


Pown= f dp. f d2 > Av, V?(8rth7c*)> 
(f) 


X p2(Eo— E.)?| ME™ nuci;n’ |? 
x4 pa | (vere T (s) Qi s(v)(S1)) |? 


8e,8y 


x forte mol; f 


Xexp[ —i(p.+p,)- rv: h Pint mol;a] 5 (9) 


| 
where 


Avi(-+-)=D e-2e*?(---)/[D, FAT], (10) 


A considerable simplification is possible if the nuclear 
matrix element is written as the product of a constant 
and a function [M“ (p.,8.,) ] which is characteristic of 
the order of forbiddenness of the decay and of the type 
of coupling assumed. Then (9) becomes, upon inserting 
the explicit result of the spin summation and dividing 
Pins) by Pg (the isolated bare nucleus beta-decay 
probability per unit time). 


a) 


(f) 


(11) 


A more convenient expression results if the variables 
are changed from p, and 6,, to p, and K. The new 
distribution function L™(p.,K) analogous to the 
previous G™ (p,,0.,) is then 


Lo (pe,K) - Kp.(Eo— E.) Mw (PeDer) 
X[1+ (0./c) cos], (13) 


where the @,, is considered as a function of p, and K, 
and the integration over K is performed from 
[pet (E.—E.), ‘cVWh to | Pe— (Eo— E,)/c| /h. 

In the special case of allowed decay M“)(p-,8-) is 
independent of @,,, causing the coefficient of in the 
denominator of (11) to vanish. The probability ratio 
P(iy4¢4)/P is then a linear function of \ and can be 
written in the form 


Piyait/Pp=Dei,.nt+rBe,n- (14) 
III. DIATOMIC MOLECULE CASE 
Specialization of Previous Theroy 


In the special case of diatomic molecules and with 
the Born-Oppenheimer approximation, the energy 
eigenfunctions for the internal molecular motion factor- 
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' 
Fic. 1. Coordinate system for diatomic molecule case. 
ize in terms of electronic, vibrational, and rotational 
eigenfunctions as follows'*: 


Pint mol==Pei(- ** Fate” *)®viv;n(|ti— Fe =f) 


X Prot: y, u(0,¢), (15) 


where : 
Bin —{ ) HLa(gé—fo) J 
fo 2"! 
Xexpl —}a*($—f£o)"], 
| 
rot; J, M>= 
2(J+|M]|)! 
X Ps'"!(cos#) 


Eint mol EvintErott Bete 
a= (uk/h*)'= (uw/h)'= (MM'o/h(M+M))}, 


M’=mass of decaying nucleus, 


(16) 





ee 
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(17) 


¢o= equilibrium internuclear separation. 


A diagram of the coordinate system used appears in 
Fig. 1. Notice that the z-axis has been chosen along 
the direction K/K of the nuclear recoil, making the 
angle between K and ry: be 6. The expression which 
must be evaluated is then 


Poy (K)= |MSai|? ~ Av; J fees. mente) 
) 
2 


X Fac, acs) (K A) Prot; 70), mw (0,¢)d(cosd)dg| , 


(18) 


1%®L. Pauling and E. B. Wilson, Introduction to Quantum 
M Nagy (McGraw Hill Book Company, Inc., New York, 1935), 
Chap. 10. 


where 


Fac an(KA= f Fenar*@ exp(iKuf cos#/M") 
iz XPrvin;man(Hgords, (19) 
mbu= fea. **VeSe°° -) 
XPesi(--*YeSe°+)- (20) 


Since the main contribution to the integral over ¢ will 
be in the region of fo, the volume element ¢*d¢ has been 


: replaced by {c’df, and the integration has been extended 


to minus infinity. If the experiment performed does not 
distinguish between individual final rotational states, 
they must be included in the sum over final states. 
Use of the closure approximation with respect to these 
final rotational states yields 


Py) (K)= jmBal Avi ff |Fm:s00,. Ge)! 


X Fnciy, niy* (KP) Fac, nosy (K,O)d(cosd)dgy. (21) 


At room temperature and below, the great majority 
of the molecules will be initially in the lowest vibrational 
state (m;=0), so that the average need be performed 
only over initial rotational states. Application of an 
addition theorem for spherical harmonics, 


J 
d |@yay|?=(27+1)/4e, 


M=—J 
provides the result that 


Avi] Prot: 7, Mw (8,¢) |? 


J 


= YS |@yy|?/(2J+1)=1/4e. (22) 


M=— 


Pun,/ME ef? 


1.0 


a(f)-ali* a 
EE ld=€, 
ali)*O 
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Fic. 2. Vibrational excitation of a diatomic molecule resulting 
from the recoil with momentum #K (averaged over all directions) 
of one of its nuclei. The parameter M’a/y dividing K in the 
abscissa is characteristic of the diatomic molecule involved and 
will occur repeatedly in the following material; it will be noted 
that uK/M’a= (recoil velocity of decaying nucleus)+ (zero point 
vibrational relative velocity in initial molecule). 
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Thus, 
1 

Pac (K)= [on 8al*3 f Fn(iyncs)* Fnciyncsd(cosd). (23) 
1 


The quantities Fo, »<y)(K,@) can be written in general, 
from the integral in (19), 


a \'f a \! 2 } 
ore ey ee 
2"in,;! 2"inz! arz+a/? 


K*x2 cos’0 
2(afta?) 2(af+a?)M” 
, artosta?zto; pK cosé 
yy ine grip 
arta? M' 


nz! aP—a? 
xr ( ) 
m m!(ns—2m)!\aP+a? 
—2aya?5+i2a pK cosb/M'\ 2" 
x(- ) , (24) 


arta? 








apazs 





x exp| ~ 











where 6={o;—f{o;. For the first two final vibrational 
states, 


Foo* Foo(K,0) 
ara?Zs u?K? cos’é 


(a?+a?) M?(a?—a,?) 





2ajay 
=————e 
(a?+a,/’) | 


Fo1* Fo1(K 8) 
2a Pa 48?+ 2a 7K? y2cos’0/M” 
(a?-+a?)? 


The integral over @ in (23) is a Gaussian integral, whose 
values are tabulated. Then the final averaging in (12) 
and (13) must be performed numerically. Alternatively, 
the integration over K in (12) and (13) [using (23), 
(24) ] can be performed first. The @ integration remain- 
ing is again Gaussian, leaving only the integration 
over p, to be carried out numerically. 





= Foo* Ful . (26) 


General Curves 


In some cases, it is a good approximation to assume 
that foc=foy=fo and that ay=a;=a. This greatly 
decreases the complexity of the mathematical formulas 
and makes the theoretical predictions particularly 
amenable to general graphical presentation. Such 
approximations have been used in all of the graphs 
described in this paragraph. Figure 2 is the probability 
that a diatomic molecule, one of whose nuclei has 
recoiled with momentum 7K, will be found in the », 
final vibrational level of a certain specified electronic 
state, plotted against uK/M'a for ns=0, 1, 2, 3, 4, 5 
with n;=0. Figure 3 represents probabilities per 
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Fic. 3. Probability of a diatomic molecule remaining bound 
after the beta decay of one of its nuclei, plotted against the 
energy release in the beta decay, for several values of the number 
of bound vibrational states belonging to that electronic state and 
for several values of the parameter M’a/u. The internuclear 
potential well has been assumed to be parabolic. Nuclear Cou- 
lomb field and electron Coulomb field (screening) corrections are 
neglected. 
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(allowed) beta decay of the molecule remaining bound 
in a given electronic state, plotted against the energy 
release in the beta decay, for several values of the 
number of bound vibrational states belonging to that 
electronic state and for several values of the parameter 
M'a/y. Since both the molecular eigenfunctions used 
and the rotational closure approximation are poor near 
the top of the internuclear potential well, these curves 
will be rather inaccurate for shallow wells and for large 
energy releases. Figure 4 shows plots of the probability 
per (allowed) beta decay of the daughter molecule 
being found in the my vibrational level of a certain 
specified electronic state against the beta-decay energy 
release, for ny=0, 1, 2, 3 and for several values of the 
parameter M’a/u. In these last curves (Fig. 4), the 
dependence on the type of beta-decay coupling (A) is 
shown explicitly, while in the previous curves (Fig. 3) 
it was assumed that A=0; in all cases the “proba- 
bilities” plotted are actually probabilities divided by 
the appropriate |9N&,.|?. 


Measurability of 4 


Figure 4 shows that the probability of finding a 
daughter molecule in a given vibrational state immedi- 
ately after the beta decay of one of its nuclei may 
depend by as much as 25% on the beta-decay coupling 
type (A). The reason for this dependence is easily seen. 
If the electron and neutrino tend to be emitted in the 
same direction, the average recoil momentum given 
the decaying nucleus will increase, and the daughter 
molecule will be found more often in a higher vibrational 
state. Similarly, a tendency toward antiparallel emission 
is accompanied by a decreased daughter molecule 
vibrational excitation. 

Unfortunately, however, the relative intensities of 
the infrared lines emitted in the radiative deexcitation 
of the vibrational states are not nearly so strongly 
dependent on \. The intensity of a given line is a 
function not only of the population probability of the 
initial state in the radiative process but also of the 
population probabilities of all states which are energeti- 
cally above this state and which can decay to it by a 
chain of (radiative or nonradiative) transitions. If 
certain simplifying assumptions are made, the problem 
can be treated quantitatively. Assume that 


(1) all transitions are radiative and electric dipole, 

(2) higher electronic states, if any, are negligibly 
populated, and 

(3) the vibrational and rotational excitation does 
not exceed the depth of the internuclear well. 


Then A can be expressed as a function of the ratio of 
the number of photons emitted in the 2—1 vibrational 





Fic. 4. Probability of a diatomic molecule being found, immedi- 
ately after beta decay of one of its nuclei, in the my vibrational 
state, for my=0, 1, 2, 3 and for several values of the parameter 
M'a/u. The parameter \ depends on the type of the beta-decay 
coupling. 
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transition to the number emitted in the 1-0 transition, 
®e21/10, and of the quantities D and B defined in Eq. 
(14) and given for diatomic molecules as a function of 
the energy release and of M’a/y in Fig. 4: 


A=[(1— Rayo) (1— Do) — Di J/L Bit Bo(1— Reso) J. 


Figure 5 is a plot of e110 against the beta-decay 
energy release for A\=+1 and for several values of 
M'a/u. The theoretically anticipated small variation of 
R21/10 with X would seem to discourage any experi- 
mental attempt to measure \ by this means. 


Rotational Distribution 


The distribution of the beta-decay excited daughter 
molecules over their final rotational states (in a given 
final vibrational state) differs from that encountered in 
other methods of excitation. If the radiative lifetime 
for vibrational deexcitation is short compared to the 
lifetime for nonradiative rotational transitions, the 
characteristic rotational distribution is reflected in the 
fine structure of the lines emitted in vibrational transi- 
tions, thus providing an identifying characteristic of 
the lines sought. This distribution could, of course, be 
obtained quantum-mechanically by eliminating the 
sum over final rotational states in (18). However, the 
integrals then become difficult to evaluate. Hence a 
classical calculation, valid for high rotational quantum 
numbers, has been performed using the recoil momen- 
tum distribution given by Kofoed-Hansen" for allowed 
transitions and assuming A=0. Figure 6 gives the 
unnormalized probability of finding the daughter 
molecule with rotational quantum number J; as a 
function of a quantity proportional to 


[2ny(M’cx/p)*+ ((M+M")/Moo)*J 7}. 


Notice that, for my=0, the abscissa is proportional to 
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Fic. 5. Dependence of the ratio of the number of photons 
emitted in the 2—1 vibrational transition to the number emitted 
in the 1-0 vibrational transition on the beta-decay energy 
release, the beta-decay coupling type, and the parameter M’a/y 
characteristic of the particular diatomic molecule involved in 
the decay. 


190. Kofoed-Hansen, Phys. Rev. 74, 1785 (1948). 
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Fic. 6. Semiclassical distribution of daughter molecules over 
their rotational states immediately following beta decay. The 
values given for Ey—me*, the beta-decay energy release, are in 
kev. The (Jy)max listed are for nr=0, M=M’, and {)>=1.5 Bohr 
radii. 








J;. The values of the Jy which correspond to the 
maxima of P(J;) (the most probable /;) vary from 
about 4 to about 3 of (Js)max aS Ey—mec? varies from 
0 kev to 560 kev. 

If, on the other hand, the radiative lifetime for 
vibrational deexcitation is long compared to the life- 
time for nonradiative rotational transitions, the fine 
structure of the vibrational lines corresponds to a 
rotational distribution which is Boltzmann. For the 
case of comparable lifetimes, the rotational distribution 
characterizing the vibrational fine structure will be 
intermediate between the Boltzmann and the above 
described characteristic distributions. 


IV. TRITIUM MOLECULE EXAMPLE 


One particularly favorable case for both theoretical 
discussion and experimental investigation is that of the 
tritium molecule, which can beta decay according to 
the scheme 

T.= H*H*— (He*H*)++e~+». 


The He*H? molecule ion is electronically almost identical 
with the He‘H molecule ion,”-* which, first detected 
mass spectrographically in the early 1920’s, is known 
to have at least one stable electronic state (the ground 
state). The lowest electronic energy eigenfunction and 
eigenvalue of (HeH)*+ have been the subject of several 
papers,"*~*8 as have the corresponding quantities in the 
Hy: case.” 


*F,. W. Aston, /sotopes (Edward Arnold and Company, 
London, 1924), p. 129. 

"1 T. R. Hogness and E. G. Lunn, Phys. Rev. 26, 44 (1925). 

%K. T. Bainbridge, Phys. Rev. 44, 57 (1933). 

*%M. B. M’Ewen and F. L. Arnot, Proc. Roy. Soc. (London) 
A172, 107 (1939). 

% G. Glockler and D. L. Fuller, J. Chem. Phys. 1, 886 (1933). 

25 J. Y. Beach, J. Chem. Phys. 4, 353 (1936). 

26 C. A. Coulson and W. E. Duncanson, Proc. Roy. Soc. (Lon- 
don) A165, 90 (1938). 

27S. Toh, Proc. Phys.-Math. Soc. Japan 22, 119 (1940). 

28 A. A. Evett, Phys. Rev. 98, 1191(A) (1955). 

* H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 
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Taste I. Ground electronic state constants of various molecules. Data on (HeH)* type molecules are from the work of Evett.*! 
Vibrational levels have been calculated from the equation W /hc=w,(n+})—w.x.(n-+4). 








Te (He*H)* 


(He®D)* 


(He®T)* (He*H)* (HetD)* (He‘T)* 





1.5085 0.7556 
1.07 0.886 
1.402 1.432 
19.8 38.8 
2553.8 3716 
43.872 214.2 
1266 1804 
2466 3288 
2378 2859 
2291 2431 
2203 2002 


w (mass units) 

10a (cm) 

to (Bohr radii) 
#?/2I (cm) 

w, (cm) 

xe (cm) 

W/he (cm=) 
(Wi—Wo)/he (cm) 
(W2—W3)/he (cm™) 
(W3—Ws)/he (cm™) 
(W.—Ws3)/he (cm™) 


24.3 
2939 

134.0 
1436 
2671 
2403 
2135 
1867 


1.2080 
0.996 
1.432 


1.5085 
1,053 
1.432 
19.5 
2630 
107.3 
1288 
2352 
2012 
1671 
1330 


1.3403 
1.022 
1.432 
21.9 
2790 
120.8 
1365 
2549 
2307 
2066 
1824 


1.7205 
1.088 
1.432 


0.8054 
0.900 
1.432 


1992 








The electronic overlap integral in Eq. (20) was 
calculated using simple wave functions of the form 
suggested by James and Coolidge.” To facilitate the 
integration the equilibrium internuclear distances in 
the lowest electronic states were assumed to be 1.4 
Bohr radii for both molecules. 


¥((HeH)*) = (29)te1-25(Er+€9) (24,8), 
W ((HeH)*) = (2x) te *(Er+€ (22.24 14.8(m+n2)}, 

v (He) = (2m) e- 758r+ £2) { 3.40} , 

Y (Hz) = (2m) te 98+») ( 3.04-+0.564(n:?+n27)}. 


The coordinates £1, £2, 91, 72 are the elliptical coordinates 

of James and Coolidge.” The absolute squares of the 

overlap integrals are tabulated below.” 
v((HeH)*) 


0.73 
0.72 


v'((HeH)*) 


0.59 
0.58 


¥ (He) 
v (Hi) 
Whereas little improvement is obtained by increasing 
the number of terms in the hydrogen molecule function, 
the addition of one term to the helium-hydride function 
has appreciable effect, indicating that a more accurate 
calculation in this case would probably be desirable. 
Table I gives various ground electronic state con- 
stants for the molecules of interest. Figures given for 
helium-hydride type molecules have been calculated 
from the internuclear potential predictions of Evett,?*.*! 
who has done the most accurate theoretical work on 
this molecule. Figure 7 is a graph of Pa :s)(K)/|M&e|? 
against K calculated from Eqs. (23) and (24) for final 
vibrational quantum numbers of 0, 1, and 2. The 
nonzero values of P;(0) and P2(0) are manifestations 
of the Franck-Condon principle and occur because of 
the different well shapes and equilibrium internuclear 
distances in He*H** and in (diatomic) tritium. The 
probabilities of the He*H® molecule ion being formed in 
the ground or first- or second-excited vibrational 


%®H. M. Schwartz (private communication) has calculated, 
using the functions of S. Toh and of James and Coolidge, that 
the absolute square of the overlap integral is 0.93. 

31 A. A. Evett (private communication). The author is indebted 
to Dr. Evett for permission to use his (HeH)* internuclear well 
data before its publication. 


states of the ground electronic state (all rotational 
states) is then the average of P,:s)(K) over p, and K 
with the distribution function of Eq. (13). Since 
tritium decay is an allowed transition, the M“)(p,) 
used is just the Coulomb-field Fermi function® 


24(Z/137) (c/ve) 
1—exp[—2x(Z/137)(c/v.)]} 
with Z=2. The results obtained from Eqs. (12), (13), 
(23), and (24) are 
P./2Ps= |MSea|2(0.671—0.003d) 
= (0.389—0.002a), 

P,/2P= |MSe|?(0.192+-0.0005A) 

= (0.111+0.0003a), 
P2/2Pg= |M&e|?(0.078+0.0007A) 

= (0.045+0.0004A), (31) 


where P,,/2Ps is the probability per decay of the parent 
T2 molecule of finding the daughter (He*T)+ molecule 
ion in the mth vibrational state of the ground electronic 
state. 

Equations (29)—(31) indicate that, if only radiative 


Fut) / me. 


10 T, +(He HH?) +e +» 





F(E,Z)= 


(29) 


(30) 


n(f)=1 


ie) 4 1 4 1 1 iu 
0 2 2 4 5 6 7 
K (10% cm!) 








Fic. 7. Vibrational excitation of daughter (He®T)* resulting 
from recoil momentum #K (averaged over all directions) given 
to one nucleus in the beta decay of the parent tritium molecule. 


® Reference 17, p. 680. 
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deexcitation of the excited vibrational states occurs, 
about 10" photons per second or 10-° watt at wave 
number ~2.35X10* cm™ (Table I) will be radiated 
by every gram of tritium in the 1-0 vibrational 
transition. However, this intensity will be greatly de- 
creased if nonradiative deexcitation processes are domi- 
nant. Of particular importance are 


(1) de-excitation of the (He*T)* by collision, 

(2) dissociation of (He*T)*+ by capture of a free 
electron (HeH is not bound), and 

(3) disappearance of (He®T)* in collision reactions 
with T, or with impurities. 


If it is assumed that the effective dipole moment of 
(He®T)* has the form 


a(S) pet = defo 2e(S—f0), 


where ¢ is the proton charge, the calculated radiative 
lifetime of the nth vibrational level is 0.008(m+1)— 
second. With regard to (1), no predictions can be made 
about the lifetime for vibrational deexcitation of 
(He®T)+ in collision with Ts, since the interaction 
potential is unknown. However, in T.—T> collisions 
the method of Schwartz, Slawsky, and Herzfeld® yields 
a lifetime for vibrational deexcitation of about 0.005 
second at T=300°K and atmospheric pressure. For 
T.— (He®T)* collisions the range of the attractive 
interaction is larger, tending to increase the rate of 
deexcitation, but the repulsive hard core is smaller, 


TABLE II. Reactions by which (HeH)* may dissociate non- 
radiatively. Initial and final state energies given do not include 
molecular vibrational and rotational energies. 








Final state 
Approxi- 
mate 
energy (ev) 
— 108.959 
—110.915 


Initial state 


Approxi- 
mate 
energy (ev) 


— 112.733 





(HeH)t++H, He+H+H,+* 
He+H++H;, 
He+H;* —117.46 
He+H*t+H:+ — 95.364 
He+*+H.+Ht — 86.335 
Het+H.++H — 84.379 
He*+++H:+H — 45.530 
Het+H;* — 92.88 
He+H+Ht — 92.575 
He+H,* — 95.364 
Het+H, — 86.335 
He*++H,* — 70.784 
He+H*+H* — 78.98 
He.*+Het+H —204.575 
He.++He+H+ —215.56 
He+He+Ht — 157.96 
He.t+H — 150.175 
He+Het+Ht —133.38 
He++Het+H  —122.395 
He,.*+H* — 136.58 


— 97.182 (HeH)*++H:+ 


— 94.393 (HeH)++H 


— 80.798 (HeH)+t+H*t 


—217.378 (HeH)+t+He.+ 
—159.778 (HeH)++He 


—135.198 (HeH)++Het 


L$F$ETTEE TIL IEEE EtIL1 tt 








% Schwartz, Slawsky, and Herzfeld, J. Chem. Phys. 20, 1591 
(1952). 
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TABLE III. Total energies of atoms and molecules present in 
the tritium. Molecular energies given are measured to the bottom 
of the internuclear potential well from a zero of energy which 
corresponds to complete dissociation into nuclei and electrons. 








Molecule or atom Energy (ev) 


He — 31.935 
H,* — 16.384 
H;* — 38.48" 
H — 13.595 
Ht 0 
(HeH)* — 80.798 
He,* — 136.58 
He — 78.98 
He* — 54.40 
He*+ —0 











® Barker, Giddings, and Eyring, J. Chem. Phys. 23, 344 (1955). 


causing a decrease in the rate. With regard to (2), for 
the same conditions of temperature and pressure, a 
crude calculation of the lifetime of (He®T)*+ for dis- 
sociation by capture of the free electrons arising from 
ionization by the tritium decay beta particles gives a 
lower limit of 0.002 second. Thus it would seem probable 
that at atmospheric pressure and room temperature 
radiative de-excitation of the excited vibrational levels 
of the daughter (He®T)* molecules competes favorably 
with the nonradiative processes. Lowering the pressure 
decreases the proportion of nonradiative processes but, 
for a given volume, also decreases the source strength. 
Finally, Table II, which lists collision processes and 
their initial and final state energies (from Table III), 
reveals three possible reactions which can destroy the 
helium-hydride molecule ion. Two of these are very 
improbable since in both cases the concentration of the 
second initial state molecule (i.e., of the H or Het) in 
tritium should be very small. The third process poses a 
possible threat to the observability of the optical 
spectrum of the helium-tritide ion.™ 

Since the beta decay of tritium is an allowed transi- 
tion with spin change zero, both scalar and tensor 
interactions are present. The value of \ is given by*® 


2 
in| fo — gs" fi 
= 
2 2 
gr’ fe 


+23" fi 
where gs and gr are the tensor and scalar coupling 
constants and fo and f1 are the Gamow-Teller and 
the Fermi nuclear matrix elements. Also gr’°=g3", and 
for tritium | fo|?3| f1|?3; thus AO. In any 


9 





’ 


“The rate of this process is proportional to exp[—E/kT], 
where E is the activation energy (unknown) for the reaction. 
Thus the rate can be greatly decreased by reduction of the 
temperature. See Glasstone, Laidler, and Eyring, The Theory of 
cae (McGraw-Hill Book Company, Inc., New York, 
1941). 

*5O. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 28, No. 9 (1954). 





1756 


event, the dependence of the population of the daughter 
(He®T)* molecule states on \ is so small that experi- 
mental verification of the effect seems impossible. 

If the vibrational spectrum of (He*T)* is too far in 
the infrared (Table I) to be conveniently observed, 
TD or TH may be used instead as the parent molecule. 
The vibrational spectra of the corresponding daughter 
molecules, namely (He*D)* or (He*H)*, lie nearer to 
the visible region (Table I) and may possibly be 
detectible with higher efficiency. However, the intensity 
of the lines will be less in these cases because of the 
decreased probability of beta decay per molecule and 
of the presence of large amounts of T2, and H: or D2. 
Equations (29)-(31) for Po, P:, and P: do not hold 
here exactly because a depends on the reduced mass 
uw (a~p'). 

V. CONCLUSION*® 


Another example of molecular excitation in beta 
decay is provided by C“O, which becomes, after the 
decay, the nitrous oxide molecule ion. 


C¥O-—>(N¥O)t+-e-+p. 


Here the rather large energy release and the favorable 
value of M’a/» (4X10° cm“, assuming the daughter 
to have the same a as the parent) provide a much 
greater dependence on the beta-decay coupling type 
(A) than in the tritium case (cf Fig. 4). Since the 
transition involves a spin change of unity, only the 


% Note added in proof.—See also H. M. Schwartz, J. Chem. 
Phys. 23, 400 (1955); J. phys. radium 16, 497 (1955). 


MURRAY CANTWELL 


tensor interaction contributes, so that \= +4. Unfortu- 
nately, there are very little data on the (NO)* molecule, 
and no precise quantitative predictions can be made; 
however, Eq. (20) and Fig. 4 indicate an appreciable 
probability of the (N“O)* being formed in various low 
vibrational states of its ground electronic state. 

The appendix of Herzberg’s book” on diatomic 
molecules lists thirty diatomic molecule ions. Little is 
known in detail about such molecule ions because of 
the difficulties in maintaining a high ion concentration 
and of the relatively inefficient methods of excitation. 
It would seem, though, from a consideration of the 
tritium results and from Figs. 3 and 4, that production 
of such ions by low energy beta-decay is a rather 
efficient process. Thus, in those cases where the decay 
process is rapid enough to provide the necessary ion 
concentration, useful information on the daughter 
molecule ion should be obtained. Also a study of the 
molecular excitation in beta decay provides (in principle 
at least) a method for determining the type of the 
beta-decay interaction through its determination of the 
A value, and promises to increase the detailed under- 
standing of radiochemical processes. 
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An investigation of the direct and indirect thermal relaxation processes of Cl** in a single crystal of NaClO; 
has been made by using pulsed techniques. The temperature dependence of the indirect process has been 
measured at four temperatures ranging between room temperature and liquid nitrogen temperature. The 
experimental results are in good agreement with the theoretical results of Chang. 

The direct process has been studied by introducing into the crystal ultrasonic energy at a frequency equal 
to the transition frequency between the two quadrupolar energy levels of the Cl** nucleus. The agreement 
between the theoretical dependence of the direct-process relaxation time as a function of the energy density 


of the transition-frequency lattice vibrations is poor. 


The experiment, as done, has the basic weakness that the calculated energy density of the introduced 
lattice vibrations is a function of the phonon relaxation time, Tp, a quantity only poorly known in the most 
favorable cases. A different method for making the same type of study independent of the phonon relaxation 


time is discussed. 





I, INTRODUCTION 


HE dominant mechanism responsible for thermal 
relaxation of nuclei in solids may in general be 
regarded as one of two kinds. For nuclei of spin 3, 
the coupling of the spin system to the lattice is through 
paramagnetic impurities. For nuclei of spin 1 or greater, 
the spin system is coupled to the lattice via the nuclear 
electric quadrupole interaction with the electric fields 
generated by the lattice distortions. The former 
mechanism, by virtue of its nature, is hardly susceptible 
to a precise theoretical analysis and experiment check.! 
This is in contrast with the latter, about which several 
calculations?* have already been made, in particular, 
those of Van Kranendonk‘ and Chang,’ and about 
which this experimental work has been concerned. 

The thermal relaxation time, resulting from the quad- 
rupole interaction, is due to two processes : thedirect proc- 
ess and the Raman, or indirect, process. The former rep- 
resents the complete absorption or creation of a phonon 
hv as a nuclear reorientation takes place between levels 
differing by energy hv. The indirect process, as we shall 
continue to call it in this paper, represents the change 
in frequency of a high-energy phonon hy’—h(v’+,7), 
as a nuclear orientation takes place. The general 
result of the calculations is that the latter process, 
although very temperature-dependent, is at room 
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temperature about 10° times as effective as the former. 
Consequently, a simple measurement of the thermal 
relaxation time 7; is a measure of the relaxation time 
T,; due to the indirect process. The measurement of 
the relaxation time 74 resulting from the direct process, 
however, presents an experimental problem, which we 
have chosen (not wholly successfully) to solve in the 
following way. Since the rate of this process is propor- 
tional to the density of phonons in a unit frequency 
interval at the frequency », it should be possible, by 
increasing the phonon density at that frequency with 
ultrasonic waves,** to cause the direct process to 
compete with the indirect one. The thermal relaxation 
time will be shortened as 74 is made effective by the 
ultrasonic waves. Furthermore, the spin system will 
show a saturation, or show populations characteristic 
of some temperature higher than that of the lattice. 
It is the latter phenomenon which we have observed. 

In particular, we have (1) measured the thermal 
relaxation time as a function of temperature for Cl*® 
in a single crystal of NaClO;. These results will be 
compared to the calculations of Chang® for the indirect 
process. We have also (2) caused saturation of the pure 
quadrupole energy levels by ultrasonic waves at the 
transition frequency at the temperature of liquid 
nitrogen, for which the transition frequency was 30.57 
Mc/sec. Our result shall be the relation between the 
energy density of the 30.57-Mc/sec lattice vibrations 
and the direct process relaxation time. It will turn out 
that the experiment is indecisive in the sense that the 
energy density of the 30.57-Mc/sec lattice vibrations 
is known only in terms of a quantity 7, the 30.57-Mc/ 
sec phonon relaxation time in a crystal combination 
involving sodium chloride and sodium chlorate glued 
together. No attempt was made to measure this relaxa- 
tion time, estimates of it were made using information 
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Fic. 1. (a) Following the first strong rf pulse of duration 7 is a 
transient nuclear induction signal of amplitude A, proportional 
to the population difference between the two quadrupoles states 
at thermal equilibrium. After a time ¢, a second pulse of the same 
duration is applied and the induction signal of amplitude As 
appears. The relation between A; and A¢2 is given in Eq. (2). 
(b) The instantaneous population difference over the same interval 
as (a). A, indicates the equilibrium population difference at the 
beginning of the rf pulse. 








from the literature. Consequently an adequate compari- 
son with Chang’s result for the direct process cannot 
be made. 

We have chosen to measure level populations by 
pulsed techniques, rather than by methods involving 
continuous observation of a line. Several papers,*-” 
have appeared in the literature dealing in particular 
with the induction decay transients of Cl** from NaClOs. 
We refer the reader to the most comprehensive of these, 
by Bloom, Hahn, and Herzog,” and point out here only 
that the amplitude of the transient following a single 
pulse of rf flux at the transition frequency is a measure 
of the population difference between the two states 
involved at the instant that the pulse appears. 


II. LEVEL POPULATIONS 


The thermal relaxation time 7; was measured at 
several temperatures by a pattern of two pulses of 
variable spacing,” as shown in Fig. 1 (a), followed at a 
time > 7, by another set. Figure 1 (b) plots the instan- 
taneous population difference between the two pure 
quadrupole energy levels during the same interval. 
The instantaneous population difference A approaches 
the equilibrium value A, at a rate given by the thermal 
relaxation time 7): 


A(i)/A.= (1-e-"'"), (1) 


if A(O) is zero, as it is following the first pulse. The 
pulse length + is adjusted to produce the maximum 
induction transient amplitude, which occurs when the 
expectation value of the population excess is zero. 
Referring again to Fig. 1, the heights A of the 
transients pictured are proportional to the population 
differences at the beginning of the rf pulse; hence 


A/A,\=A(1)/A,= (1—e-"/™), (2) 


where / is the time interval between the trailing edge of 
the first pulse and the beginning of the second. We have 
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measured the ratio A2/A; as a function of the interval 
t, with the results presented in Table I in Sec. IV. 

We shall now consider the effect of ultrasonic waves 
at the transition frequency upon the level populations. 
If Ny (N4) represents the population in the upper 
(lower) energy level (where we have arbitrarily placed 
the m= + level higher in energy), the populations are 
governed by the following differential equations: 


Ny=Ny(WyytV)—Ni(WieytV), (3) 


Ny=—Ni(WiytV)+N (WyytV). = (4) 


Wy, and Wy4 represent the natural transition prob- 
abilities between these states in the direction indicated 
and V the additional transitional probability due to 
the presence of the acoustic excitation. 

We have here made two assumptions: (i) that 
Wy-4 and W}.4 are unaffected by the presence of the 
acoustic waves and (ii) that, following Lloyd and Pake,"* 
the intensities we shall use are so great that V is equally 
effective in making transitions upward or downward. 
If, furthermore, we make the additional usual assump- 
tion that Wy-4=W 4-4e""/*", we arrive at the following 
equation describing the population difference: 


eRe 
T; Ti Tw 
where, as usual, 7;=(2W)~' and where 7 has been 
introduced in an analogous fashion for (2V)". A, 
again is the normal equilibrium population difference 
3N(hv/kT) and N=N,+Nj, the total number of 
nuclei. Setting dA/dt=0, Eq. (5) yields, for an equi- 
librium population with acoustic waves present, 


A! =A.(1+7T1/Tw)71. (6) 


Introducing this quantity into (5), we find that the 
population difference A approaches the equilibrium 
value given by (6) according to 


aa/ar=(a-a)(—+—), (7) 


1 


Hence we find a thermal relaxation time 7,’ while the 








Fic. 2. Schematical representation of pulse applications to the 
NaClO; crystal. The ultrasonic excitation is applied at the 
nuclear transition frequency for a time #. After a time ¢ following 
the cessation of the ultrasonic pulse, an inspecting rf pulse is 
applied. Following the inspecting pulse is a nulcear induction 
signal of amplitude A which is proportional to the population 
difference. The repetition period is #,. 


4 J. P. Lloyd and G. E. Pake, Phys. Rev. 94, 579 (1954). 
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Fic. 3. A block diagram of the equipment. 


acoustic waves are present, given by 
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The method we have used to measure the effective- 
ness of the acoustic wave is indicated in Fig. 2. The rf 
pulse, of negligible duration, follows a long ultrasonic 
pulse, of duration #, by a time ¢. The repetition period 
for this pattern is /,. 

If the beginning of the cycle is regarded to be the 
end of the rf pulse, when the population A is zero, the 
population at the beginning of the rf pulse may be 
written by inspection of Fig. 2 as 


A={A,(1—e-(r--9/T 1) g—t0/ 71’ 
+4,'(1—e- 9/71’) Je“ A(1—e-/T), (9) 
The induction transient following the rf pulse is to 
be compared for various intensities of the acoustic 
wave. The maximum transient is obtained for zero 


acoustic intensity, or 
Amax=A.(1—e7*"/7), (10) 


We have measured the ratio A/Amax for various 
intensities. This ratio is given by dividing (10) inte (9) 
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where the following constants have been introduced in 
(12) to facilitate the computations: 


<= T/T w, 
C= (1— ett), 


Ce = 


= p—t/T 
C3=e /T 1 


e/T1, Cys en t/T1, 


(13) 


A plot of A/Amax vs «~' appears in Sec. IV. 


III. APPARATUS AND TECHNIQUES 


A block diagram of the apparatus is given in Fig. 3. 
All parts indicated in that diagram, except the gated 
oscillator D, which provides radiofrequency energy 
for the quartz transducer located in the head G and the 
relays, formed an apparatus for examining the transient 
signals of pulsed transitions between pure quadrupole 
energy levels. The reader is referred to Bloom, Hahn, 
and Herzog” for general circuit details, and in particular 
for details of the transmitters, of which we have used 
two, the grated oscillators C and D. The receiver was 
an AN/APS-15 radar 30-Mc i.f. strip, with a very few 
changes; its input circuit is indicated in Fig. 3. The 
receiver coil was placed at right angles to the trans- 
mitter coil and the static magnetic field, Ho, was 
applied perpendicular to the axes of both coils. The 
signal maximum appeared ~(yHo) second after the 
cessation of transmitter pulse. 

The experiment was done at liquid nitrogen tempera- 
ture for two reasons: the thermal relaxation time is 
comparatively long, 0.94 sec, so that the ultrasonically 
induced transitions could be more easily observed, and 
the nuclear induction signal would be enhanced above 
that at room temperature. Figure 4 shows the arrange- 
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Fic. 4. The arrangement of the transducer 
and nuclear induction head. 
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Fic. 5. The circles show the experimentally observed relation 
between the thermal relaxation time and the temperature for 
NaClO; crystals. The lines represent the theoretical predictions 
of Chang using various assumptions.® 


ment of the parts in the nuclear induction head for 
doing experiments at this temperature. 

The ultrasonic energy was transmitted from the 
quartz transducer into the sodium chlorate crystal 
through two sodium chloride crystals of combined 
length 7 cm and of diameter of 1.26 cm. The NaClO; 
crystal, of the same diameter and of length 1 cm, 
rested on a Lucite plug in the assembly and supported 
the NaCl crystals and the quartz transducer. The 
quartz crystal, at the top of the upper sodium chloride 
crystal, was cemented to it by placing a small amount 
of high-vacuum grease at the interfaces and pressing 














Fic. 6. The predicted relation between the quantities A/Amax 
and 1/x, where A is the population difference with ultrasonic 
excitation present and Amax is the population difference without 
the ultrasonic present. x= 7,/T, where 7; is the thermal relaxa- 
tion time without the ultrasonic excitation present and Ty, is 
the contribution to the relaxation due to the ultrasonic excitation. 
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the polished faces of the crystals together until the 
grease film between the crystals became continuous. 
The excess grease was carefully wiped off. The other 
crystal interfaces were similarly joined. The ultrasonic 
energy entered the sodium chlorate in the (1,0,0) 
direction. 

The sodium chloride crystals were introduced to 
conduct the ultrasonic energy from the transducer 
whose leads unavoidably generated magnetic fields. 
Sodium chloride was chosen because of its good acoustic 
conductivity.!® In order to minimize further the stray 
rf fields at the sodium chlorate the quartz crystal was 
surrounded by a copper box which was connected to the 
outer lead of a coaxial cable. The underside of the silver- 
plated quartz was in turn connected to the copper box. 

The experiment was planned with the idea of having 
an isotropic distribution of standing waves in the 
sample. Not only would one be able to increase the 
energy density of the acoustic waves, but the isotropic 
distribution as a geometric pattern, could be more 
perfectly achieved than a traveling or unidirectional 
standing-wave pattern. For this reason the connections 
between the two sodium chloride crystals, as well as 
between the sodium chloride and the sodium chlorate, 
were made at slight angles with respect to the quartz 
face. Moreover, the bottom surface of the sodium 
chlorate crystal was made uneven and made contact 
with the Lucite plug at only a few points. These 
measures were taken so that the acoustic waves which 
suffered many reflections might have random directions. 

The quartz crystal used was of square cross section, 
three-fourths of an inch on the side, silver-coated using 
DuPont Silver 4666, baked on at a temperature of 
850-900°F for 20 min. The crystal was operated at its 
third harmonic and tuned broadly at 30.42 Mc/sec; 
the half-width at half-maximum was about 1.5 Mc/sec. 

The whole nuclear induction head was placed between 
two large coils lying on either side of the Dewar. It 
was found, however, that the splitting of the levels was 
accomplished satisfactorily by the earth’s field. 

The purpose of the relays shown in Fig. 3 was 
to short circuit the transmitter and receiver coils 
during the ultrasonic excitation period. In order to be 
sure that leakage magnetic flux from any source was not 
causing transitions when the relays were closed, 
repeated experiments were performed in which the 
sodium chloride crystals were separated from each 
other by several layers of tissue paper. This provided 
the quartz with essentially the same loading and 
consequently the current to the quartz transducer 
remained unchanged. No nuclear saturation effect was 
observed under these conditions. A further possible 
spurious effect, the generation of a temperature 
gradient in the sample crystal by the ultrasonic energy 
during the interval ¢, was not likely since the nuclear 
saturation manifested itself in a very narrow frequency 


16 J. K. Galt, Phys. Rev. 73, 1460 (1948). 
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TABLE I. Measured thermal relaxation time 7; of Cl** in crystalline 
NaClO; as a function of temperature. 








Temperature °K T. milliseconds 


77 940+ 100 
194 132+13 
273 81+8 
300 4645 











band while the loaded quartz crystal resonance was 
broad. 

The technique of preparing the apparatus for taking 
data was as follows: Liquid nitrogen was poured slowly 
into the Dewar containing the assembly of Fig. 4 in 
order to avoid cooling the crystals too rapidly. After 
about an hour the assembly approached thermal 
equilibrium. The oscillator C was put into operation and 
the nuclear induction signal located and maximized. 
Then oscillator D was turned on with the associated 
relays. With the variac which controlled the voltage 
on the screen and plate of oscillator D set at the 
maximum value (80 v), and with the gate lengths 
adjusted properly, the maximum diminution of the 
nuclear signal was established by adjusting the fre- 
quency of oscillator D to the transition frequency. 
The amplitude of the transient nuclear induction signal 
appearing on the oscilloscope at a given time after the 
rf pulse was recorded. Immediately after this measure- 
ment the frequency of the oscillator generating acoustic 
energy was turned slightly away from the transition 
frequency and the unattenuated signal appearing on 
the oscilloscope recorded. With the variac set to a new 
voltage (70 v), the same measurements were repeated. 
The voltage on the variac was dropped in steps of 10 
volts down to 30 volts, at which the diminution was 
only barely detectable. After these measurements the 
oscilloscope was used, as a part of the crystal diode 
peak detector, to measure the voltage across the quartz 
crystal for each of the former variac settings. 

At the completion of one set of readings, similar 
data was taken in the same manner three more times 
and the average results of the measurements were 
computed. The above procedure was followed for two 
different sodium chlorate crystals. 


NUCLEI IN NaClO; 


IV. EXPERIMENTAL RESULTS 


The method of measuring the thermal relaxation time, 
outlined in II, gave the results presented in Table I. 
These data are plotted in Fig. 5, in which a comparison 
in made with the theory of Chang.® 

For measuring 7}, the parameters 4=0.25 sec, 
t=0.10 sec, ¢,=0.87 sec, and 7,=0.94 sec were used. 
The constants of Eqs. (13) then are C;= 1.66, C.=0.899, 
C;=0.767, C,=0.397, and Eq. (12) becomes 


A 1 
—= 1.66 1—0:895) _-—- 
1+x 
0.767 
tis —___—_—-¢ 0 6 0.3970 -2662 | a 
1+1/x 


max 


This function appears in Fig. 6; observed ratios A/Amax 
were used to find x=7\,/7T,,. Our data, for each of 
two crystals, are presented in Table II. The errors in 
the values x and 1/x, not listed in Table II, were 
obtained from an examination of Fig. 6 and appear in 
Figs. 7(a) and (b), where the ratio x= 7/7» for each 
crystal is plotted against the data in the second column 
of Table II. The best straight line to these data has 
been drawn through the points. The information 
contained in this figure represents all of the results of 
our measurements on T°)». 

Interpretation of the voltage across the crystal, in 
terms of an. energy density per unit volume of the 
ultrasonic waves, so that a comparison with theory may 
be made, depends upon an analysis of the efficiency of 
the transducer, and a knowledge of the phonon mean 
lifetime at this frequency. Since the appropriate 
phonon mean lifetime is not well known, we express the 
energy density as given in Table II and Figs. 7(a) and 
7(b) in terms of it. 

The analysis of the transducer efficiency depends on 
knowledge of the internal resistance, R., of the quartz 
crystal, operating at its third harmonic. Using a 
Q-meter, we obtained the value 80 kilo-ohms. 

In order to calculate the power into the specimen the 
equivalent circuit for a quartz crystal given by Van 
Dyke'® and Mason"? and shown in Fig. 8 was used. 


TABLE IT. Energy densities and induced relaxation times. 





(Energy 
density in 
ergs/cm*) XT p 


Rms volts 
across quartz 
crystal 


Crystal I 


A/Amax 1/x 


Crystal II 


A/Amax 1/x 





0.09 
0.12 
0.17 
0.27 
0.60 
0.65 


885 
652 
480 
311 
196 
111 


0.31+0.02 
0.37+0.02 
0.45+0.04 
0.57+0.03 
0.760.03 
0.830.03 


24.4 
21.0 
18.0 
14.5 
11.5 
8.65 


0.085 
0.115 
0.19 
0.29 
0.55 


0.30+0.03 
0.36+0.06 
0.48+0.06 
0.59+0.07 
0.74+0.08 
0.84+0.05 


hs Go U1 CO = 
as 








16K. S. Van Dyke, Proc. Inst. Radio Engrs. 16, 742 (1928). 


‘7 Warren P. Mason, Electromechanical Transducers and Wave Filters (D. Van Nostrand Company, Inc., New York, 1948), 


second edition. 
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Fic. 7. (a) The relation between x=(7,/Ty) (ordinate) and 
T,~' times the energy density in ergs/cm* for crystal I (abscissa). 
T, is the phonon relaxation time. (b) The same data for crystal IT. 
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Since the high-vacuum grease was rigidly frozen at 
77°K, the compliance C; was ignored,'* and at resonance 
the reactance of L; and C; cancels. Zp is reflected to 
the input side of the transformer through the impedance 
transformation" 4¢?/9. 

From the expressions given by Mason, 


Zo=pvA, 26=DKA/2xl,, 


one can calculate the impedance of the network in 
cgs units. In the above expressions, p is the density of 
the NaCl crystal, » is the velocity of 30.57-Mc/sec 
waves in NaCl, A is the area of the NaCl-quartz 
contact surface, D is the piezoelectric constant relating 
stress generated by the piezoelectric effect to the applied 
surface charge, K is the dielectric constant of quartz, 
and /; is the quartz crystal thickness. In the above 
circuit, as represented, it is necessary to divide each 
of the impedances, except R, which was measured in 
ohms, by 1.11 10~-" in order to express them in ohms. 
Using the values D=13.85X104)7"8§ K=4,55,!78 
A=1.24 cm? (measured), /;= (0.0262 cm) (measured), 
p=2.19,%! and »=5.1X 105,” one gets for the reflected 
impedance of the sodium chloride rod, 504 10* ohms. 
The power P into the NaCl rod at 30.57 Mc/sec then 
becomes 


EX 504K (80K+504K)~. (14) 


In order to calculate the energy density of the 
30.57-Mc/sec acoustic waves in the NaCl—NaClO; 
crystal combination it is necessary to consider the 
losses of energy at this frequency. These losses are due 
to (1) phonon-phonon collisions (2) leakage through 
points of contact and (3) radiation to the air. We have 
shown that (2) and (3) are negligible. Considering (1), 
the energy in the combination is governed by 


dE/dt=P—E/T », 


(15) 


1% W. P. Mason and H. J. McSkimin, J. Acoust. Soc. Am. 19, 
464 (1947). 

1 We are grateful to Dr. Mason for pointing out to us that the 
impedance transformation 4¢* appropriate for the fundamental 


becomes 4¢7/9 for the third harmonic. 
* F. C. Rose, Phys. Rev. 49, 50 (1936). 
*t A. Henglein, Z. Physik Chemie 115, 97 (1925). 
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where £ is the total energy in the crystals, 7, is the 
phonon relaxation time for the crystal combination, 
and P is the ultrasonic input power. The phonon 
relaxation time is the average time that it takes for a 
number of 30.57-Mc/sec phonons to be lost to phonons 
of other frequencies by phonon-phonon collisions. This 
time will likely be governed by the phonon relaxation 
time in the sodium chloride crystal since it represents a 
volume 7 times as great as the volume of the sodium 
chlorate. 

Under steady-state conditions, dE/dt=0, so that the 
energy density becomes 


U=(P/V)T,. (16) 


If one uses a crystal volume 9.9 cm’, the energy density 
becomes 
(17) 


From Figs. 7(a) and 7(b) giving the dependence of 
«=T,/Ty on the energy density, one can find the 
dependence of the induced relaxation time, 71», on 
the energy density. The relation can be expressed as 
x=k (energy density), where & is a constant. Examina- 
tion of Figs. 7(a) and 7(b) gives 


k=[(12.5X10-*)/T,, ]cm*/erg. (18) 


From Figs. 7(a) and 7(b), the error k due to our 
method of observation of the saturation can be easily 
estimated as about 10% by drawing a variety of straight 
lines associated with the points and passing through 
zero. Also, we feel that there is a considerable un- 
certainty in our determination of the internal resistance 
of the quartz, since two measurements differed by 10%. 
The magnitude of the resistance, however, is not 
surprising in view of crystal resistances at high fre- 
quencies given by other investigators.'* Use of Eq. 
(12) shows that a 10% error in 7; reflects a 4% error 
in x. Taken altogether, the result (18) is uncertain by 
about 15%. 

Values for T, are only poorly known. Galt!® gives 
attenuations for 30-Mc/sec ultrasonic waves in NaCl 
crystals of 0.004 cm for longitudinal waves at room 
temperature. Since the phonon mean free path is 
proportional to 1/7 at high temperatures,” we find 
that 7,25 milliseconds at 77°K. Hence k becomes 
2.5 cm*/erg. That is, 0.4 erg/cm* at the transition 
frequency gives the same relaxation rate as all the 
thermal motions existing at liquid nitrogen tempera- 
tures. In order to get a relaxation rate by the direct 
process equal to the total relaxation rate at room 
temperatures, it would be necessary to increase the 
energy density of the 30.57-Mc/sec phonons by a 
factor approximately equal to the ratio of the relaxation 
time at room temperature to that at liquid nitrogen 
temperature. This factor is 940/46; hence the energy 
density necessary to meet this requirement is 8 ergs/cm* 


2 E. M. Terry, Proc. Inst. Radio Engrs. 16, 1486 (1928). 
23 Berman, Simon, and Wilks, Nature 168, 277 (1951). 


U=1A48E,*T, ergs/cm’. 
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at the monochromatic frequency 30.57 Mc/sec. When 
the above values are averaged over the line width of 
the Cl*® resonance (1.2 kc/sec) the results become 
0.3 erg sec/cm® ke and 7 erg sec/cm* kc, for liquid nitro- 
gen temperature and room temperature, respectively. 


V. DISCUSSION 


The main theoretical conclusions with which the 
results of this experiment are to be compared are those 
of Chang.’ His analysis was an attempt to calculate 
Ti; and Ta for the Cl** nuclei using the specific model 
NaClO; in zero magnetic field. Van Kranendonk,' 
on the other hand, has calculated the quadrupole 
relaxation time for the indirect process only, in cubic 
lattices of the NaCl type, for which the magnetic 
interaction of nuclei is large compared to the quadrupole 
interaction with the lattice. His results, consequently, 
are of less direct interest to us. There are no other 
papers explicitly devoted to this problem. 

The field gradient tensor V;; at the Cl nucleus has 
been assumed by Chang to be the sum of each of the 
individual tensors due to the neighboring Na and O 
atoms. The latter tensors were assumed to have 
rotational symmetry about the line connecting the 
Na to the Cl nucleus, and the zz component was assumed 
to vary in a linear fashion with the distance between 
Cl and the appropriate neighbor. All the tensor compo- 
nents were then calculable in terms of the positions of 
the neighbors. Upon assuming a Debye spectrum of 
lattice waves, expressions for the direct and indirect 
transition probabilities as a function of temperature 
were obtained. The latter depend further upon the 
assumed temperature dependence of g and of the 
thermal expansion coefficient of the ClO; group. 
Curves, dotted, dashed, and solid, based on specific 
assumptions,® are given in Fig. 5 together with the 
experimental thermal relaxation times. The reader is 
referred to the calculation of Chang for further details. 

The general agreement is gratifying. 

The direct transition probability is given by® 


wkT eii4 
Wa=—— (a)"(—+ -), 
20M BS ae 


where v7 and v; are the velocities of the transverse and 
longitudinal waves in the crystal, and the other symbols 
have their usual meanings. Upon assumption of a 
common mass M for all the nuclei in the molecule, W 
is seen to depend wholly upon well known constants. 
The above calculation leads, at room temperatures, to a 
ratio of the indirect to direct relaxation times of 0.9 
10°. Hence, if ultrasonic waves were introduced into 
the crystal at room temperature, an energy density of 
ultrasonic waves given by 


(20) 


py 
0.9 10° 8r#—kT X 10° erg sec/cm* ke (21) 
Pe 
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Fic. 8. The equivalent circuit of the quartz transducer. 


would give a direct relaxation time equal to the indirect 
one. The expression (21) yields 4X10-* and 3107 
erg sec/cm® kc for longitudinal and transverse waves, 
respectively. 

The discrepancy between these values, and the value 
obtained from extrapolation of the experimental results, 
7 erg sec/cm* kc is to be noted. We have little confidence 
in the phonon relaxation times we have used so that 
the above value cannot be taken too seriously. However, 
the major part of the discrepancy probably lies in the 
theory. 

A number of points remain to be discussed. First, a 
negligible inefficiency of the acoustic transitions results 
from the weak Zeeman splitting of the degenerate 
quadrupole energy level. The widths of the levels are 
given by Hahn and Herzog" to be 2.6 gauss which agrees 
with our observations. Since the earth’s magnetic field 
is equal to about 1 gauss, the levels overlapped 
considerably. 

The question arises whether or not dipole-dipole 
interaction between the Cl** nucleus and its neighbors 
will contribute to the relaxation process. The matric 
element responsible in magnetic transitions is, however, 
of the order of (line width)/(transition frequency) 
smaller than for quadrupole transitions. Hence the 
magnetic relaxation processes would be expected to be 
about 10~* as effective as the quadrupole ones. 

An alternate experiment would be to set up in the 
sodium chlorate crystal unidirectional standing waves. 
This type of experiment would be difficult but feasible. 
The difficulties involved would be in obtaining sodium 
chlorate crystals completely free of fractures and in 
providing parallel faces with extremely good precision, 
since the wavelength of the 30.57-Mc/sec ultrasonic 
waves in sodium chlorate is about 0.1 mm. The advan- 
tage of this method would be that the amplitude of the 
standing wave could be determined directly without a 
knowledge of the phonon relaxation time. This would 
be true, as well, for an experiment in which pure 
travelling waves were used; the energy density in this 
case, however, would be much lower. 

There is another advantage to an experiment 
involving unidirectional standing waves. By the applica- 
tion of a magnetic field strong enough to lift the 
degeneracy of the quadrupole energy levels, the 
effectiveness of the ultrasonic waves on the various 
transitions could be studied. 


* R, V. Pound, Phys. Rev. 79, 685 (1950). 
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The inelastic scattering of protons by Ca® was investigated with the MIT-ONR electrostatic generator 
and a 180-degree magnetic spectrograph. Bombarding energies from 6.54 to 8.15 Mev were used, targets 
were made of calcium, and the reaction angle was 90 degrees. Excited states of Ca were found at 3.348 
+0.004, 3.730+-0.004, 3.900+-0.004, 4.483+-0.005, 5.202+-0.008, 5.241+-0.006, 5.272+0.006, 5.606+0.009, 


5.621+0.008, 5.901+0.008, and 6.029+0.008 Mev. 





I. INTRODUCTION 


N the j-j coupling shell model,'* the protons and 
neutrons from the twenty-first to the twenty-eighth 
occupy the 1/72 shell. The nucleon number 20 has long 
been accepted** as “magic,” mainly because of the 
stability and abundance of isotopes with 20 protons or 
neutrons. Recent studies of nuclear binding energies*™ 
have shown that 28 like nucleons also form a par- 
ticularly stable configuration, and some authors** even 
find evidence against 20 as a magic number. 

Closed shells at 2, 8, 20, 40, and so on, can be ex- 
plained* by taking the orbits of individual particles, 
moving in a harmonic-oscillator potential well as a first 
approximation ; whereas 28, 50, 82, and 126 follow from 
the assumptions that the potential is intermediate 
between the harmonic oscillator and the square well 
and that thexspin-orbit coupling brings the state of 
highest j from each harmonic-oscillator shell down to 
the next lower one. At the present time, the most 
generally accepted picture”!?~!® seems to be that the 
Ifrj2 state is brought down to about halfway between 
the 1d3;2 and the 2ps2 states, thus forming a shell 
between nucleon numbers 20 and 28 which contains 
only one j value. 

This model leads to a number of predictions about 
the excited states of nuclei with proton and neutron 
numbers from 20 to 28, which can be tested experi- 
mentally. 

¢ This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Present address: 
lands. 
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1. The first excited states of nuclei with magic proton 
and neutron numbers should lie relatively high.'*'* 
The doubly magic nuclei in this region which are 
accessible to experimental investigations are 2Caz0 
and 20C Ag". 

2. The first excited state should also be high in 
nuclei with closed shells plus or minus one 1f7/2 particle, 
because it involves either raising a 1/72 particle to the 
next higher shell, or raising a particle from the next 
lower shell to the 1/7;2 state. The nuclei in this class 
which are accessible are 2oCaei"’, 21Sc20", 21Scos, 20Caz7*”, 
and a7COo3°°, 

3. The nuclei with proton and neutron numbers from 
20 to 28, which have two or more particles or holes in 
the 1f7/2 shell, can only have low-lying excited states 
of the same configuration as the ground state. These 
multiplets have been studied theoretically,”-” and the 
experimental evidence for their existence has been 
recently reviewed.*™ This class of nuclei ranges from 
20Caee to Co. Their spectra may become very 
complex if both protons and neutrons are involved, so 
that in the present stage of nuclear spectroscopy, the 
most interesting members might be those with one 
closed shell. These are the calcium isotopes from 29Ca22" 
to 20Caag"®, and 22 Tizg™, 23V 2g°!, 24CT29™, 25Mnog*, and 
#6 F C2". 

This paper is the first in a series on the energy levels 
of the calcium isotopes. The MIT-ONR electrostatic 
generator and two magnetic spectrographs have been 
used to study the (d,p) and (,’) reactions on the stable 
Ca isotopes 40, 42, 43, 44, and 48. Groups of alpha 
particles from the Ca“(d,a)K**, Ca®(p,a)K®, and 
Ca*(p,2)K® reactions were also observed. In addition 
to information about the excited states of Ca“, Ca*!, 
Ca®, Ca®, Ca“, Ca*®, Ca*®, and Ca”, this work therefore 
yields relations between the atomic masses of Ca” 
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INELASTIC SCATTERING OF PROTONS BY Ca‘*?® 





through Ca“ and the potassium isotopes. Unfortu- 
nately, Ca** was not available in concentrations suf- 
ficient for these experiments. 

Preliminary reports about our work on Ca®, Ca®, 
Ca*, and Ca** have already appeared.**-** The present 
paper describes the inelastic scattering of protons from 
targets of natural calcium. This reaction was observed 
previously by Harvey,” who used the MIT cyclotron 
and range measurements. With a bombarding energy 
of 7.7 Mev, he observed one level at 3.8 Mev, which he 
ascribed to Ca because of its 97 percent abundance. 





Il. EXPERIMENTAL PROCEDURE 
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Thin targets of natural calcium were prepared by 
evaporating the metal onto Formvar films supported 
by a 4-in.X#-in. wire frame. The targets oxidize at 
once when air is let into the evaporator and presumably 
turn into CaCO; within weeks. As it was found that a 
metallic layer on the target greatly increases the per- 
missible beam intensity, the Formvar was backed with 
gold foil. The Formvar was picked up with the wire 
frame from a water surface in the usual way, and the 
frame was dipped once more to pick up a piece of gold 
foil which had been cut to size and floated on the water. 
From an analysis of the spectrum of elastically scattered 
protons, it was found that the beaten gold leaf contained 
appreciable amounts of silver and copper. Some targets 
were therefore made with a backing of evaporated gold. 
During the evaporation, however, the Formvar tends 
to shrink and break off the wire frame so that these 
targets are much more delicate than the ones with gold 
leaf. Some good targets were also obtained by inad- 
vertently letting the calcium, evaporated onto unbacked 
Formvar, absorb some mercury vapor before letting 
air into the evaporator. 

The weight of a typical target may be: CaCOs, 0.05 
mg/cm?; Formvar (CsH;O2), 0.02 mg/cm’; Au (in- 
cluding some Ag and Cu), 0.2 mg/cm*. According to 
Nier,® the abundances of the isotopes in natural calcium 
are as listed in Table I. 

The targets were placed in the field of the 180-degree 
annular magnetic spectrograph® and bombarded with 
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TABLE I. Isotopic abundances of natural calcium. 








Calcium isotope 40 42 43 44 46 48 
Natural abundance 96.96 0.64 0.145 2.06 0.0033 0.185 
in percent 





Fic. 1. Proton groups from a calcium target bombarded with 6.92- and 8.15-Mev protons. Reaction angle 90 degrees. 
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Fic. 2, Intensity vari- 
ations of three proton 
groups from Ca as a 
function of incident proton 
energy. 
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protons from the MIT-ONR electrostatic generator.” 
The proton beam was analyzed with a 90-degree 
magnetic analyzer with 60.4-cm radius, which has an 
energy resolution better than 1 part in 1000. The 
energies of scattered protons were determined by 
locating their tracks in Eastman N.T.A. nuclear plates, 
placed in the focal plane of the spectrograph. Each 
exposure covers a momentum range of about 5 percent; 
for a complete survey of the spectrum, a series of plates 
has to be taken in which the magnetic field is varied 
in steps of about 4.5 percent. 

The assignment of proton groups was made primarily 


® Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1502 (1953). 
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on the basis of measurements of their energies as a 
function of the bombarding energy. The differential 
energy shift, d’Eou:/dMdE;,, near mass number 40, is 
1.2 kev per mass unit per Mev. This method is generally 
accurate to within a few mass units, which, for strong 
groups, is sufficient to exclude possible target con- 
taminants. It does not apply, however, to low-energy 
groups from highly excited states, which are observed 
only with bombarding energies near the upper limit of 
the operating range of the generator. In these cases, the 
assignment was based on the intensities of the groups, 
together with the consideration that the Coulomb 
barrier excludes heavy nuclei; while the spectra of the 
light target materials, C” and O"*, are well known in the 
region covered by this work. An analysis of the target 
provided by the elastically scattered protons, is very 
helpful in determining which target materials have to 
be taken into account. Further details about the experi- 
mental method are given in previous publications from 
this Laboratory.*—** 


III. RESULTS 


Surveys of the spectra of scattered protons were 
taken at bombarding energies of 6.92, 7.32, and 8.15 
Mev. The result of the 6.92-Mev bombardment on a 
target reinforced with mercury is shown in the upper 
part of Fig. 1. The high-energy part of the spectrum 
shows protons scattered elastically from Hg, Ca”, O'*, 
and C® and indicates the absence of contaminants in 
appreciable amounts. The exposures for this part were 
chosen 20 times shorter than for the rest of the spectrum 
to keep the elastic group from Ca countable; the peak 
height is 2600 protons per }-mm strip, while the back- 
ground between the Hg and O" groups varies around 
10. The spectrum below the elastic group from C” was 
taken with exposures of 300 microcoulombs. The whole 
spectrum from Bp= 160 to 385 kilogauss-centimeters is 
composed of 19 plates taken with different fields. Four 
inelastic groups from Ca“, as well as the group from the 
well-known 4.43-Mev level in C®, are seen. The lower 
part of Fig. 1 shows the result of the 8.15-Mev bombard- 
ment from the first excited state of Ca down. Seven 
new groups from levels in Ca® appear, while two more 


TABLE II. Energy levels of Ca®. 








Energy in Mev 


5.272+0.006 
5.606+0.009 
5.621+0.008 
5.901+0.008 
6.0290.008 


Energy in Mev Level 


3.348+0.004 7 
3.730+0.004 8 
3.900-+0.004 9 
4.483+0.005 10 
5.202+-0.008 11 
5.241+0.006 











( 7 _— Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 
1949), 

* Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 

55 Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 
96, 1316 (1954). 
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groups can be ascribed to the 6.05- and 6.13-Mev levels 
in O'8, 

Seven series of exposures at bombarding energies 
between 6.54 and 8.15 Mev were taken with the purpose 
of accurately measuring the excitation energies of the 
first four levels in Ca. Each series consisted of at least 
one exposure for the elastic group from Ca“ and each 
excited state. The fourth level was not seen at bom- 
barding energies below 6.9 Mev. It was found that the 
energy difference between the elastic group and the 
group from an excited state reproduces with a mean 
deviation of 2 kev, so that the probable random error 
in the final numbers for the excitation energies is of 
the order of 1 kev for the first four levels. The final 
stated errors are arrived at by quadratically adding 0.1 
percent of the excitation energy to account for possible 
systematic errors, such as discussed by Buechner 
et al.** Results, together with those for the higher 
levels, are listed in Table II. 

The three closely spaced groups at Bp=235 in the 
8.15-Mev bombardment showed remarkable variations 
in their relative intensities when observed at other 
bombarding energies, and in preliminary experiments 
this led to some uncertainty regarding their mass 
assignments. Thirteen exposures at energies between 
7.17 and 8.00 Mev were taken to investigate these 
groups in some detail. Typical results are shown in 
Fig. 2. From these measurements, it is concluded that 
all three groups correspond to levels in Ca® and that 
resonances in the compound nucleus exist in the region 
of excitation between 8.8 and 9.6 Mev. In this con- 
nection, it may be noted that the excitation energy of 
the compound nucleus is relatively low when a proton 
is added to Ca“, as can be seen in Table III, in which 
the stable calcium isotopes are compared. It is con- 
ceivable that the level density at a given excitation 
energy is also relatively low in Sc* because of its closed- 
shell-plus-one structure. The groups at Bp=204, 217, 
and 218 kilogauss-cm in the lower part of Fig. 1 have 
also been observed at £;,=7.73 Mev. The assignment 
of these groups and the one at Bea=198 kilogauss-cm 
to Ca seems reasonably certain in view of their in- 
tensities. 


IV. DISCUSSION 
The 3.8-Mev level reported by Harvey has been 


resolved into levels at 3.730 and 3.900 Mev, both of 
which are represented by strong proton groups. In 
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TABLE ITI. Excitation energy in compound nucleus upon 
addition of a 7.4-Mev proton to a calcium isotope.* 








Cc ais 
Sc® 


17.0 


Ca® 
Sc# 
12.3 


Ca* 
Sc# 
14.1 


Ca“ 
Sc# 
14.3 


Target nucleus Ca® 
Compound nucleus Sc# 
Excitation in Mev 9.0 








* A. H. Wapstra, Physica 21, 385 (1955). 


addition, a weaker group from a level at 3.348 Mev 
and groups from eight higher excited states were found. 
The 3.348-Mev level was also found in two recent 
experiments, which showed that it has spin zero and 
decays by pair emission. The 3.46+0.1 Mev pairs were 
found by Bonner ef al.**.*7 who excited this level by 
inelastic scattering of 4.8-Mev protons; while Day** 
found the 0.5-Mev annihilation gamma ray from the 
inelastic scattering of neutrons of energies higher than 
3.36-0.05 Mev (in the center-of-mass system). Gamma 
rays of 3.74+0.03 and 3.9+0.1 Mev were also found by 
Day, in good agreement with the present work. A 
3.75-Mev gamma ray was also found™-® in the 6+ decay 
of Sc“; no information on the excited states of Ca is 
obtained from the decay of K*, which goes directly to 
the ground state.”* 

The most interesting level of Ca® is certainly the 
first one. It lies about two times higher than the first 
excited states of other even-even nuclei in the same 
mass region, and it also makes an exception to the rule 
that the spins and parities of these states are 2+. In 
both respects, Ca“ resembles other double closed-shell 
nuclei.’?.*7.41 
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Yields of a number of radioactive nuclei produced by synchrotron irradiations of arsenic have been 
determined at two energies, 140 Mev and 320 Mev. By comparing the yields at both energies to each other 
and to other data, it is possible to show that the (y,3”) and (y,am) reactions proceed predominantly by the 
absorption of a photon to form an excited compound nucleus from which particles are emitted by evapora- 
tion. On the other hand, reactions in which more than one charged particle is emitted are often produced 
by photons having much more energy than would be required for particle evaporation. The average cross 
section for the production of a number of such nuclides by photons of energy between 140 and 320 Mev 
has been measured. For some gallium and copper isotopes the cross section is as large as a few tenths of 


a millibarn. 





INTRODUCTION 


HOTOREACTIONS produced by photons having 
energies greater than the well-known giant reson- 
ance energy’ have been studied in many different ways. 
High-energy reactions seem to be fairly complex events, 
and each of the various techniques that have been used 
in their investigation tends to contribute to our under- 
standing of some particular aspect of these reactions. 
For example, the measurement of the energy and 
angular distributions of high-energy nucleons emitted 
in photoreactions has provided information about the 
nature of the initial interaction of photons with nuclei. 
On the other hand, information about the total size 
of the absorption cross section or about the later 
stages of the reactions (i.e., the evaporation of nucleons) 
has come mainly from measurements of the integrated 
yields of photoneutrons® and induced radioactivities.*.” 
The interpretation of the results of any type of high- 
energy photonuclear experiment is made somewhat 
difficult by the continuous nature of the x-ray spectra 
that are available at accelerators. In principle, one can 
identify the photon energies responsible for a given 
effect if it is possible to repeat a measurement using 
spectra having different maximum energies. One has 
only to know the shapes of the x-ray spectra in order 
to extract from such data the dependence of the 
probability of an effect on photon energy. Despite the 
obvious usefulness of such information (i.e., of excita- 
tion curves) for the understanding of any phenomenon, 
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very few energy-dependence measurements®*" have 
been performed at energies beyond the giant resonance. 
The combination of the extremely accurate data re- 
quired (to permit the subtractions involved in obtaining 
excitation curves), with the uncertainties in our knowl- 
edge of the shapes of x-ray spectra, makes energy- 
dependence experiments very difficult. The present 
experiment was undertaken to explore the feasibility of 
obtaining excitation curves for the photoproduction 
of radioactive nuclides from a medium-weight element. 
The M.I.T. synchrotron was the x-ray source and yields 
of a number of nuclides were measured for irradiations 
of arsenic at just two energies. Except for the fact that 
the energies used here are higher (140 Mev and 320 
Mev) than those used by Friedlander and Perlman” 
(50 and 100 Mev), the experiment is very similar to 
theirs. 


EXPERIMENTAL PRICEDURE 


Arsenic, in the form of As.Os5, was irradiated at the 
synchrotron under conditions that were approximately 
the same as those used by Debs.*® The choice of arsenic 
as the target was in large measure due to its being mono- 
isotopic. The use of such a target avoids ambiguities 
in the indentification of the reactions leading to observed 
radionuclides. It has been found® that yield distributions 
are very similar for various middle-weight targets, and 
it is therefore probably safe to assume that the results 
obtained for arsenic are roughly correct for other 
middle-weight elements. 

The activities of the chemically separated elements 
were counted in special low background [2 to 3 counts/ 
min] Geiger counters. The low background was ob- 
tained mainly through the help of an anticoincidence 
shield and proved to be especially useful with the 140- 
Mev runs where the yields tended to be small. The 
chemical procedures used were similar to those used in 
reference 6. 


8 Barber, George, and Reagan, Phys. Rev. 98, 73 (1955); D. 
Reagan, Phys. Rev. 100, 113 (1955). 

® A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 

10 R. Sagane, Phys. Rev. 85, 926 (1952). 

 R. L. Hines, Phys. Rev. 91, 474(A) (1953). 

12 M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 
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RESULTS 


The results, expressed in relative yields, are given 
in Table I. The different activities were identified 
mainly by chemical separation and half-life determina- 
tions. The yields for each activity are normalized to a 
standard target size and the flux of resonance-energy 
(~17 Mev) photons in the x-ray spectrum. The flux 
of such photons was measured in each run by the 12.8- 
hour (y,#) activity induced in a standard copper foil. 
There seems to be good evidence that the contribution 
to the (y,m) activity made by photons having post- 
resonance energies is negligible compared to the 
resonance contribution.®’” The yields have been cor- 
rected for counting efficiencies and each yield in the 
table is the result of at least two measurements. It was 
found that the reproducibility of yields from run to 
run was about 20%. If one takes into account the un- 
certainties in assumed branching ratios, etc., the 
relative values of the numbers in the table are probably 
good to +50%. In this connection it is interesting to 
compare the present results with those of Debs® for 
those yields which were measured in both experiments. 
Except for the very smallest yields, corresponding data 
agree within a factor of two. This is probably as good 
an agreement as one might reasonably except, but it 
should be emphasized here that the errors most sig- 
nificant for the interpretation of the present results 
are those connected with reproducibility rather than 
those having to do with comparisons with other experi- 
ments. In view of the fact that the procedures were 
identical for runs at 140 Mev and 320 Mev, the relative 
error of corresponding points at the two energies is 
therefore about 20%. 


DISCUSSION OF RESULTS 


The fact that the yield of As™ does not change 
measurably from 140 to 320 Mev is not surprising in 
view of the method of normalization. Any difference 
in the two yields would lead to the somewhat unreason- 
able conclusion that the (y,m) reaction in arsenic 
behaves differently with photon energy from that in 
copper. 

The equality of the yields of As” at the two energies 
is certainly more noteworthy. It implies that there is 
only a negligible contribution to the (y,3m) yield by 
photons whose energy is above 140 Mev. Indeed, the 
very size of the (y,3m) yield compared to the other 
multiple-particle yields would indicate that this yield 
is very likely connected with the giant resonance. Al- 
though the resonance peak has its maximum at about 
17 Mev, it may have a sizable tail extending out to 
several times that energy. The lowest reasonable 
value for the mean energy of the photons responsible 
for the (7,37) yield is about 40 Mev. This value is 
based on the assumption that the three neutrons are 
evaporated from a compound nucleus each carrying a 
few Mey of kinetic energy. Assuming that the x-ray 
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TaBLE I. Relative yields of observed radionuclides from the irradi- 
ation of arsenic with x-ray spectra at 140 Mev and 320 Mev.* 











Yield at Yield ‘at 
Separated 140 Mev 320 Mev 
nuclide Half-life> (arbitrary units) 
As" 17.5 days 1050 1050 
As” 26 =r 110 110 
Gas 5.0 hr 0.3 0.5 
Ga” 14.3 hr 0.9 1.2 
Ga” 20.3 min 84 9.5 
Ga® 68 min 4.2 7.6 
Ga*® 9.45 hr 0.2 0.7 
Cu®? 58.5 hr 0.1 0.2 
Cu 12.80 hr 0.3 2.5 
Cu" 3.33 hr <0. 0.6 
Ni® 56 = hr <0.02 0.05 
Ni® 2.56 hr 0.08 0.1 
Co 99.0 min 0.09 0.2 
Co 18.2 hr <0.02 0.1 








® The yields at both energies are normalized to the same flux of resonance- 
energy (17 Mev) photons. 
> Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953). 


spectra are approximately proportional to E~', one 
can estimate the integrated cross section for the (y,3n) 
reaction from the ratio of yields: 


1 1 
¥ (38)/¥ = f o(y,3n)dE, / - f o(y,)dE, 


The upper limits of the integrals should be the highest 
photon energies present in the spectrum, but it is safe 
to assume that the measurement of /o(y,n)dE, up to 
22 Mev has caught virtually all of the (y,#) cross- 
section. Using the measured value” (0.76 Mev-barn) 
for this integral, we find the integrated cross section 
for the (y,3m) reaction to be 0.2 Mev-barn. If all three 
neutrons are evaporated, a reasonable estimate of the 
width of the peak in the (y,3m) excitation curve would 
be about 15 Mev which would imply a peak cross section 
of about 15 mb. This value is not inconsistent with the 
estimate of 10 mb for the photon absorption cross 
section of arsenic at 45 Mev that can be made on the 
basis of total photoneutron yields.’ The assumption 
that the (7,3) yield is due mostly to the evaporation 
of neutrons from the tail of the giant resonance is also 
consistent with the results of Hines! who actually 
measured an excitation curve for the (y,3) reaction in 
manganese and found a peak at 40 Mev. But Hines 
finds a value for the peak cross section of 0.8 mb or 
about one-twentieth the value given here. It is unlikely 
that the explanation for this great difference between 
manganese and arsenic lies in a difference in the shapes 
of the resonance curves. It is probably due to the fact 
that proton emission can compete much more success- 
fully with neutron emission in the lighter manganese 
than in arsenic. This explanation is consistent with the 
fact that the peak (7,3) cross section observed by 
Hines is much smaller than the total cross section 


( 18  apppgeng. Katz, and Goldemberg, Phys. Rev. 91, 659 
1953), 
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Fic. 1. Relative yield of gallium isotopes produced by bombard- 
ment of arsenic with deuterons and high-energy x-rays. 


estimated from neutron emission® and with the ob- 
served dependence on the target weight of proton 
emission in photonuclear reactions." It might, in fact, 
be argued that the great difference of the (7,3) yields 
observed in Mn and As is evidence that the (y,32) 
reaction proceeds by competitive evaporation from a 
compound nucleus. It would be hard to imagine a 
“direct ejection” mechanism that could account for 
a very large difference. Further evidence for the 
relatively low probability for proton evaporation from 
arsenic can be seen from our own data. The yield of 
Ga” [the (y,n2p) reaction] is down by a factor of 
about 100 from the (y,3m) yield. It is also true that 
the (y,2p) yield (Ga) is less than 1% of what one 
would reasonably estimate the (y,2m) yield to be. 
Since the latter yield is presumably mostly due to com- 
pound nuclear formation followed by the evaporation 
of neutrons, it would seem that proton evaporation is 
less than one-tenth as probable as neutron evaporation 
for moderately excited arsenic nuclei. 

It is significant that the yield of Ga” is about ten 
times as large as that of the heavier Ga”. This fact 
suggests that the Ga” yield is due mainly to a (7,an) 
reaction rather than to a (7,23) reaction. One would 
further suppose that the particle emission takes place 
by evaporation at energies within the giant resonance 
curve. By comparing the (7,am) yield to yields involving 
only neutron emissions one is led to conclude that a 
evaporation is roughly a few hundreths as probable as 
neutron evaporation at these energies. This estimate 
is only slightly higher than the measured ratios of 
alpha to neutron emission at somewhat lower excitation 
energies.!».16 

Table II lists the ratio of the yields of several gallium 
isotopes to the (y,#) yield (As™) at 140 Mev and 320 
Mev. Data taken at 50 Mev by Holtzman and Sugar- 
man” have also been included. 

Continuing with the gallium isotopes, we see that 

4 E. V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954): 

8 Greenberg, Taylor, and Haslam, Phys. Rev. 95, 1540 (1954). 

1° P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 83, 54 


(1951). 
17 R, B. Holtzman and N. Sugarman, Phys. Rev. 87, 633 (1952). 
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the yield of Ga®*[(y,a3m) or (y,2p5n)] is relatively 
large. Ga® and Ga” lie at about equal distances on 
either side of the valley in the nuclear energy surface. 
The fact that the yield of Ga® is significantly larger 
than that of Ga” despite the four extra nucleons that 
must be emitted to make Ga® points once again to the 
importance of a emission. Ga® is probably made mostly 
by the (y,a3m) reaction, whereas the production of Ga” 
requires the emission of two charged particles. 

Figure 1 shows the yield distribution of gallium 
isotopes from the present work and that from arsenic 
bombarded by 190-Mev deutrons.'* The peaks in the 
photon experiments seem to occur at about three mass 
units to the right of the deuteron-induced peaks. As 
has been indicated, this difference has mostly to do with 
the very large number of low-energy events (due to the 
giant resonance) in photoreactions and with the 
emission of alpha particles. The importance of photo- 
alpha emission is indicated by the sharp break in yield 
between those isotopes that can be reached by a 
emission and those that cannot. In order to eliminate 
the strong contributions of low-energy photons in a 
comparison of deuteron- and photon-induced yields, 
one can examine the difference in photoyields between 
140 and 320 Mev. It is seen in Fig. 1 that the difference- 
yield does peak more nearly than either photon curve 
at the peak of the deuteron curve. The similarity of the 
yield distributions of copper produced in arsenic by 
190-Mev deuterons and by the 320-minus-140 Mev 
spectrum is even more striking. The relative yields for 
the production of Cu®:Cu™:Cu®? are 2:13:1 for the 
deuterons and 3:13:0.6 for the photons. Within the 
errors involved in the separate measurements, the 
relative yield distributions are the same. It should 
perhaps also be mentioned here that the ratios of the 
total yields of the isotopes of any one separated element 
to those of another seem to be about the same for 
bombardment with 190-Mev deuterons as they are for 
irradiation with the “difference spectrum,” 320-minus- 
140 Mev. This can be taken to indicate that the dis- 
tributions for the energy deposited in nuclei by 190- 
Mev deuterons happens to be not too different from 
that deposited by photons of roughly the same energy. 

It is possible to compute, for some of the reactions 
observed in this experiment, the average cross sections 
for the photon energy interval 140 Mev to 320 Mev. 
The ratio of the measured yield of a particular reaction 


Taste IT. Ratios of yields of some — isotopes 
from arsenic to the (y,n) yield 








50 Mev* 
46 X10“ 


2.4X 10 
1.7X10~ 


140 Mev 


80X 10-4 
9x10 
3X10 


320 Mev 


90X 10~ 
12X10 
5X 10~ 


Isotope Reaction 


Ga” 
Ga” 
Ga 73 





(y,an) 
(y,n2p) 
(7,2) 








* See reference 17. 


18H. H. Hopkins, Jr., Phys. Rev. 77, 717 (1950). 
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for the 320-Mev spectrum to that of the (y,) reaction 
may be written 


Y 320/ Y 320 (y,n) 


320 
~ fox ) (320,E,)odEy / fox ’(320,E,)o(y,n)dEy, 
0 


where WN is the spectral distribution. Since the (y,7) 
cross section peaks sharply at 17 Mev, the denominator 
is N(320,17)2, where = is jo o(y,n)dE,, the inte- 
grated cross section. A similar expression can be written 
for the yield at 140 Mev and since V 140(y,”) = V s20(7,”), 


one may write 
820 V (320, ew 
te W she aN 
‘(320,17 17) 


AY 
40 N (140,Ey) 
-f S| 
o (140,17) 


Y(y,n) 
It has been assumed here that 


140 
f a(y,n)dE,= f 
0 0 


The expression for the difference in yields may be re- 
written in terms of an average cross section for photons 
with energies between 140 and 320 Mev. 


Y 320— Yiso_ 





Y (y,n) 


320 


a(y,n)dE,=z 


AY = 
¢=— —, 
Y(y,n) D 
where D is the integrated normalized difference 
spectrum : 


a F (320,Ey) eee 
» &N(320,17) N(140,17)J ” 
TABLE IIT. Average cross sections. Average cross sections for 


the production of a number of nuclides from arsenic by photons 
from 140 Mev to 320 Mev. 











Integrated cross 


Nuclide section (Mev-mb) 


Ga 73 
Ga* 
Ga*®* 
Cu 67 
Cu 
Cu 61 
Ni® 











s INTENSITY SPECTRUM 320MEV 
cme SPECTRUM I40MEV 
XN 


ie “DIFFERENCE” SPECTRUM 








SPECTRUM INTENSITY-ARBITRARY UNITS 


160 240 

PHOTON ENERGY -MEV 
Fic. 2. The ordinate in the “difference” spectrum is the differ- 
ence between the numbers of photons per unit energy interval in 
the 320-Mev and 140-Mev spectra. The latter spectra are norma- 
lized to contain the same number of resonance (17 Mev) photons. 


One need only know the shapes of the bremsstrahlung 
spectra at 140 Mev and 320 Mev to compute this 
integral. AY/Y(y,n) can be obtained from Table I and 
> is 0.76 Mev-barn.” It is instructive to examine the 
difference spectrum (Fig. 2). It is seen that it contains 
some photons with energies less than 140 Mev. This 
arises from the fact that there are, for example, more 
80-Mev photons per 17-Mev photon in the 320-Mev 
x-ray spectrum than in the 140-Mev spectrum. One 
may wonder, under these circumstances, how it is 
possible to be sure that the photons below 140 Mev are 
not those responsible for an observed AY. An examina- 
tion of the shape of x-ray spectra reveals that the 
number of photons of any energy below 140 Mev does 
not increase by more than 15% from the 140-Mev to 
the 320-Mev spectra. Hence for those reactions where 
AY is considerably more than 15% of Vi4o, one can 
safely assume that photons of energy greater than 140 
Mev are responsible for the reaction. Average cross 
sections are listed in Table III for those reactions 
which show a sufficiently large AY to make it clear 
that they are due to photon energies above 140 Mev. 
The recorded integrated cross sections are merely ¢ 
multiplied by 320—140=180 Mev. 

For some of the reactions in the table it would be 
interesting to obtain detailed information about the 
behavior of the cross section above 140 Mev. One might 
conceivably learn which reactions are connected with 
meson production and which, if any, are not. It would 
require repeating an experiment like the present one 
at a considerable number of synchrotron energies. 
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A magnetically analyzed triton beam from an electrostatic accelerator has been scattered from tritium 
in a 14-inch scattering chamber and the differential cross section for elastic scattering measured in 10° steps 
from 20° to 140° in the center-of-mass system for incident energies of 1.8 and 2.0 Mev. Two proportional 
counters with a fixed angular separation of 90° were used in coincidence to detect both the scattered and 
recoil tritons for the laboratory range from 45° to 70°, with an absolute probable error of +:3%. A single 
counter was used for laboratory angles between 10° and 20°, with resultant probable errors of +5%, -15%. 
Excitation functions in 100-kev steps from 1.6 to 2.0 Mev show no evidence for an excited state of He® in 


this region. 





INTRODUCTION 


LASTIC scattering measurements for low-energy, 
low-Z particles will remain of continuing interest 
to the theoretician as long as the theory of nuclear 
forces is incomplete. Angular yield information which 
permits the analysis of the scattering probability in 
terms of outgoing waves of various angular momenta is 
particularly useful. Tritium provides an interesting 
extension to the light-particle scattering experiments. 
Being a rare isotope of hydrogen, it has only recently 
become available in sufficient quantities for ¢-t measure- 
ments. 

The techniques for measuring charged-particle elastic 
scattering have been highly developed by a number of 
careful workers.'* The most precise measurements 
have been made using gas targets contained in large 
scattering chambers, where the incident beam of 
particles was highly collimated and the particles 
scattered from a well-defined volume of target were 
accepted by a high-resolution counter analyzer. An 
important possible source of error is the presence of 
high-Z gas contaminants such as air or oil molecules. 
Another troublesome source of error arises from edge 
scattering by the defining apertures. Measurements of 
t-t scattering are further complicated by the presence 
of alpha particles and neutrons covering a continuous 
energy interval up to several Mev. These particles 
arise from the various modes of breakup of the com- 
pound nucleus, He’. 

With like-particle scattering, e.g., tritons scattered 
from tritons, it is possible‘ to take advantage of the 
fact that for nonrelativistic energies the recoil nucleus 
and the scattered particle must always travel at 90° 
to each other in the laboratory system. With two 
counters separated by 90° in the laboratory system and 
arranged to record coincidence counts, one is able to 
sort out those events that are due to like-particle 
scattering. 

* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Tuve, Heydenburg, and Hafstad, Phys. Rev. 50, 806 (1936). 

* Herb, Kerst, Parkinson, and Plain, Phys. Rev. 55, 998 (1939). 

§ Worthington, McGruer, and Findley, Phys. Rev. 90, 899 


(1953). 
*R. R. Wilson and E. C. Creutz, Phys. Rev. 71, 339 (1947). 


SCATTERING CHAMBER 


The chamber first described by Sherr ef al.° has been 
modified considerably. Figures 1 and 2 show the im- 
portant features and dimensions of the chamber as 
modified. The beam entered through the collimator at 
the left in Fig. 1, traversed the scattering chamber, 
and then was collected by the Faraday cup at the right. 
The scattered beam particles and corresponding recoil 
target nuclei were detected by two gas-filled propor- 
tional counters mounted on the periphery of a circular 
plate. A fixed angle of 90° separated the two counters. 
The circular plate was graduated in 1° intervals about 
its circumference, and together with the counters was 
fastened to one end of a movable cone. An O-ring formed 
a rotary vacuum seal for the cone while six springs 
provided a spring loading opposite that due to the 
atmosphere. Rotation of the cone was accomplished 
by a gear fastened to the bottom of the cone, and the 
angle of rotation was indicated to one-twentieth of a 
degree by a fixed vernier scale located at the edge of 
the graduated circular plate holding the two counters. 

The tritium target gas was evolved fresh from a 
uranium furnace at the start of each day’s run. Pres- 
sures of about 3 mm Hg as indicated by an oil manom- 
eter were used in the chamber. The target gas was con- 
fined to the chamber by entrace and exit windows. 
The entrance windows were of Pyrex glass and had 
stopping powers in the range 8 to 26 kev for 1-Mev 
protons. These thin glass windows have been described 
elsewhere. Their low stopping power was of great 
importance here since beam scattering at the entrance 
foil can result in a serious loss of beam intensity at the 
chamber center. The exit window was of aluminum 
foil, thin enough to pass the triton beam but thick 
enough to stop of }-energy protons present in the mag- 
netically analyzed mass-three beam. A 3.1-mg/cm? 
foil satisfied these requirements for incident beam 
energies varying from 1.6 Mev to 2.0 Mev. 

The beam collimator at the entrance to the chamber 
consisted of two apertures 0.152 cm in diameter and 


5 Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 662 
(1947). 

® Arthur Hemmendinger and Arno P. Roensch, Rev. Sci. Instr. 
26, 562 (1955). 
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Fic. 1. Plan drawings of scattering chamber. 


29.2 cm apart. A third aperture 0.183 cm in diameter 
and located 2.5 cm beyond the second defining aperture 
served as a beam “scraper,” removing beam particles 
scattered by preceding aperture edges. The thin glass 
entrance window was located between the two defining 
apertures, 0.5 cm from the first one. 

In addition to the two movable counters, there were 
two fixed monitor counters that were useful in moni- 
toring the growth of contaminant gases in the chamber. 
One of these was in the chamber lid at 90° to the beam, 
and the other was in the chamber wall at +15° to the 
beam. 

All four gas counters were of similar design. The 
cylinder was 1 inch in inside diameter and 2.50 inches 
long. The central wire was made of 3-mil stainless steel. 
Particles entered the counters perpendicular to the 
wire along an axis § inch from the wire. Two hypo- 
dermic needles covered all but the middle 1-inch section 
of the wire. The counters were filled with a mixture of 
2% COz and pure argon to a pressure of about 20 cm 
Hg. The voltages applied to the wires varied between 
700 and 900 volts. To minimize the possible intro- 
duction of coincidence counts by the power supply, 
Movable I counter was supplied by a battery pack. 

The counter windows were mounted on the ends of 
the counter analyzers, as shown in Fig. 3. The window 
thickness depended upon the function of the counter. 
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Fic. 2. Schematic drawing showing positions and sizes of the 
beam collimating apertures and the positions of the counter 
analyzer apertures. 


Movable I counter was the primary detector of the 
scattered tritons, while Movable II served to verify 
the counts in Movable I by providing a coincidence 
count from the corresponding recoil triton. A thin 
glass window on Movable I permitted the low-energy 
scattered tritons at angles approaching 90° to be 
counted, while a 1.16-mg/cm? nickel foil was thin 
enough to pass the higher energy tritons into Movable 
II at the corresponding forward angles. A 2.4-mg/cm? 
aluminum foil window on the 15° monitor stopped the 
}-energy protons from entering this counter but did 
pass the higher energy tritons. A 1.16-mg/cm? nickel 
foil was used on the 90° monitor. 

The alignment of the beam collimator and movable 
counters axes was done by optical methods. A careful 
examination showed that the axis of the cone inter- 
sected the beam axis within 0.002 inch, and was tipped 
from the vertical by about 2 min of angle. These small 
discrepancies introduced no significant errors into the 
target volume calculations. The graduated disk holding 
the two counters was marked with a dividing head on a 
milling machine and is believed to be accurate to 
+0.01°. 


GEOMETRY 
The requirement that Movable II counter see all of 


the target volume defined by the counter analyzer for 
Movable I resulted in an inconveniently large foil 
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diameter for Movable II. The nature of the problem is 
illustrated in Fig. 4. Coincidence counting rates as low 
as 14 counts/min had to be accepted in order that the 
beam-collimating apertures and Movable I apertures 
could be made small enough to meet the limitations 
set by Movable II. 

A simplification of the problem results from the fact 
that for like particles the scattered particle and recoil 
particle are indistinguishable, and hence the cross 
section must be perfectly symmetrical about 90° in 
the c.m. system. For this reason one need measure the 
yield for only a 45° interval in the laboratory system, 
0° to 45° or 45° to 90°. From Fig. 4 it is clear that 
Movable I counter should be restricted to the angular 
interval between 45° and 90° in order to keep the size 
of the entrance aperture of Movable II within bounds. 
All of the coincidence measurements were taken with 
Movable I in this interval and Movable II in the cor- 
responding —45° to 0° interval. Hence the maximum 
apertures for Movable II were required when both 
counters were at 45°. A single-counter analyzer for 
Movable II was used and its apertures were set to 
cover the 45° case. 

The counter analyzer for Movable I followed the 
classical design of Tuve, Heydenburg, and Hafstad.! 
The first defining aperture was rectangular and the 
second defining aperture was circular. Figure 3 shows 
the dimensions in detail. One interesting feature of the 
rectangular slits is that they were removable as a unit. 
Since the absolute yield is directly proportional to the 
width of this slit and the dimension involved is very 
small (0.076 cm), it was important to have the slit 
edges regular and uniformly spaced. After some experi- 


MOVABLE I 
0.762 


mentation it was found that the commercially available 
0.156-inch Starrett round stock was a satisfactory 
material from which to fashion the slit edges. A rela- 
tively simple grinding operation relieved one side of 
the edge, leaving a slit-edge thickness of 0.003 inch. A 
small amount of polishing left the slit edges as shown 
in Fig. 5. Two of these pieces were cut to size and spot- 
welded to cross members, as shown, the spacing being 
carefully held while assembling. Calculations showed 
that a slit-edge thickness of 0.003 inch was ample to 
stop all protons and tritons of energies below 2 Mev and 
was thin enough to keep the slit-edge scattering small. 
The yield of scattered tritons is given by the fol- 

lowing expression: 
Y = Nno(6)G/sin8, (1) 


where N is the number of incident tritons, m is the 
number of target nuclei per unit volume, o(6) is the 
differential scattering cross section at the laboratory 
angle 6 in units of square centimeters per steradian, and 
G is defined by the usual equation? 


G=2b,A/Roh, (2) 


where A is the area of the rear aperture, 20, is the width 
of the front slit, 4 is the distance from the slit to the 
rear aperture, and Rp is the distance from the center 
of the target volume to the rear aperture. For the 
measurements reported here, G was equal to 3.810 
X10-* cm. 

A knife-edge beam scraper was placed near the target 
volume as shown in Figs. 1 and 2. It helped to reduce 
the counting rate of Movable II at the forward angles 
but did not interfere with this counter’s function. The 
main beam could not hit the scraper at any time. 
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ELECTRONICS 


The output pulses from all four gas counters were 
amplified and passed through discriminating and scaling 
circuits in the usual manner. In addition the pulses 
from the two movable counters were fed into a coin- 
cidence circuit with a resolving time of 0.8 usec. After 
a 1-ysec delay, the signal from Movable I counter was 
fed into two 18-channel pulse-height analyzers’ con- 
nected in parallel. One of these analyzers was gated 
ON for 17 usec by a coincidence and the other gated 
OFF for the same duration. The discriminator thresh- 
olds for the two analyzers and the single-scaler unit 
for Movable I counter were all set equal, so the sum of 
the counts registered in the two 18-channel analyzers 
was equal to the counts registered in the single-scaler 
unit. Thus analyzer number 1 registered the pulses 
from Movable I that were in coincidence with pulses 
from Movable II while analyzer number 2 registered 
those counts in Movable I not accompanied by a 
coincidence count and therefore due to contaminant 
scattering or to multiple scattering. 


CURRENT MEASUREMENT 


During the course of the experiment two different 
current integrators were used. The first one was used 
for the data taken at 2.0, 1.9, and 1.8 Mev. The beam 
charged a small capacitor having low leakage to a preset 
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Fic. 4. Entrance aperture requirements for Movable II counter. 
The angular spread has been exaggerated in the drawings to 
illustrate clearly the nature of the problem. 


7C. W. Johnstone, Nucleonics 11, No. 1, 36 (1953). 


ELASTIC SCATTERING 


1775 


value of about 5 volts. An electrometer tube voltmeter 
measured the voltage and operated a circuit which 
discharged the capacitor through a mercury relay. A 
register indicated the number of cycles of the integrator. 
The integrator was calibrated frequently during each 
day’s run, the current-time method of calibration being 
employed. The internal consistency of the repeated 
calibrations was about 0.3%, and the absolute accuracy 
was 0.5%. 

A more reliable current integrator of the Wisconsin 
type® was used for the lower energy data taken later. 
A 4-uf capacitor was charged by battery to —12 volts 
and discharged by the beam. A vibrating reed elec- 
trometer indicated when the charge reached zero. This 
integrator was calibrated by measurement of the 
capacitance and the voltage to which it was charged, 
the over-all accuracy being about 0.2%. An independent 
calibration using the current time method was made 
frequently and the two methods always agreed within 
assigned errors. 

Multiple scattering of the triton beam in passing 
through the aluminum exit foil could case some of the 
beam particles to miss the Faraday collection cup. The 
method of Dickinson and Dodder® for calculating 
multiple scattering was used to show that for the 
geometry used here a completely negligible beam loss 
occurred. A barrier cylinder at a potential of —350 
volts prevented secondary electrons from entering or 
leaving the collector. 


EXPERIMENTAL PROCEDURE 


The use of 90° coincidence counting introduces a 
serious problem that is not present in the usual single- 
counter method of measuring scattering cross sections. 
The scattered particle always has a finite chance of 
being scattered a second time by the chamber gas in 
its path to the detector. The probability of this hap- 
pening is greater than 1% for the geometry and gas 
pressure used here. Breit, Thaxton, and Eisenbud® have 


ALL DIMENSIONS IN INCHES 


Fic. 5. Pictorial drawing of the slits for the counter analyzers. 


5 C. Dickinson and D. C. Dodder, Rev. Sci. Instr. 24, 428 
(1953). 
* Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
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Fic. 6. Secondary gas scattering losses at 45° as a function 
of the chamber gas pressure. 


shown that the effect of this “gas scattering” upon the 
yield as measured by a single counter is negligible, 
even when absolute measurements with an accuracy 
better than 1% are desired. By reason of the symmetry 
of the geometry, the number of particles lost by gas 
scattering is almost exactly balanced by the number of 
particles gained by the same process. The two-counter 
arrangement used here will not benefit by this fortunate 
circumstance unless the Movable II counter has a 
sufficiently large aperture to catch all of the mates of 
the particles scattered into Movable I by the secondary 
gas scattering. 
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Fic. 7. Representative pulse-height distributions of the counts 
in Movable I at 45°, separated into coincidence and anticoinci- 
dence counts. The anticoincidence distribution contains -t 
scattering plus an alpha-particle background 


These effects plus the over-all operation of the 
apparatus were studied by measuring the p-p scattering 
cross section with the equipment as designed. Since 
secondary gas scattering is directly proportional to the 
target gas pressure, its effect could be measured by 
varying the gas pressure while measuring the yield. 
With clean hydrogen gas in the chamber and Movable 
I counter at 45°, all of the counts observed in Movable 
I fell in a nicely resolved peak when analyzed by pulse 
height and appeared to be due to p-p scattering. A few 
of these counts, however, were not recorded in the 
coincidence analyzer but were shifted to the anticoin- 
cidence analyzer, indicating that their recoil mates had 
not been picked up by Movable II. The ratio of counts 
recorded in the anticoincidence analyzer to the total 
number of counts gave the fraction of counts lost due 
to secondary gas scattering. In Fig. 6 are shown the 
fractional losses plotted as a function of the target gas 
pressure for Movable I at 45°. The curve is a straight 
line, the losses being zero at zero gas pressure. At 3 
mm Hg gas pressure, the loss was 1.1%, which is 
approximately the calculated loss. 

The two extremes of the angular interval covered by 
coincidence counting were 45° and 70°. For laboratory 
angles greater than 70° the scattered particles had 
insufficient energy for reliable detection by the counter. 
There are two factors influencing the amount of the 
gas scattering losses: the aperture size for Movable II 
and the energy of the scattered particle. At 45° the 
losses due to aperture requirements will be a maximum, 
while at 70° the losses caused by the increased scattering 
of the lower energy particles will be a maximum. A 
second series of measurements with Movable I at 70° 
and various gas pressures showed that the factional 
loss by gas scattering was the same as in Fig. 6 for 45°. 
The intermediate angles were then investigated by 
holding the chamber gas pressure fixed and varying the 
angle of Movable I from 70° down to below 45°, 
measuring the ratios of anticoincidence counts to totals 
at each position. As expected, the losses decreased 
slightly in the intermediate positions and then increased 
repaidly as one moved below the limiting angle of 45°. 
The gas-scattering corrections to be applied were 
assigned a generous probable error of about 50%. 
Since secondary gas-scattering corrections arise almost 
completely from small-angle Coulombic collisions at 
these relatively low energies, the above corrections for 
p-p secondary scattering are equally applicable to t-i 
scattering. 

The effect of aperture edge scattering from the 
entrance slit of Movable I counter analyzer was checked 
by replacing the slit system having 0.003-inch flats on 
the edges with another system having 0.008-inch flats. 
The counting rate as well as the ratio of anticoincidence 
to total counts remained unchanged. 

As a final check on the over-all operation of the 
apparatus, the p-p differential cross section at 45° was 
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measured for incident protons of 1.858-Mev energy. 
The value obtained was 0.4783 with a probable error 
of 1.4%. Corrections for gas-scattering losses have been 
applied. This absolute value is to be compared with the 
measurements of Worthington ef al.’ who obtained the 
value 0.4748 with a 0.3% probable error. Our value is 
0.7% high, well within the probable error. 

At this point, tritium gas was placed in the target 
chamber and a triton beam was accelerated into it. 
Superimposed upon the pulse height peak caused by 
tritons scattered from tritons into Movable I were 
many background counts coming from various sources. 
The magnetically analyzed beam contained both 7+ 
and HHH‘ ions in an unknown ratio. The chamber gas 
was principally tritium (85 to 94%), with the remainder 
being hydrogen and small amounts of oxygen, nitrogen, 
and oil vapors. The beam nuclei scattered from all of 
these target nuclei. Another source of background 
counts was alpha particles from the breakup of the 
compound nucleus, He‘, formed in the 7-T interaction. 


TABLE I. Nonsystematic uncertainties of measurements. 








Uncertainty 
Source (%) Remarks 


G-factor [see Eq. (2) ] 

Height of oil column +0.1 

Oil density +0.1 

Gas temperature +0.1 

Electronic counting losses Negligible 

Current integration +0.5 For 1.8-, 1.9-, and 2.0- 
Mev data 

For 1.6- and 1.7-Mev data 





+0.3 


+0.2 
+0.4 
+0.5 


Current integration 
Gas concentration 
Secondary gas scattering 








This reaction can go in one of several ways: 


T+T—He'+2n+11.3 Mev, 
T+T—He'+ n+11.2 Mev, 
T+T—He'+ 7+12.6 Mev. 


Figure 7 shows the pulse-height distributions of the 
counts in Movable I when set at 45°. A comparison of 
the coincidence and anticoincidence distributions shows 
that the coincidence technique was very effective in 
separating the background particles from the desired 
scattered particles. The coincidence counting rate of 
the order of 14 counts/min set a practical lower limit 
of 2% for statistical errors. 

The angular range beyond 70° was covered in a some- 
what crude manner by placing Movable I at the com- 
plementary angles, i.e., less than 20°, and using it 
without coincidence discrimination against the back- 
ground. Data were taken at the small angles only when 
fresh gas was in the chamber. For these angles the 
background corrections were necessarily high and 
poorly known and the assigned probable errors reflect 
the lack of knowledge of the background corrections. 
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TABLE II. Center-of-mass ¢-t elastic scattering cross sections 
for incident triton energies of 2.013, 1.890, and 1.800 Mev.* 








Triton 
energy 
(Mev) 


Uncertainties (%) 
Statistical Total 


+15 
+5,-—15 
+3.1 
+3.8 
+4.1 
+2.2 
+15 
+2.8 
2.2 
+5,—15 
+15 
+5,—15 
+2.5 
+5,—15 
+2.2 
+5,—15 
2.5 
+2.2 


+2.3 
+2.8 


a(¢)c m. 
(barns/sterad) 
0.41 
0.159 
0.1103> 
0.0815» 
0.0881» 
0.0795» 
0.43 
0.948» 





2.013 


+23 
+20 
+2.3 
+20 


+2.1 
+2.6 








* Probable error due to measurements are 0.8% (see Table I). 

> Measurement made using the 90° coincidence technique. 

¢ Due to symmetry about 90° in the c.m. system, these two bracketed 
angles should have the same observed o(¢). 


MEASUREMENTS 


Angular Measurements.—The 0° setting of the pro- 
tractor was confirmed by making yield measurements 
with Movable I for small angles on both sides of zero. 
The very rapid increase in yield near 0° made this a 
sensitive check and the two yield curves (plus and 
minus angles) were identical within statistical errors, 
indicating that indeed the 0° axis passed through the 
0° setting of the protractor. 

Gas Concentration.—Liquid nitrogen trapping helped 
to remove the contaminant gases but did not eliminate 
them. Samples of the target gas were taken at the 
beginning and end of each day’s run and were analyzed 
on a Consolidated-Nier mass spectrometer. The tritium 
concentration varied from 94.1% to 86.3%. The rate 
of growth of contamination as given by the 15° monitor 
counter agreed well with the growth as measured by 


TABLE III. Center-of-mass /-¢ elastic scattering cross sections 
for incident energies of 1.687 and 1.582 Mev.* 








Triton 
energy 
(Mev) 


1.687 


Uncertainties (%) 
Statistical Total 


+5,-15 
+5,—15 
+31 
+15 
+5,-15 
+5,—15 
+5,—15 
+31 
+5,—15 
+2.7 +2:8 


o(p)e.m. 
(barns/sterad) 
0.478 
0.100 
0.0904 
0.59 
0.261 
0.136 
0.119 
0.1042> 
0.088 
0.0959 





+3.0 


1.582 


+3.0 








* Probable error due to measurements are 0.8% (see Table I). 
> Measurement made using the 90° coincidence technique. 
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Fic. 8. Angular distribution in the c.m. system for 
+= 1. Mev. 
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the gas analysis. The tritium concentration as measured 
is believed to have an over-all probable error of +0.4%. 

Beam Energy.—The machine energy was calibrated 
in the usual way by measuring the T*(p,)He’ threshold 
using a zirconium-tritium target.!° The chamber en- 
trance window was then inserted and, with a small 
amount of helium gas in the chamber to provide 
cooling for the window, the T*(p,n)He* threshold was 
remeasured. A typical measurement gave an energy 
loss in the window of about 10 kev and 2 kev in the 
cooling gas. The change of stopping power with energy 
for protons in glass was assumed to be the same as for 
protons in aluminum over the energy range of interest 
here (500 kev to 1 Mev) and the corresponding energy 
losses of the triton beam in the window were calculated. 
In this way the triton energy at the center of the 
chamber was known to 3 kev. 

Pressure.—Tritium pressure in the scattering cham- 
ber was measured by means of an oil manometer con- 
taining Narcoil-20 oil. The heights of the oil columns were 
compared with a Wild precision cathetometer located 
20 inches from the manometer. The column heights 
could be measured with an accuracy of 0.005 cm and 
the resulting uncertainty was 0.1% or less. The density 
of the oil as a function of temperature was known to 
0.1%.4 

Temperatures—Both uniformity and stability of 
temperatures in the chamber were assured by the good 
thermal conductivity and large mass of the aluminum 

” Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 


325 (1949). 
" A, Hemmendinger and H. V. Argo, Phys. Rev. 98, 70 (1955). 
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Fic. 9. Excitation functions at c.m. angles of 60° and 90°. 


chamber. The temperature of the chamber was meas- 
ured by a mercury-glass thermometer graduated in 
tenths of a degree and placed in a well in the wall. The 
temperature of the manometer oil was indicated by a 
similar thermometer immersed in the oil of one arm 
of the manometer. 

G-factor (Eg. (2)].—Aperture dimensions were 
measured by means of a microcomparator and were 
accurate to 0.1%. The lengths 4 and Ro—h were 
measured with micrometers calibrated immediately 
before measurement was made. The distances were 
known to 0.0007 inch and the resulting accuracy was 
better than 0.05%. A conservative estimate of the 
accuracy of the G-factor is 0.3%. 


SUMMARY OF ERRORS 


Table I lists all of the known significant sources of 
error and the uncertainties that have been assigned to 
each. 

RESULTS 

Final values of the differential scattering cross 
sections are listed in Tables II and III in the c.m. 
system. Figure 8 shows some of these data plotted in 
the form of an angular distribution. The total probable 
errors for the points are listed in the tables and are 
indicated on the curves. The values labeled with a 
superscript b were taken with the coincidence counters 
and one notes that their probable errors are consid- 
erably smaller than are the probable errors for the 
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remainder of the data. Figure 9 shows two plots of the 
cross section as a function of energy, one for 60° in 
the c.m. system and one for 90°. There is no indication 
of an energy level in the He® compound nucleus over 
the small energy interval which is covered here. 

Frank and Gammel? have made a_phase-shift 


R, M. Frank and J. F. Gammel, Phys. Rev. 100, 973(A) 
(1955). 
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analysis of the data taken at incident triton energies 
of 1.800 and 2.013 Mev. They find that a 1S phase shift 
corresponding to that resulting from scattering by a 
hard sphere of radius a=2.35X10~" cm fits the data. 
This is consistent with the assumption of a strongly 
attractive interaction between the two free tritons 
(unbound by 12.25 Mev relative to the 1S state of He®). 
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Gamma Rays from Excited Levels in Al* 


H. Acer-Hanssen, 0. M. Lénsy6, AND R. NoRDHAGEN 
Department of Physics, University of Oslo, Blindern, Norway 
(Received August 29, 1955) 


To measure the energy of y rays following resonances in the 
Mg”(p,y)Al reaction, thin targets of natural magnesium have 
been bombarded with protons. The radiation of the resonances at 
222, 418, and 825 kev proton energy have been investigated, and 
the y-ray spectra have been observed with a single NaI (T1) crystal 
scintillation counter and a Hutchinson and Scarrott pulse height 
analyzer. Several y rays are identified in the spectra, corre- 
sponding to transitions from excited levels in Al?® at 3.08+-0.03, 


INTRODUCTION 


HE spectra of the y radiation from levels in nuclei 
excited by bombardment of protons are fairly 
easily obtained by the help of a scintillation counter and 
a multichannel pulse-height analyzer. When a single- 
crystal scintillation counter with good energy resolu- 
tion is used, and the decay scheme of the excited level 
is not too complicated, an interpretation of the energy 
spectrum of the y rays is possible. The use of a pulse- 
height analyzer with many channels makes a measure- 
ment of the complete y spectrum possible, without 
knowing the absolute yield of the reaction under 
investigation. 
In the present work the y yield of the reaction 


Mg*+ p—Al**-+- hv Al + hy 
\ 7.6 sec 
Al®+hyv— \ 
Mg*+t 


was investigated.' This reaction was chosen because the 
excitation energy of the compound nucleus is low, and 
as there are only a few bound levels in Al* below the 
first levels reached in proton bombardment, a not too 
complicated spectrum can be expected. 


EXPERIMENTAL 


A ¥ spectrometer of fairly good resolution has re- 
cently been completed at our Laboratory. The spec- 


1 Churchill, Jones, and Hunt, Nature 172. 460 (1953). 


2.69+0.02, 2.50+0.06, 1.80+0.02, 0.95+0.08, and 0.45+0.06 
Mev energy. 

From estimates of the y-ray intensities the following spin assign- 
ments are given: For the 2.69-Mev level in Al*, $+; for the 
2.50-Mev level, $+; for the 1.80-Mev level, }— ; and for the 0.95- 
Mev level, $+. 

No y rays were found to accompany the 7-second positron activ- 
ity from Al*5, A measurement of the radiation from the annihila- 
tion of the positrons is included. 


trometer consists of a single 13-inch NaI(T1) crystal 
with a DuMont 6292 photomultiplier, and a 120- 
channel pulse-height analyzer of the Hutchinson and 
Scarrott design.” A single photopeak of a y ray with an 
energy near 2 Mev is measured by the spectrometer 
with a half-width of 5%. 

Thin targets of natural magnesium were bombarded 
in our Van de Graaff generators, and the resonances 
were well resolved. The yield from the following reso- 
nances*~® assigned to the capture of a proton in Mg*4 
was investigated. 


Excitation energy of 
AF in Mev Reference 


2.50 3 
2.69 4 
3.08 5 


E,(lab) in kev 


222 
418+0.5 
824.9+0.4 


Most of our runs were shorter than half an hour, as 
during this time a sufficient number of counts was 
obtained to give a statistical accuracy of around 5% 
or better for the height of the peaks in the high-energy 
region of the spectra. 

The spectra obtained are shown in Figs. 1, 2, and 3. 
For comparison a spectrum of the radiation from a Na” 
source is given in Fig. 4, taken with the same counting 
equipment as the other spectra. The y rays from a 
Zn® (1.12-Mev energy), a Co™ (1.17 and 1.33 Mev), and 

— W. Hutchinson and G. G. Scarrott, Phil. Mag. 42, 792 
5 Gcedal Lénsjé, Tangen, and Bergstrém, Phys. Rev. 77, 296 
(1950). 


4S. E. Hunt and W. M. Jones, Phys. Rev. 89, 1283 (1953). 
5 Recent measurement in this Laboratory (unpublished). 
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Fic. 1. y spectrum of the yield from the 222-kev resonance and 
decay scheme for the 2.50-Mev level. 


a ThC” (2.62 Mev) source were used to calibrate the 
spectrometer. 


PREVIOUS INVESTIGATIONS 


The elastic scattering of protons from Mg” in the 
range from 0.4 to 3.95 Mev has been thoroughly 
investigated by Mooring et al.* The resonance at 418 
kev was not observed. Koester’ interprets their data, 
and assigns the spin and parity $— to the level giving 
rise to a resonance at 825 kev. 

Goldberg* measured the energy and angular dis- 
tribution of the neutrons in the reaction Mg**(d,n)AI*®, 
and found groups corresponding to the levels of Al* 
given in Table I. Two other levels of energies 1.94 and 
2.92 Mev were also reported, but owing to the low 
statistical accuracy of their measurement, these levels 
were marked with a question in Goldberg’s report. His 
spin assignments are also given in Table I. 

The y rays following the 222-kev resonance have been 
measured.® Craig ef al. report a y ray of energy 
2.03+0.03 Mev with an isotropic distribution to the 
incident beam, and a y ray of energy 0.47+0.02 Mev. 


No. of counts. 3.08 
Arb. units. 
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Fic. 2. y spectrum of the yield from the 825-kev resonance and 
decay scheme for the 3.08-Mev level. 


* Mooring, Koester, Goldberg, Saxon, and Kaufmann, Phys: 
Rev. 84, 703 (1951). 

7L. J. Koester, Phys. Rev. 85, 643 (1952). 

* E. Goldberg, Phys. Rev. 89, 760 (1953). 

* H. Casson, Phys. Rev. 89, 809 (1953). 

” Craig, Cross, and Jarvis, Phys. Rev. 96, 825(A) (1954). 


The isotropic distribution is reported consistent with 
the following spins for the resonant level: $+, §+-. 
The Al* ground-state spin of 5/2+ seems well 
established.*" 
SPECTRA 


Intensities 


When a decay scheme consistent with our observed 
spectrum had been established, the areas under the 
photopeaks associated with the different y rays were 
estimated. These areas were corrected in the following 
manner: 


(1) First, correction was made for the absorption 
mechanism in the Nal crystal by the help of the experi- 
mental peak-to-total curve given by Bell.” This curve 
was roughly extrapolated to higher energies with the 
help of a measurement on the spectrum of the 2.76-Mev 
y ray from a Na*™ source. Our curve is given in Fig. 5. 
We believe that the discontinuity of Bell’s curve near 
0.5 Mev is due to the use of a positron emitter to 
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Fic. 3. y spectrum of the yield from the 418-kev resonance and 
decay scheme of the 2.69-Mev level. 


establish the point at 0.51 Mev. It might be difficult 
to find the exact peak-to-total ratio from the complex 
spectrum of positron annihilation radiation.’* 

(2) Secondly, the areas were corrected for the varia- 
tion of counter efficiency with energy. The values given 
by Bell'* could be used for our crystal in the energy 
region under consideration when increased by 8%. 
This was found by independent calculations for our 
counter at a few energies. Bell’s data had to be multi- 
plied by the finite solid angle of the counter as seen 
from the target. 

(3) We next corrected for the variation with y-ray 
energy of the absorption in the target backing and 
holder. 


11M. G. Mayer, Phys. Rev. 78, 16 (1950). 
2 P_R. Bell in K. Siegbahn, Beta- and Gamma-ray Spectroscopy 
— Publishing Company, Amsterdam, 1955), Chap. 
, Fig. 6. 
8 Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954), 
4P. R. Bell, in Beta- and Gamma-ray Spectroscopy, edited by 
= eT (North-Holland Publishing Company, Amsterdam, 
1955), p. 154. 





y RAYS FROM EXCITED LEVELS IN Al?5& 


Angular variation of the y-ray intensities was not 
considered. 

As in the extrapolated yield method,® the areas of 
the photopeaks in most cases still have to be estimated 
by extrapolation. Consequently, some arbitrariness 
seems unavoidable with a single-crystal arrangement. 

The results of the intensity estimates are given in 
Table II together with the measured energies of the 
identified y rays. The intensities are measured in rela- 
tion to a pronounced ‘y ray in each spectrum. The 
energies are given from an estimate of the peak location. 
The higher possible error in the low-energy part of the 
spectra stems from the existence of the positron peak 
and a lower peak-to-background ratio. 


Sources of Error 
Decay of the AP*® Ground State 
This decay by positron emission might lead to ex- 


cited states of Mg”.!® y rays from these levels might 


TaBLE I. Energies and spins of excited levels in Al** found by 
investigating the + rays from the Mg*(p,7)AF* reaction at reso- 
nant energies 222, 418, and 825 kev. For comparison the results 
of Goldberg® are given. 








Goldberg Mg*(d,n) Al?5 
Mev level energy Spin 


3.09+0.06 
2.70+0.05 
2.51+0.05 
1.81+0.04 
0.95+0.03 
0.45+0.03 


This work Mg™(p,x)Al* 
Mev level energy Spin 


3.08+0.03 (3/2—)* 
2.69+0.02 3/2+ 
2.50+0.06 1/2+, 1/2— 
1.80+0.02 3/2— 
0.95+0.08 3/2+ 
0.45+0.06 





3/2+, 5/2+ 
1/2+ 
0 5/2+ 








* Our spectrum agrees with this assignment by Koester.’ 


give errors in the spectra attributed to the decay of 
excited levels in Al?®. A spectrum of the y rays from the 
positron emission is given in Fig. 6. A background was 
measured to include radiation from possible activities 
with longer half-lives. The activities built up in the two 
runs are not directly comparable, but a background of 
sufficient accuracy for the present purpose is obtained. 

A high-energy tail follows the 0.51-Mev peak. The 
peak arises from the annihilation of positrons at rest, 
and the tail is well accounted for by the annihilation 
of positrons in flight and by bremsstrahlung. This 
was shown by a calculation following Bethe'® and 
Gerhart et al.!® 

Any possible radiation from the lowest excited level 
of Mg, with an energy of 0.58 Mev," is difficult to 
find, owing to the small distance in energy from the an- 
nihilation peak at 0.51 Mev. But an amount of more 
than 1% of the 0.51-Mev peak would have shown up 


16 Hunt, Jones, and Churchill, Proc. Phys. Soc. (London) 67A, 
479 (1954). 

16H. A. Bethe, Proc. Roy. Soc. (London) 150, 129 (1935). 

17P, M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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as a bulge on the side of this peak. Contributions from 
high-energy rays must be even smaller. We therefore 
conclude that the only error introduced in the Al* 
spectra from this source is due to the annihilation 
radiation. 


Cascades 


Two y rays with energies Z; and E, following each 
other in cascade faster than the resolution time of the 
counting equipment, will give rise to real coincidences 
in the counting crystal. If the intensity of the cascade 
is high, a measurable coincidence peak of energy E+E 
will appear in the spectrum. The number J, of counts 
in this peak can be found in relation to the number of 
counts Vp, in the photopeak of one of the y rays in the 
cascade. 

If there is only one route by which the lowest excited 
level can decay, then N.=Ngikigoke. N is the total 
number of photons in one of the two y rays leaving the 
target, g is an energy dependent factor correcting for 
counter efficiency, solid angle and absorption, & is the 
peak-to-total ratio as given by Fig. 5 and gk gives the 
absolute probability of finding a y ray counted in the 
appropriate photopeak. That is, Ny»,=Ngk and 
N/N p= g2k2; g and k are found as mentioned before. 

Thus the coincidence peak to be expected from a 
cascade can be found. Incidentally, an absolute peak- 
to-total calibration can also be found using cascades. 
This ratio is given by gk, and consequently can be meas- 
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15 
Energy in Mev 
Fic. 5, Experimental peak to total ratio for a 14-inch crystal of 


NalI(TI). The data for the region up to 1.4 Mev are taken from 
Bell.” 
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TABLE II. y rays from resonance reactions in Mg™(p,y)AP®. Intensities given for each spectrum relative 


to a pronounced y ray. All energies in 


Mev. 








0.222 (2.50 max energy) 
Resonance Peak No. Ey Intensity Peak No. 


0.418 (2.69 max energy) 


0.825 (3.08 max energy) 


Intensity Peak No. Ey Intensity 


Ey 





1 2.04+0.03 1.0 1 
1.54+0.05 0.1 


2 2 
3 0.95+0.07 3 
4 0.46+0.05 4 


2.69+0.02 
2.24+0.02 


1.80+0.02 
1.33+0.03 


3.08+0.03 0.4 
2.62+0.02 1.0 


2.12-+0.03 <0.2 


>0.06 
0.95+0.03 
0.45+0.04 


1.0 
1.1 


0.5 
0.8 


0.88+0,.03 


0.95 
0.85 


3.3 


0.45+0.05 








ured if radioactive sources of suitable properties can be 
found. 


Radiation from Resonances in Carbon 


The peak C in the spectrum from the 418-kev (Fig. 
3) resonance can be attributed to the 456-kev resonance 
in C®. The excitation energy of the corresponding level 
in NV" is 2.37 Mev.'® With a soot target a yield from this 
resonance was observed at a bombarding energy cor- 
responding to the 418-kev resonance in Mg*. In the 
y spectrum of this yield a pronounced peak at 2.34 Mev 
was observed. The peak moved to 2.37 Mev when the 
energy of the bombarding protons was raised to above 
450 kev. The movement was slight, but quite evident. 


Constant Background 


Peaks were observed in the constant background cor- 
responding to the 2.62-Mev radiation from ThC” and 
the 1.46-Mev radiation from the decay of K®.!” The 
radiation probably comes from the walls and floor of our 
generator hall. One inch of lead was sufficient to bring 
the background down to a moderate level. 


Different Spectra 
222-kev Resonance Spectrum (Fig. 1) 


The level at 2.50 Mev is chiefly de-excited via the 
0.45-Mev level, giving the strong y rays of 2.04- and 
0.46-Mev energy. The peak at 2.50 corresponds to the 
energy of a y ray to the ground state. This peak can be 
accounted for by coincidences between the 2.04- and 
0.46-Mev y rays to within 1% of the peak at 2.04 Mev. 
The transition to the ground state must, if it exists, be 
weak. 

The photopeak of the 2.04-Mev y ray is followed in 
the usual manner by a “one-quantum annihilation” peak 
and a “pair” peak at energies near 1.53 and 1.02 Mev. 
The peculiar sharpness of the 1.54-Mev peak and the 
broadening of the 1.02-Mev peak down to 0.9 Mev can 
be explained by assuming a transition from the 2.50- 
Mev level to the level at 0.95 Mev. A very rough 


18F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 


estimate for the intensity of this transition is given in 
Table IT. 


825-kev Resonance Spectrum (Fig. 2) 


The picture from the previous spectrum is repeated. 
The de-excitation of the 3.08-Mev level via the 0.45- 
Mev level is evident, giving y rays of energies 2.62 and 
0.45 Mev. The transition to the 0.95-Mev level also is 
pronounced, giving y rays of energies 2.12 Mev (energy 
coincident with the “annihilation” peak of the 2.26- 
Mev ray) and 0.95 Mev. The main structural difference 
from the previous spectrum is the existence of a ground 
state transition, which gives the 3.08-Mev peak. 


418-kev Resonance Spectrum (Fig. 3) 


The decay scheme of the 2.69-Mev level obviously 
is more complicated than the previous two. It can only 
be explained by the appearance of transitions to the 
1.80-Mev level previously reported by Goldberg.* Four 
possible routes exist for the de-excitation of the 2.69- 
Mev level. A direct transition to the ground state, a 
2.24- and a 0.45-Mev transition via the first excited 
level, a 0.89-Mev transition to the 1.80-Mev level, and 
a 1.74- and a 0.95-Mev transition via the second excited 
level are possible. The existence of y rays corresponding 
to the three first of these routes is evident from the 
peaks in the spectrum. The probability for the last 
route must be very small, as there is no pronounced 
peak at 1.74 Mev. 

For the de-excitation of the 1.80-Mev level the fol- 
lowing routes are possible: A 1.80-Mev transition to the 
ground state, a 1.35- and a 0.45-Mev transition via the 
first excited level, and a 0.85- and a 0.95-Mev transition 
via the second excited level. y rays corresponding to the 
two first of these routes give rise to pronounced peaks 
in the spectrum. The high intensity of the 0.88-Mev 
peak, in relation to the peaks at 1.80 and 1.33 Mev, 
suggests that the last route also is probable. Separate 
runs on the 0.88-Mev peak with high resolution show 
pronounced shoulders on both sides of the peak, which 
also indicates that +y rays of energies 0.85 and 0.95 Mev 
may be present. 








y RAYS FROM EXCITED LEVELS 


DISCUSSION OF SPINS 
2.50-Mev Level 


A spin of more than } for the 2.50-Mev level would 
give the energy-favored transition to the ground state 
(spin 5/2+-) a higher probability than the transition to 
the first excited state (spin +). We adopt the spin of 
$+ or }— for the 2.50-Mev level. 

The existence of an energy-unfavored transition to 
the 0.95-Mev level can be explained by choosing the 
spin $+ for this level from the two values given by 
Goldberg.® 

In the further discussion we will justify the assign- 
ment of spin $— to the level at 1.80 Mev. The apparent 
nonexistence of rays indicating a transition from the 
2.50- to the 1.80-Mev level, might be used to give a 
parity assignment for the 2.50-Mev level. An existing 
radiation from this transition might on the other hand 
be too weak to be detected. Therefore an unambiguous 
parity assignment can not be given. 


3.08-Mev Level 


Koester’s® spin assignment for this level, }—, gives 
electric dipole radiation for the transitions to lower 
levels. The present measurements agree well with this 
assumption. There is a similarity between the spectrum 
from this level and the y rays emitted by the 3.405-Mev 
level!® in Mg”, a $— level in the mirror nucleus of Al*®. 


2.69- and 1.80-Mev Levels 


An assignment of the spins 3+ or $+ to the 1.80-Mev 
level is possible from the intensities of the observed 
y rays from this level. A spin of }— would give too low 
a probability for the transition to the ground state, and 
higher spins will suppress the relatively strong transition 
to the first excited level. 

The validity of Weisskopf’s estimates of transition 
probabilities, based on the single-particle model,” is 
thoroughly discussed by Kinsey and Bartholomew.'® 
Arguments based on these considerations and similar to 
those given above seem to justify a spin assignment of 
$ for the 2.69-Mev level. As the ratio of magnetic dipole 
to electric quadrupole emission is not too well estab- 
lished, spins of 3+ and 5/2+ might also be possible. 

The transition from the 2.69 to the 1.80-Mev level 

% B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 
(1954). 


%” J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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Fic. 6. (a) Radiation from annihilation of positrons in the 
decay of the Al** ground state. The spectrum was obtained by 
20-second bombardment of thin targets with protons of energy 
corresponding to the 825-kev resonance in Mg*. The proton beam 
was then shut off and the y rays counted in 10 sec. This run was 
repeated 100 times. (b) Background. 20 seconds of bombardment 
were followed by 10 sec of waiting and 25 sec of counting. 40 runs. 
The peak at 1.45 Mev is due to radiation from K® in the constant 
background. 


obviously is parity-favored, and the transitions to the 
lower levels are parity-unfavored. The only combination 
of spins mentioned leading to such transitions is a spin 
of 3— for the 1.80-Mev level and a spin of even parity 
for the 2.69-Mev level. 

The assignment $+ is preferred for the 2.69-Mev 
level. The assignment is in agreement with earlier 
investigations*; it may especially be noted that the 
assumption of a D level at this energy can explain why 
a resonance at 418 kev was not found in the elastic 
scattering experiment of Mooring e/ al. The width of 
a D level may be too small at this energy to be resolved. 


CONCLUSION 


In conclusion, the levels and spins found in this 
investigation are compared with the results of Goldberg*® 
in Table I. We have found no evidence of the two 
dubious levels reported by Goldberg. 

It is a pleasure for us to acknowledge the help of 
T. Holtebekk, R. Jahren, and O. Os with the experi- 
mental work. We are also indebted to Professor R. 
Tangen for support and advice during the investigation, 
and to J. Sandstad for valuable help with the electronic 
equipment. 

This work was supported by the Royal Norwegian 
Council for Scientific and Industrial Research. 
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Decay of Sb'*’ and Sb'*°}* 
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The techniques of scintillation spectrometry have been applied to the study of the decay of Sb!’ and 
Sb™, Both decays were found to be too complex to permit complete analysis in the present experiments, 
but a number of beta- and gamma-ray transitions were measured for each nuclide. In the decay of 93-hour 
Sb”’ three beta-ray groups and eight gamma-ray transitions were measured. Coincidences were observed 
among several pairs of these transitions. In the 9.2-hour Sb” four gamma rays were observed and measured 
and the end-point energy of the most energetic beta transition was determined. 





INTRODUCTION 


HE decays of the antimony isotopes of mass 

numbers 127 and 129 have received very little 
study. They were both first observed as products of 
uranium fission by Abelson! who measured the half- 
lives as 80 and 4.2 hours, respectively. Later studies 
on Sb’ showed the half-life to be 93 hours* and absorp- 
tion measurements gave 1.2 Mev as the maximum 
beta-ray energy and 0.72 Mev as the gamma-ray 
energy.? No energy measurements have been reported 
on Sb™. 

Since photoproton reactions on stable isotopes of 
tellurium would give these antimony activities, it was 
decided to study their decay following their production 
by the Iowa State College 70-Mev synchrotron. 


SOURCE PREPARATION 


The antimony activities were obtained by irradiating 
natural tellurium metal at the maximum energy of the 
synchrotron x-ray beam, 70 Mev. The tellurium metal 
was dissolved in hot H,SO,, together with a small 
amount of antimony metal as carrier. The solution was 
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Fic. 1. Kurie plot of antimony-127.. 


t Contribution No. 422. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

* Based on a thesis submitted by one of the authors (MCD) to 
Iowa State College in partial fulfillment of the requirements for 
a Ph.D. degree. 

1 P. H. Abelson, Phys. Rev. 56, 1 (1939). 

2N. R. Sleight and W. H. Sullivan, Radiochemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), p. 928. 


diluted and NasSO; was added to precipitate the 
tellurium. The antimony was precipitated as Sb2S; and 
HS. As a purification step the sulfide was redissolved 
in concentrated HCl, the solution was filtered, and 
Sb2S; was reprecipitated. The sources were prepared 
by filtering the Sb2Ss. 


EQUIPMENT AND PROCEDURE 


The scintillation spectrometer, pulse-height recorder, 
and dot counter used in the measurements and the 
procedure used for measurement and calibration are the 
same as those described in an earlier paper on the 
tellurium isotopes produced in the same type of irradi- 
ation.? The spectrometer and pulse-height analysis 
system have been described in earlier publications.*~* 

In order to obtain sufficient Sb'’ activity to study, 
the source was mounted inside the synchrotron donut 
on the back of the electron gun. Thin tantalum sheets 
were placed in front of the target to serve as x-ray 
radiators, and about 15 hours of irradiation time were 
used. The Sb™ formed in the process was permitted to 
decay out. 

The Sb™ activity was obtained by irradiating five 
grams of tellurium metal for four hours outside of the 
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Fic. 2. Kurie plot of antimony-127 beta ray in coincidence with 
the 0.674-Mev gamma ray. 


3 Day, Eakins, and Voigt, Phys. Rev. 100, 796 (1955). 
4S. Johansson, Atomic Energy Commission Report No. ISC-431 
(unpublished). 
5 F. T. Boley and D. J. Zaffarano, Phys. Rev. 84, 1059 (1951). 
6 Hunt, Rhinehart, Weber, and Zaffarano, Rev. Sci. Instr. 25, 
268 (1954). 
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the 0.456-Mev gamma ray. 


donut and using it immediately while the ratio of 
Sb'’”/Sb””’ activities was highest. 


RESULTS 
Antimony-127 


The decay of antimony-127 was found to be complex. 
Analysis of the Kurie plot of the total beta-ray spectrum 
indicated at least three beta-ray groups, and the 
gamma-ray spectrum showed eight gamma rays with 
the major transitions at 0.240, 0.456, and 0.674 Mev. 
The beta-ray and gamma-ray data are summarized in 
Table I. 

Figure 1 shows a typical Kurie plot for the high- 
energy beta-ray group from which the end point was 
determined to be 1.57+0.03 Mev. Gamma-beta coinci- 
dence measurements were used to determine the energies 
of the less energetic beta transitions. From these it 
was found that in coincidence with the 0.674-Mev 
gamma ray there is a 0.86-+0.02-Mev beta transition 
and in coincidence with the 0.456-Mev gamma a 
1.11+0.03-Mev beta. The Kurie plots of these two 
beta-rays are shown in Figs. 2 and 3. 

The relative intensities of the beta-ray transitions 
shown in Table I were determined by back-extrapo- 
lating the Kurie plots to zero energy and reconstructing 


TABLE I. Radiations of antimony-127 and antimony-129. 








Estimated 

Beta-ray intensity 

end point of 8 rays 
(Mev) % 


1.57+0.03 30 
1.11+0.03 20 
0.86+0.02 50 


Gamma-ray 
energy 
(Mev) 


0.058+0.010 
0.185+0.008 
0.240+0.003 
0.417+0.008 
0.456+0.004 
0.5630.005 
0.674+0.005 
0.764+0.010 
0.165+0.005 
0.308+0.004 
0.534-0.003 
0.788+0.005 





1.87+0.05 
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Fic. 4. Relative intensities of antimony-127 beta rays. 


the energy distribution curves from the Kurie plots as 
shown in Fig. 4. 


Antimony-129 


The total beta-ray spectrum of antimony-129 indi- 
cated several groups. However, it was only possible to 
determine the end-point energy of the highest energy 
group. This was found to be 1.870.05 Mev. A typical 
Kurie plot is shown in Fig. 5. 

The gamma transitions are listed in Table I; they 
are all relatively major transitions. 


DISCUSSION 


The logft value for the highest energy beta-ray 
transition in Sb'”’ was calculated to be 8.1. This would 
indicate that the transition might be of the special 
class of first forbidden transitions with AJ=2 and a 
change in parity. A number of these transitions have 
been observed’ which have a unique shape that differ- 
entiates them from the ordinary first forbidden transi- 
tion with AJ=0 or +1 and a change in parity. 

If the 1.57-Mev beta ray proceeds from the ground 
state of Sb!’, which has an assigned level of gz/2, to 
the 113-day isomeric state of Te'”’ with a level assign- 
ment of /11/2,8 the selection rules for this type of first 
forbidden transition would be satisfied. Although the 
Kurie plot does not appear to have a unique shape, it 
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Fic. 5. Kurie plot of antimony-129. 

7C. S. Wu, Revs. Modern Phys. 22, 386 (1950). 


8M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 





1786 Mw. Ci: DAF JR, 
is questionable if such a shape could be detected by 
the methods of scintillation spectrometry in a low- 
intensity transition. 

The logf# value was calculated to be 7.4 for the 
1.87-Mev beta transition in Sb’. This is in the range 
for first forbidden transitions with AJ=0 or +1 and a 
change in parity. The ground state of Sb’ has an 
assigned level of gz. and the 34-day and 72-minute 
isomers of Te” appear to occupy A412 and d32 levels 
respectively.’ This would indicate that the 1.87-Mev 
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beta ray of Sb’ does not go directly to either of these 
two levels, but proceeds through a higher excited level 
and a gamma transition to one or the other of the 
tellurium isomers. 

Since the complete disintegration schemes of these 
isotopes could not be obtained without many additional 
measurements, it is not possible at this time to make 
any definite proposals about the nature of the lower- 
energy beta transitions or to assign spins to the various 
levels involved in the complex decay processes. 


NUMBER 6 MARCH 15, 1956 


Search for Possible Naturally Occurring Isotopes of Low Abundance 


F. A. Wurre, T. L. Corts, AnD F. M. Rourke 
Knolls Atomic Power Laboratory,* Schenectady, New York 


(Received July 8, 1955; revised manuscript received December 27, 1955) 


A systematic search has been made for the existence of previously unobserved naturally occurring isotopes 
of low abundance. A two-stage mass analyzer was employed. With the exception of Ta, none were found. 
The improved abundance sensitivity of the two-stage spectrometer, however, allowed determinations of 
lower experimental “upper limits” to be placed on a large number of isotopes. The elements, sodium, alu- 
minum, scandium, niobium, and cesium were confirmed to be monoisotopic. A comparison has also been 
made of abundance measurements obtained with this instrument to those obtained in previous investigations. 


INTRODUCTION 


HERE are at least two reasons for continued 
interest in isotopic abundance measurements of 
the naturally occurring elements. First, certain hy- 
potheses concerning nuclear structure can be tested for 
consistency relative to the experimentally determined 
isotopic constitution of matter. Second, and of in- 
creasing importance, is the interest in measuring the 
radiative capture of many elements for various neutron 
spectra. In many instances, it is desirable to measure 
the buildup of a very small number of nuclei. It is thus 
necessary that very low experimental “upper limits” 
be placed on the existence of these nuclei occurring in 
nature. 

Accordingly, we have made such measurements as 
could be readily made on stable isotopes with the in- 
strumentation which has been developed for nuclear 
work in this laboratory during the past year. 


APPARATUS 


The instrument used for this survey was a two-stage 
mass spectrometer with two 90-degree, 12-inch radius 
of curvature magnetic sectors arranged in tandem. 
It is important to note that for such an instrument, 
abundance sensitivity, rather than resolution alone, is 
a figure of merit. The abundance sensitivity is defined 
as the reciprocal of the fractional number of ions of 
mass M which arrive and are detected at the M+1 


* Operated for the U. S. Atomic Energy Commission by the 
General Electric Company. 


mass position in the image focal plane. In order for an 
instrument to have a high abundance sensitivity, e.g., 
10°, it is of course necessary for the detector to have a 
range of 10°. 

A unique feature of this instrument is that only 
particles of a single mass at a time are allowed to pass 
through an intermediate slit, thus minimizing the effect 
of small-angle elastic scattering within the analyzer 
tube. For an intermediate slit which is small compared 
to the dispersion, the fractional number F of ions of 
mass M, which are scattered to the mass M+1 position 
for a single analyzer, is reduced to F*. Details of this 
instrument, which is diagrammatically shown in Fig. 1, 
are discussed elsewhere.’ 

It was necessary, for some of the measurements 
reported here, to observe exceedingly small beam 
currents due to limited positive ion emission. A twenty- 
stage Allen-type multiplier was employed, not as a dc 
amplifier, but as a counter® of discrete positive ions. A 
normal background counting rate, due to thermionic 
electrons emitted from the first dynode only, corres- 
ponds to about 5X10-” ampere. Currents in the 10- 
ampere range were thus observable. 


SAMPLE PREPARATION AND ION PRODUCTION 


In an investigation of this type where the primary 
purpose is to determine new limits on isotopic ex- 


'F. A. White and T. L. Collins, Appl. Spectroscopy 8, No. 4 
160 (1984) pl. Spectroscopy 8, No. 4, 
*F. A, White and T. L. Collins, Appl. Spectroscopy 8, No. 1 
(1954). Ppl. spe P} , 





NATURALLY OCCURRING ISOTOPES OF LOW ABUNDANCE 


Fic. 1. Diagrammatic 
sketch of a two-stage mag- 
netic analyzer utilizing 90- 
degree, 12-inch radius-of- 
curvature sectors in 
tandem. Individual posi- 
tive ions are detected by 
a twenty-stage electron pirrusion 
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istence, rather than precision ratio measurements, 
certain limitations are immediately apparent. These 
include positive ion current intensity of the desired 
element, interference from complex ions having nearly 
the same e/m ratio, superposition of ions of isobars, 
and range of detector sensitivity. In some instances, 
and actual filament impurity was utilized as the source 
of ions of the element, e.g., sodium, from a tungsten 
filament. No doubly charged ions were observed. In 
other cases of elements of high ionization potentials, 
even with large samples (milligrams), the production 
of suitably intense ion beams was exceedingly difficult. 

A surface ionization source was used throughout and 
unless otherwise noted tungsten was used as a filament 
material. A 40-mil wide tungsten ribbon was folded in 
the shape of a V along its length and welded to 15-mil 
diameter supporting legs. This method of supporting 
prevented buckling at high temperatures. The V con- 
figuration allowed a fraction of the neutral atoms which 
were evaporated from the hot tungsten a second chance 
to become ionized before reaching the first slit of the 
ion gun. Beam maxima were obtained by adjusting the 
ion gun in azimuth through a vacuum-tight mechansim. 

For the very large ratios which are reported, it was 
necessary to circumvent the limitation imposed by 
counting-rate losses of the electron multiplier and its 
associated high-speed scaling circuits. For positive ion 
counting rates up to 10’ counts per minute (~10-" 
ampere), corrections were made by observing changes 
in known isotopic ratios. Ratios of 1 to 10* were ob- 
tained by intermediate measurements with respect to 
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the isotopes of lesser abundance of the given element. 
The results of this survey are compiled in Table I 
together with those of other investigators. 


Lithium 

Previous experience at this laboratory, with the 
production of lithium ions by surface ionization, has 
indicated that the best results are obtained if the sample 
size is small. Accordingly, the total weight of sample 
used for this analysis was 10~’ gram of Li,SO,. Adequate 
lithium ion current was produced at 600-degrees 
Centigrade. 

It was not the purpose of this analysis to measure 
the absolute abundance ratio of the known lithium 
isotopes, but rather to place upper limits on the possible 
existence of other isotopes of this element. The Li’/Li® 
ratio measured in this investigation was 11.32. Upper 
limits obtained for the existence of Li® and Li® relative 
to Li’ were: Lii—1/1 500 000 of Li’; Li8—1/1 000 000 
of Li’. 


Sodium 


Sodium is present as an impurity in all filament 
materials. Because of its relatively high ionization 
efficiency, prolific beams of Nat ions were easily ob- 
tained from the filament itself. No sodium isotopes 
other than Na* were detected. However, the presence 
of magnesium isotopes at mass 24, 25, and 26 was 
noticed and consequently no upper limits were obtained 
for the higher mass isotopes of sodium. 
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Magnesium 


Magnesium ions were produced by thermal ionization 
of a magnesium nitrate sample. Only the Mg* ion was 
observed. The abundance values obtained in this 
investigation for the three known isotopes of Mg are 
given in Table I, together with the previous values 
obtained by White and Cameron.* 

A search for other possible isotopes of magnesium 
showed that Mg” could not exist in excess of 1/300 000 
of Mg™ while Mg” did not appear to exist in excess of 
1/1 000 000 of Mg”. 

No other limits could be obtained because of the 
presence of impurity peaks adjacent to the magnesium 
spectra, notably Na™ and Al’’. 


Aluminum 
A coating of aluminum nitrate on a tungsten filament 
was used as a source of thermal ions. Beam currents of 
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adequate intensity were observed even at temperatures 
as low as 900-degrees Centigrade. Al” was found to be 
the only isotope. 

Potassium 


Potassium nitrate on a tungsten filament was used 
as a source of thermal ions. The Kt ions were accele- 
rated at 4 kilovolts. Voltage discrimination between 
K*® and K* was found to be about 3 percent and the 
results reported here have been corrected for this effect. 
Table I also shows the previous values obtained by 
Nier* using electron bombardment of potassium vapor. 

No new isotopes of potassium were found, but ex- 
tremely low upper limits were placed on the possible 
existence of such isotopes. 


Scandium 


Scandium oxide was used as a source material. Sc*® 
appeared to be simple, since no other isotope was found 


TaBLE I, Isotopic abundances. 











Abundance 


Element Mass No. This investigation Other observers 


Abundance 
Element Mass No. This investigation Other observers 





<0.0005* 
<0.001> 
<0.002° 
<0.0028 


Li <0.00007 
<0.0001 
Na <0.000001 
<0.000003 
100.0 
Mg <0.00008 
<0.00025 
78.840.2 
10.15+0.1 
11.060.1 
<0.00015 
<0.00015 
100.0 
<0.00005 
<0.00002 
<0,00005 
<0.000008 
<0.000008 
<0.000008 
93.23+0.05 
0.0118-+.0.0002 
6.76-+0.05 
<0.000004 
<0.000002 
<0.010 
<0.010 
<0.010 
100.0 
<0.010 
<0.0001 
<0.00005 
0.25-+0.01 
99.754-0.01 
<0.0004 
<0.0003 
100.0 
<0,00012 
<0.00012 
<0.00019 
<0.00019 
100.0 
<0.00019 
<0.00010 


78.60.13 
10.11-40.05° 
11.29-+0.08> 


93.08+0.04¢ 
0.0119-+-0.0001¢° 
6.91+0.04¢ 
<0.00062 
<0.00062¢ 
<0.0002 
<0.0002" 
<0.0005" 


<0.002" 
0.24-+0.01i 


99.76+0.01! 
<0.0066! 


<0.25) 


<0.025" 





Nb 96 <0.00010 
97 <0.00010 
98 <0.00010 
Ru 94 <0.010 
95 <0.010 
96 5.57+0.08 
97 <0.010 
98 1.86+0.04 
99 12.7+0.1 
100 12.6+0.1 
101 17.1+0.1 


104 


<0.014 
<0.014 
<0.024 


<0.54 
95.770.03> 

<0.024 
<0.624 
<0.124 
<0.001™ 
<0.005" 
<0.025" 


<0.017™ 

<0.002™ 

<0.001™ 
(all other <0.002)" 
<0.002 


<0.002 
<0.002 
0.089-+0.002" 
99.911 
<0.002 
<0.002 
<0.02° 


100.0 
<0.00005 
<0.00003 
<0.00001 
<0.000007 
<0.000007 
<0.000007 
<0.000014 
0.089+0.0015 
99.911+0.0015 
<0.001 
<0.002 
<0.0003 





8 J. R. White and A. E. Cameron, Phys. Rev. 74, 991 (1948). 
4A, O. C. Nier, Phys. Rev. 77, 789 (1950). 
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TABLE I.—Continued. 








Element Mass No. 


Abundance 


This investigation Other observers 


Abundance 
Element Mass No. This investigation Other observers 





Nd 140 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
172 
173 
174 
175 
176 
177 
178 
179 
180 


<0.0001 
27.340.2 
12,320.09 
23.8+0.18 
8.29+0.06 
17.10-+0.14 
<0.0002 
5.67+0.05 
<0.0001 


5.56+0.05 
<0.0001 
<0.0002 
<0.0001 


27.10-+0.10 
13.75-£0.05 
35.22+0.10 


<0.004° 
27.130.2° 
12.20+0.1° 
23.87+0.2° 
8.30+0.05° 
17.18+0.2° 
<0.01° 


0.1840.01" 


5.15+0.02 
18.39+0.01? 
27.08+0.04° 
13.78+0.02 


35,440.06" 
181 <0.00003 band 
182 <0.00005 
183 <0.00005 
184 <0,00005 
185 <0.00002 
177 <0.0003 
178 <0.0003 
179 <0.0003 <0.01 
180 0.0123+0.0003 <0.01 
181 99.9877=+-0.0003 100.0% 
182 <0.0002 <0.01 
183 <0.0002 <0.01 


(all other <0.01)» 
<0.01 





Pt 188 <0.0013 
189 <0.0005 sit 
re 0.0127+0.0005 0.0124 
191 J ans 
192 “ : 0.789 
193 ‘ ae 
194 4 A 32.84 
195 r ; 33.74 
196 : 3 25.44 
197 : oti 
198 ; J 7.234 
199 a ait 

200 

202 

203 

204 

205 

206 

207 

208 

209 

210 

211 

212 

213 . iw 

232 ; <0,0029° 

233 <0.0029s 

234 0.0056+0,0001 0.0058* 

235 0.718+0.005 0.7158 

236 <0.0002 <0.0029* 

237 <0.0001 <0.0083* 

238 99.276+0.005 99.28" 

239 <0.0001 <0.0083* 

240 < 0.00005 <0.0015* 








f Blewelt, Phys. Rev. 49, 900 (1936). 

White and A. E. Cameron, Atomic Energy Commission Report 
be 1195 (unpublished); Phys. Rev. a. 991 (1948), 
. K. Brewer, Phys. Rev. 49, 856 (193: 
- S. Rem pecs and W. Bleakney, Phew. ‘Rev. 50, 456 (1936). 
. . 77, 789 (1950). 
. O. b . 48, 283L (1935). 
. O. i 5 . 50, 1041 (1936). 
be 
yo 
. B. 
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Leland, Phys. Rev. 77, 634 (1950). 
Hess, Jr, and M. G. Inghram, Phys. Rev. * A (1949). 
Sampson and W. Bleakney, Phys. Rev. 50, 732 (1936). 
Cohen, Phys. Rev. 63, 219(A) (1943). 

. Friedman and A. P. Irsa, J. Am. Chem. Soc. 75, 5741 (1953). 
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greater than 1/10000 of Sc**. The thermal ions ob- 
served were the Sct metallic ions. No appreciable ScOt 
ions were noticed. Approximately 10~“ ampere of Sc*® 
ions was obtained at 1200°C. 


Vanadium 


A solution of vanadyl chloride containing 0.2 milli- 
gram of vanadium was evaporated to dryness on a 
tungsten filament. Interest in this element was centered 
around the possible existence of an isotope at mass 48. 
Minute impurity peaks from calcium, chromium, and 
titanium made it difficult to place very low upper limits 
on this and other isotopes of vanadium. The results 
listed below are the result of correcting for the presence 
of the known impurities. In all cases, the calculated 
correction would account for the entire peak, but a 5 
percent uncertainty in the correction allows only the 
following upper limits to be placed for other isotopes 


mA. O. C. Nier, Phys. Rev. 52, 933 (1937). 

® Inghram, Hayden, and Hess, Phys. Rev. 72, 967 (1947). 

° Inghram, Hess, and Hayden, Phys. Rev. 74, 98 (1948). 

»R. F. Hibbs, Atomic Energy Commission Report AECU-556, August 
1949 (unpublished). 

a Inghram, Hess, and Hayden, Plutonium Project Report, Argonne 
National Laboratory ANL-4012, July, 1947, (unpublished), p. 7, also W. T. 
Leland, Phys. Rev. 76, 992 (1949). 

tA. O. C, Nier, J. Am. Chem. Soc. 60, 1571 (1938). 

*A. O. C. Nier, Phys. Rev. 55, 150 (1939). 

* Goldin, Knight, Macklin, and Macklin, Phys. Rev. 76, 1561 (1949), 
also C. A. Keinberger, Phys. Rev. 76, 1561 (1949), 


relative to V™: V%—1/1000000 of V®; V®—1/ 
2 000 000 of V™. 

The V™/V® ratio, after correcting the V® peak for 
slight contributions from titanium and chromium, was 
found to be 398+15. 


Manganese 


Manganese chloride was used as a source of Mnt ions. 
No isotopes other than Mn® were found in this in- 
vestigation. Impurity peaks due to chromium caused 
interference in the manganese region. By using Nier’s® 
values for the abundance of the chromium isotopes, 
corrections were made on the observed peak height at 
mass 53 and 54. The remaining impurity peaks at mass 
56 and 57 were not identified, thus preventing limits 
from being obtained at these positions. 


5A. 0. C. Nier, Phys. Rev. 55, 1143(A) (1939). 
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Niobium 
A niobium filament was used as a source of Nbt ions. 
Impurity peaks due to molybdenum were noticed. By 
subtracting the molybdenum contribution according to 
the abundances given by Williams and Yuster,® upper 
limits were placed on all other possible isotopes of 
niobium from mass 89 to mass 98. 


Ruthenium 


Powdered ruthenium sponge was suspended in amyl 
acetate and evaporated to dryness on a tungsten fila- 
ment. The intensity of ruthenium ions by surface 
ionization was extremely high and stable for long 
periods of time, and over a wide range of temperatures. 

The accepted values for the abundance of the isotopes 
of ruthenium are based on the photographic-plate 
measurements of Ewald’ using Nier’s old cadmium 
abundances for calibration purposes. The values meas- 
ured in this investigation are in good agreement with 
Ewald’s values, except for Ru®* where our value is 16 
percent lower. Our values are in better agreement with 
those reported by Friedman and Irsa.* In the case of 
the lower mass ruthenium isotopes, corrections of about 
2 percent were made for the molybdenum contribution 
which was noticed at all temperatures studied. The 
abundance values are given in Table I together with 
those reported by Friedman and Irsa. 


Indium 


Indium metal was used as a source of its own ions. 
No other isotopes of indium other than In" and In" 
were detected. Due to the relatively high ion emission 
current of In, it was possible to obtain very low upper 
limits on the existence of other isotopes. 


Cesium 


A solution of cesium nitrate was evaporated to dry- 
ness on a niobium filament. Cst ions were obtained at a 
filament temperature of 500-degrees Centigrade. Cesium 
was found to be simple, and the extremely low upper 
limit shown in Table I for the existence of other possible 
Cs isotopes were obtained by extrapolation of the 
counting-rate losses at Cs up to 5X10® counts per 
minute (10-" ampere). 


Lanthanum 


A solution of lanthanum oxide in dilute HCl was 
coated on a tantalum filament. Both the Lat and the 
(LaO)* peaks had to be corrected for the presence of 
barium ions in the lanthanum spectra. The La!**/La'** 
ratio was measured to be 1120+20. 


* D. Williams and P. Yuster, Phys. Rev. 64, 556 (1948). 
7H. Ewald, Z. Physik 122, 686 1944). 
* L. Friedman and A. P. Irsa , J. Am. Chem. Soc. 75, 5741 (1953). 


Neodymium 


Neodymium oxide, “spec pure,” was used in this 
investigation. Both the NdO* ions and the Nd* ions 
were observed. SmO* ions caused slight contributions 
in the NdO* region, but no interference was observed 
at the metal region. The abundances measured in this 
investigation are given in Table I, together with the 
values obtained by Inghram, Hess, and Hayden in 1948, 
Other isotopes were searched for, and the upper limits 
obtained are shown in Table I. 


Hafnium 


The source of hafnium ions was a sliver of hafnium 
metal, melted onto the tungsten filament. The thermal 
ions measured were Hft, no indication of HfO*+ ions 
being observed. The isotopic ratio Hf'*/Hf'” was cor- 
rected for the minute contribution from W'®, which 
amounted to less than 0.1 percent. The abundances 
measured are given in Table I. Also, included in this 
table are the values obtained by Hibbs,’ using electron 
bombardment of HfCl, vapor. 


Tantalum 


A tantalum metal filament was used as a source of 
its own ions. It has recently been shown" that this 
element consists of two isotopes, Ta'*' and Ta!®, and 
is not monoisotopic as previously believed. The Ta!*!/ 
Ta'™ ratio was measured to be 8120+200. Upper 
limits measured for the existence of other isotopes 
relative to Ta'®* are: Ta!”’, Ta!”®, Ta!®— 1/330 000 of 
Ta'®!; Ta!®, Ta!®— 1/500 000 of Ta'*'. 


Platinum 


A sliver of chemically pure platinum was melted onto 
a tungsten filament. The Pt* beam current from such a 
source of thermal ions was adequate for an accurate 
analysis of the Pt isotopes, but the beam currents could 
not be made large enough to search for new isotopes 
below 0.001 percent relative abundance. Three samples 
were used in an attempt to obtain a higher Pt* current; 
but in each case, the filament burned out at approxi- 
mately 1800-degrees Centigrade, probably due to the 
formation of a W-Pt alloy of relatively low melting 
point. The abundances measured in this investigation 
are given in Table I, along with the previous adopted 
values of Inghram, Hess, and Hayden" and the value 
for Pt! measured by Leland.” By correcting for a small 
iridium 191 and 193 peak, the upper limits were deter- 
mined for other isotopes relative to Pt!. 


*R. F. Hibbs, Atomic Energy Commission Report AECU-556, 
August, 1949 (unpublished). 

White, Collins, and Rourke, Phys. Rev. 97, 556 (1955). 

u Inghram, Hayden, and Hess, Plutonium Project Report, 
Argonne National Laboratory Report ANL-4012, 1947 (un- 
published). 

2 W. T. Leland, Phys. Rev. 76, 992 (1949). 
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Lead 


Two milligrams of lead nitrate was used as a source 
material. Adequate ion beams of Pb*+ were produced 
by surface ionization. The spectrum obtained is shown 
in Fig. 2. 

The main interest in investigating lead was to look 
for the possible existence of Pb*’. This mass position 
was found to be occupied by Tl®, as proved by the 
presence of a mass 203 peak in the ratio of 205/203 = 2.4. 
Upper limits for these isotopes of lead were obtained 
by correcting for the thallium peaks. 

The mass 209 position showed the presence of a peak 
which, if it were Pb™, had an abundance of 0.0005 
percent. The possibility that this peak was due to a 
trace of impurity of bismuth cannot be excluded. The 
relative abundance of this peak was constant over a 
temperature range from 2000°C to 2600°C, and was 
observed in two samples of lead. A third sample was 
spiked with 0.93 percent by weight of bismuth. Analysis 
of this sample showed the 209 peak had an average 
abundance of 0.5 percent, but was far from constant, 
varying from 0.1 percent to 2 percent with changes in 
temperature. Chemically “pure” bismuth itself, when 
analyzed, was found to give large beam currents of the 
lead isotopes, indicating the relative ionization effi- 
ciency is much higher for lead. 

The abundances measured for lead isotopes are given 
in Table I. The source of the lead sample is unknown. 


Uranium 


A water solution of uranium nitrate evaporated on a 
tungsten filament was used as a source of thermal ions. 
Large beam currents of UO;*, UOt, and U* ions were 
observed. The U* ion was the major component at 
temperatures above 1500-degrees centigrade; conse- 
quently, the isotopic abundance measurements were 
made in the U* region. The resolution between U™ 
and U5 was such that less than 0.5 percent of the U4 
peak height was due to the spread of the U*® beam. 
Resolution between the U¥® and U™* peaks was such 
that less than 0.01 percent of the U™® peak could 
possibly be due to U**. The results are given in Table 
I together with the present adopted relative isotopic 
abundances which were obtained from a combination 
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of Nier’s'® mass spectrometric values and specific alpha 
activity measurements of Kienberger' and Goldin 
et al, 

CONCLUSION 


Of the nineteen elements reported here, seven 
(manganese, ruthenium, cesium, lanthanum, hafnium, 
platinum, and lead) were suggested by Stehn'® of our 
Theoretical Physics Unit, as possibly containing un- 
discovered stable or long-lived isotopes. This investi- 
gation has not reduced appreciably the possibility of 
Ru™, Pt!*, Pb”, or Pb existing in nature, but the 
probability that the remaining elements contain new 
isotopes is considerably reduced. 

The elements reported here are those which could be 
readily analyzed in our present instrument without 
making substantial changes in our source arrangement. 
The study will be continued to include the rare earth 
elements as well as those of the fifth and sixth periods 
which are not reported here. 

8 A. O. C. Nier, Phys. Rev. 55, 150 (1939). 

4 C, A. Keinberger, Phys. Rev. 76, 1561 (1949). 

18 Goldin, Knight, Macklin, and Macklin, Phys. Rev. 76, 336 


(1949). 
16 J. R. Stehn (private communication, January, 1954). 
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The model of Lane, Thomas, and Wigner, for the excited states of nuclei, is generalized by the introduction 
of a variable amount of nucleon-core polarization into the states of the independent-particle model. The 
mixing of each of the polarized states, by configuration interaction, into a small neighborhood near the 
initial energy of the state forms the basis of our model. The energy moments of the strength function are 
calculated. The second moment of the strength function, which may be roughly equal to the square of the 
full width at half-maximum of the strength function, is calculated approximately using a two-body Yukawa 
potential without exchange. By the choice of a suitable amount of core polarization the large value obtained 
by Lane, Thomas, and Wigner for the second moment [(22 Mev)*] is reduced by a factor of 23 to the 


reasonably small value of (4.8 Mev)?. 





1. INTRODUCTION 


N the recent work of Lane, Thomas, and Wigner! 

the behavior of the excited states of nuclei was con- 
sidered to be intermediate between the behavior of 
the states of the independent-particle model and the 
states of the uniform model.’ In their model the single- 
particle states of the independent-particle model were 
mixed, by configuration interaction, into the many 
other states of the independent-particle model. The 
configuration interaction is due to the difference be- 
tween the actual nucleon-core potential, V, and the 
average potential, V, used in the definition of the shell 
model. The basic assumption of the aforementioned 
model was that the mixing of the single-particle states 
occurred, principally, into a relatively small neighbor- 
hood near the initial energy of these states. A direct 
consequence of this assumption is a resonance-like 
behavior of the average reduced widths, (7,.”): that is, 
(y,2) has maxima near the positions of the single- 
particle levels of the independent-particle model. The 
giant resonances of the average total neutron cross 
sections’ can be described in terms of the average 
behavior of the reduced widths. 

The average total neutron cross sections had been 
described with considerable success by the cloudy 
crystal ball model.* This model assumed that the aver- 
age neutron cross sections could be described in terms 
of the scattering of neutrons by a complex potential 
well, Vo(i+if¢). The success of the cloudy crystal ball 
model in describing the average neutron cross sections 
can be understood in terms of the average behavior of 
the excited states of nuclei. Thomas® showed that the 
average total cross sections obtained with the model 


* This work is part of a dissertation presented by the author 
to the faculty of Princeton University in partial fulfillment of 
the requirements for the Ph.D. degree. 

t Now at Birmingham University, Birmingham, England. 

1 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 

? A similar picture was proposed by J. M. C. Scott, Phil. Mag. 
45, 1322 (1954), and E. P. Wigner, Science 120, 790 (1954). 

*H. H. Barschall, Phys. Rev. 86, 431 (1952), and subsequent 


papers. 
4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
5 R. G. Thomas, Phys. Rev. 97, 224 (1955). 


of Lane, Thomas, and Wigner are identical to those of 
the cloudy crystal ball model if the strength function, 
s(E,), (the average reduced width divided by the 
average level spacing) is assumed to be 


(Ey) = Ls (Ey) 
W?R,(a) 1 


a , a 
. amgVo 1+[(E-8,)/5¢VoP . 


where R,(a) is the pth radial wave function in the real 
part of the complex potential well, evaluated at the 
nuclear radius a, and &, is the position of the pth 
single-particle level in Vo. The partial strength function 
s®) is the contribution of the pth single-particle level 
to the strength function. The strength function refers 
to a given orbital angular momentum of the channel 
under consideration (a nucleon and the corresponding 
target nucleus in its ground state). 

Lane, Thomas, and Wigner assumed that the square 
root of the second moment of the partial strength 
function of their model was approximately equal to 
the full width at half-maximum of this function. They 
calculated the second moment to be the expectation 
value, taken in the ground-state channel, of the square 
of the configuration mixing potential, V-V. This 
expectation value was evaluated by them using a sum 
of two-body Yukawa potentials, without exchange, 
for V. The result they obtained. M2~(22 Mev)’, was 
much too large. If the square root of the second mo- 
ment is approximately equal to the full width at half- 
maximum of the partial strength function, their result 
implied that the various maxima of the strength func- 
tion overlapped hopelessly. (The spacing of the single- 
particle levels in the shell model is of the order of 
10 Mev.) 

If the model of Lane, Thomas, and Wigner is gen- 
eralized by including nucleon-core polarization in the 
initial shell-model wave functions, the value of the 
second moment may be reduced. Such a calculation is 
carried out in the succeeding sections of this paper. 
The nucleon-core polarization is brought about by 
introducing an adjustable amount of the actual nucleon- 
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core potential into the definition of the core states.® 
The resulting first-order states are a closer approxima- 
tion to the actual states, so that one would expect the 
configuration interaction to be smaller. If the square 
root of the second moment is approximately equal 
to the full width at half-maximum of the partial 
strength function, then the second moment calculated 
using the polarized single-particle wave functions 
should, in general, be smaller than the second moment 
calculated by Lane, Thomas, and Wigner. 

The detailed relation of the second moment to the 
width of the partial strength function, s‘’, depends 
on the form of s‘), Let us assume that s‘?) may be 
written as 

c 
s(?) = ? (2) 
1+a:(E— &,)*+a2(E—68,)*+ is 6d 





where ¢, a, a2, etc. are constants. Then the square root 
of the second moment of s‘”) will be approximately 
equal to its full width at half-maximum unless the 
constants a, satisfy the following inequality: 


a>aetastayt eB, (3) 


If this inequality is satisfied the asymptotic behavior of 
the partial strength function, at large energies, may 
be proportional to 1/£,?. Then the second moment 
becomes, principally, a measure of how far the 1/E,? 
behavior of the partial strength function extends as 
we increase £,. Thus the partial strength functions (1), 
corresponding to the cloudy crystal ball model, have 
infinite second moments. As far as our model is con- 
cerned, there is, at present, no reason why the strength 
functions should have the particular form corresponding 
to the cloudy crystal ball model.’ 


2. CORE POLARIZATION IN THE MODEL OF LANE, 
THOMAS, AND WIGNER 


In constructing the wave functions to be used in 
generalization of the model of references 1 and 2, two 
requirements are to be kept in mind. First of all, the 
position of the maxima in the observed total neutron 
cross sections correspond, roughly, to the position of 
the single-particle levels in the shell model. Therefore 
the traces of the shell model must be retained—the 
wave functions to be constructed must contain a factor 
corresponding to an extra nucleon wave function whose 
eigenvalues are roughly those given by the shell model. 
The other The other regirement that we impose on the generaliza- 


6 reper core polarization of this kind has been discussed by K. M. 
Watson, Phys. Rev. 89, 575 (1953); N. C. Francis and K. M. 
Watson, Phys. Rev. 92, 291 (1953); Brueckner, Levinson, and 
Mahmoud, Phys. Rev. '95, 655 (1954); G. Takeda and K. M. 
Watson, Phys. Rev. 97, 1336 (1955). 

7 Various forms of the strength function and the corresponding 
total cross sections, for a typical case, are discussed in a Ph.D. 
thesis by Erich Vogt, Princeton University, 1955 (unpublished). 
It was found that the form of the strength function (for a given 
half-width) could be varied considerably without changing the 
total cross sections by a great amount. 
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tion is that the expressions for the reduced widths 
remain simple. In constructing the wave functions of 
the generalized model we shall take polarization into 
account by assuming that the core functions depend 
parametrically on the position of the extra nucleon. 
The total wave function will be the product of a 
polarized core function, ¥.(x:, ---, X41; Xa), and a 
single-nucleon wave function “,,(x4) which satisfy, re- 
spectively, the following equations: 


[= —(#/Im\A+E FE v(|xi—x)l) 


t=1 i=1 j=i+1 


A—1 


+B8> oneal) faa (Xi, *+*, X4-13 Xa) 


i=l 


= €.(x4)V.(x1, egg fF! Xa), (4) 


and 


[— (h?/2m)A 4+ (1—8)¥ (xa)+ee(x4)] 
Xtep(Ks)=Eepttep(Xa), (5) 


where @ is an adjustable parameter whose value lies 
between 0 and 1; A; is the Laplacian with respect to 
the coordinates of the ith nucleon, and V(x,4) is an 
average of > ;214-! »(|x;—x4|) with regard to the un- 
polarized (8=0) ground state (c=0) core function 
VW, that is, 


Poxa)= fiw? v(|x:—xa|)dr, (6) 


i=l 


where dr=dx,: + -dX4-1. 

The wave functions ¥, contain the coordinates of the 
Ath nucleon parametrically, inasmuch as no derivatives 
with regard to the coordinates of this nucleon occur 
in the definition of Y,. Therefore, for every value of x4, 
the set of functions Y, can be made orthonormal with 
regard to all the coordinates of the other A —1 nucleons. 
That is, we can require, 


ff vave* dt =See. (7) 
Similarly we can choose 
J Heoladtg(xaldnu=Oy () 


where the integral over the coordinates of the Ath 
nucleon is chosen to extend over the volume occupied 
by the core nucleons. Together, (7) and (8) yield 


[veretnattentdrdx, =5eeD pp’, (9) 


where the integral now extends over the coordinates of 
all the nucleons. The wave functions V.u., form a 
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complete orthonormal set of functions in the space 
given by the coordinates of the A nucleons. 

The potential 6 >> ;.14-' »(|x;—x,4|) in (4) will in- 
fluence the wave function V,(x:, «++, X4-1; Xa) only if 
one of the x:, ---,X4_1 is in the neighborhood of x,. 
Similarly, €-(x4) will depend on x, only if x4 is close 
to the boundary of the nucleus. One can think of the 
nucleon A as immersed in a sea of nuclear matter; the 
energy of this sea will be the same no matter where 
the perturbation is located as long as it is further from 
the nuclear surface than the range of nuclear forces. 
Hence the potential ¢.(x4) will be constant over most 
of the nucleus and change (increase) only near its 
surface; it will have the general shape of a nuclear 
“well” potential. The E.,, as far as their dependence 
on p is concerned, are characteristic values of a single- 
particle Eq. (5) in which the potential e,(x.) 
+(1—8)V (x4) is of the usual well type. Hence E.» 
will be, apart from a constant which is the binding 
energy of the core, equal to the energy of a single 
particle in a suitable potential well. 

The shell-model wave functions, whose mixing formed 
the basis of the model of Lane, Thomas, and Wigner, 
correspond to 6=0. The maximum amount of core 
polarization is obtained by including all of V in the 
definition of the core states. For this case, 8 has its 
maximum value, 6= 1. 

In order to obtain the reduced widths in terms of 
our VY, and u,», we have to define the functions X, of 
the compound nucleus which satisfy the equation 


HX,=E,X, (10) 


where H is the entire Hamiltonian for the A nucleons. 
Certain fixed boundary conditions are imposed on the 
states X, at the nuclear surface.* Since both the set 
X, and the set Y.u,., are complete orthonormal sets, 
we have the following real orthogonal transformation: 


X,=>. Hrs epY chen, (11) 


(12) 


with 
LrCrzepCrse'p’ =bceb pp’, 

and 
Lie, PCr; epCr’ sep = Orn’. (13) 


The square root of the reduced width is given by 


Yrac>= (/am)s f awa, eas, Zea. a) 
X thep*(a)drdQ, 


(14) 


where the integral extends over the coordinates of the 
core nucleons and the angular coordinates of the extra 
nucleon at the surface of the core, |x4|=a. When the 
extra nucleon, A, is at the surface of the core, Y, is 
independent of x4 and is assumed to be equal to the 
unpolarized core wave function. 

The core is assumed to be spherically symmetric 


8. Eisenbud and E. P. Wigner, Phys. Rev. 72, 29 (1947). 
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so that the potential (1—8)V+e.(x4) is spherically 
symmetric. We may therefore write u,, as a product of 
a radial function and a spherical harmonic, 


Uep(Xa)=Rep(|X4|)¥ep(Qa). 
Using (15) and (11) in (14) we obtain 


(15) 


Yre= Le pVrseps (16) 


Visep>= (f?/ma)'C);epRep(a). (17) 


The basis of the model which underlies the present 
article is the assumption that for each A one term in the 
expansion (16) is much larger than the others. The 
reduced width, ,.7, of the compound state X, thus 
arises from the “‘nearest”’ single-particle state, up, of 
the shell model. This is possible if y,;-», considered as 
a function of A, has a maximum near E,, and falls 
rapidly to a very small value in a distance which is 
small compared to the spacing of the single-particle 
levels (~10 Mev) but large compared to the spacing 
of nuclear resonance lines. It is this assumption which 
allows us to decompose the strength function into partial 
strength functions as was done in (1). 

The energy moments of C),,,” can be obtained from 
the formal decomposition, (11), of the compound states. 
Let us write 


where 


H=Ho+(1—8)(V—D), 
which defines Ho. We obtain, from (11), 
E,xX,=L Cy; ep Hot (1—8) (V— V) WW tey. (19) 

c.p 


(18) 


However, AuW.(x:, ‘*+,X4-1;X4) does not vanish 
identically so that the functions V.u,, are not eigen- 
functions of the operator Hp. In fact, 


AWN Ahep= Ecp¥ Abep— 2(h?/2m)V Ve V aicp 

— (h?/2m)(AaV.)ucp. (20) 
If we multiply each side of (19) by V.u., and integrate 
over the coordinates of all the nucleons, using the de- 


composition (11) on the left-hand side of (19) and 
the expression (20) on the right-hand side, we obtain 


E\Cy;ep= EegCrzept de’, pC); e'p’ 
X{Wttep, (1-8) (V— V)¥ tty’) 
—2(h?/2m) (VY ethep, V AV ce * V Atte’ p') 
— (9?/2m)(V they, UerpAaVe)}. (21) 
Multiplication by C);-p and summation over ) yields 
for the first moment, by means of the orthogonality 
properties (12) and (13), 
M1y=D.E2.Ci: 9” 
= Eegt+ (When, (1—8)(V— V)V te) 
—2(h2/2m) (WV ter, VAVe: V atten) 
— (h?/2m)(V hep, UepAa¥). (22) 


One can see that the third term on the right-hand side 
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vanishes by taking the gradient of the normalization 
condition (7). The sum of the second and the fourth 
terms on the right-hand side is the correlation energy, 
Err, that is, the contribution of the core polarization 
to the first energy moment of the strength function, 


Ecorr= M1 — Ecp= (V cthep, (1-8) (V— VW ttep) 
— (h?/2m)(V thep, UepAa¥). (23) 
The correlation energy, Ecorr, will be calculated in the 
next section and compared to a similar calculation by 
Wigner.® 
The higher moments, M,, will be defined in terms of 


the average position of the giant resonance as given 
by M,. Thus we define 


M,= DC ise? (Ex— M1)’. (24) 


If the inverse of the real orthogonal transformation (11) 
is used in calculating the expectation value of the 
operator (H—M,)’ taken in the state V.u,», it follows 
at once that M, is given by 


M,= (Wetter, (H-M1) "Vettes. (25) 


Since the operator H—M, is Hermitian, a simple 
expression may be obtained for the second moment, M2; 


M2= ([Ho+ (1-8) (V—V)—-M1)] 
XV ten; [Ho+(1 —B)(V—- V)—Mi WV ettep) 


= f 11 8)(V— P)¥.thp—2(08/2m) 
XV Ae: V Attep— (h?/2m) UcpAa¥ 


— EeorrY clbep | 2drdx, 
= f | (1—8) (V—V)W ttep—2(h?/2m) 


XV Ae: VAtlep— (h?/2m) ue pA aWe|*drdx4 


—Evorr’. (26) 


The moments higher than M, will involve higher order 
derivatives of VY, and u., with regard to x4. The general 
expression for the second moment, (26), is considerably 
more complicated than the special case (8=0) of Lane, 
Thomas, and Wigner. In the limit of 8=0, (26) reduces 
to their expression: 


M2= f |(V—V)W.ttep|2drdx,, (8=0). (27) 


The second moment with core polarization contains, 
in addition to the potential energy, (V—V), a number 
of “kinetic energy” terms. By varying the amount of 
core polarization we can vary the relative magnitudes 
of the potential energy and the kinetic energy terms 


9E. P. Wigner, “On the Shell Model for Nuclei,” L. Farkas 
Memorial Volume, Research Council of Israel special publication, 
No. 1, Jerusalem (1952). 
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in the square root of the integrand of (26). Thus we 
can vary, to some extent, the value of M>. 

The moments of C),-,? bear a simple relation to the 
moments of the strength function. Using (15) and (17) 
in the definition, (24), of M,, we obtain, 


M,= Da(1/os)ya;027(Aa— M;) a 


£,’= (h?/2m)Ro,*(a). (29) 


In (28) and (29) the particular channel corresponding 
to the ground state of the core (c=0) has been chosen. 
The sum in (28) may be changed to an integral, 


(28) 
where 


M,= (i/rs) f se) (E,—M;)"dE,, (30) 


in which the integral extends from the ground-state 
energy to infinity. 


3. THE VALUE OF THE SECOND MOMENT 


An expression for the second moment with core 
polarization [given by (26)] was calculated in the 
preceding section. In this section we shall evaluate 
this expression approximately. We assume at the outset 
that the extra nucleon A is at the center of the core, or 
rather, calculate the integral dr, of (26), for x,4=0 and 
consider this an average of the integrand with respect 
to x4. The validity of this approximation will be dis- 
cussed at the end of this section. We choose u,, to be 
an s-state in order that it not vanish at the center of 
the core. In this case, however, the terms of (26) in- 
volving V4%-, vanish, 

Using the approximations just made, M2 may be 
written 


M= f | (1-8) (V—T)%o 


= (h?/2m) AsV o|2dr7— Bese, (31) 
where we have chosen that core function (c=0) corre- 
sponding to the ground state of the core. We shall 
calculate (31) by obtaining approximate expressions 
for Yo. To obtain the approximate ground-state core 
function we shall treat the nucleon-core potential, BV, 
as a perturbation. We assume that the unperturbed 
core function, Wo, can be written as a determinant of 
single-particle wave functions, 


1 wi(X1) +++ wi(X4-1) 
Y= 


Parnes ae ee oe 
[(A ms 1) !} wa—1(X1)° . *Wa-1(X4-1) 


If these single-particle wave functions belong to a 
square well of radius a, with the boundary condition 
that the wave functions vanish at the radius a, then 
the normalized s-wave single-particle wave functions 
are 


w,(x;)= (2ra)-*(1/r;) sin(smr,/a). (33) 
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The subscript s on w,(x;) will be used to indicate that 
(33) is an s-wave function. 
The perturbing potential, 


A-1 
BV=, L »(|x;—xa|), 
i=1 
is chosen to be a sum of two-body Yukawa potentials 
without exchange. That is,” 
e7*|i—24] 
»(|x;—x4|)= Bh aa STE 


ve (34) 
i—Xa 


with C=40 and «=2.5mc*/e cm. We may write the 
perturbed single-particle wave function, w,(x;,x4), up 
to first order, as 


wn (Xi,X4)=Wa(Xi) ton” (x;,X4), (35) 


where the first-order term w,“ (x;,x4) is 


eoGij—st’———w), 36) 


n n n’ 


el xi—x4l 
Van = —3C2 f W ,Wa_’—dx;. 
|xi—xa| 


(37) 


The first-order term, Yo, in the perturbation calcu- 
lation for Wo may therefore be written as 


i (al) — 


[(A—1)!}* 


s-1 wi (X:) adg wi™ (x;,X4) » bie w,(X4-1) 


Xd 


: . ; (38) 
fl lw 4_a(X1) + -wa—1™ (xi,X4)-- *Wa—1(X4-1) 


Each determinant of this sum contains one column of 
first-order single-particle wave functions. 

Since Wo does not depend on the coordinates xu, 
As¥.=0, while 


1 A-1 
(a—1ip 


w, (x1) - <2 Aawr™ (xi,X4) “a w1(X4-1) 


AsWo= As¥oY= 


XxX (39) 


wa—1(X1)° , -Agwa1 (x;,x4)- : -Wa-1(X4-1) 


The coordinates of the Ath nucleon occur in w,“ (x;,x4) 
only in the matrix element ?n,°. Aa?an’ iS 


A aPan’=K Van t+ 2rCewa(X4)Wn (x). (40) 


The correlation energy, Err, is given approxi- 
mately by 


Evorr= (1—B)(o™, (V- V)¥™) 
— (?/2m)(Wo™, AaWo™). (41) 


” This potential was also used by Lane, Thomas, and Wigner 
in their calculation of the second moment. It is taken from the 
work of H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 
(1951) and H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
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This expression will be evaluated below. As will be 
shown there, E.rr* contributes a negligible amount to 
the second moment. 

Keeping only highest order terms in M2, we may 
approximate (31) by 


Ms= {| (1-8) (V—V)¥o — (h?/2m) A «Wo |2dr 
-fi (1-8) VWo — (h2/2m) A Wo |2dr 


—(1—8)°V*. (42) 
Using (32) in (6) we obtain 


A-1 
V= z. Vii. 


t=1 


(43) 


Using the expressions (32) and (38) for Vo and Wo 
respectively, the second moment (42) can be written 
in terms of one- and two-nucleon integrals in the 
following way: 


M:=— a-( = vu) 


t=1 


+E f1—A)o(|su—x!)an(x) 


— (h?/2m)A sw; (x4,x) | *dx 


A—1 A-—1 


—DL LD 3 (1—B)?(v45)?—2(h?/2m) (1—B) vi; 


i=l j=l 
ij 


2 
X ft ade (n/am)( fwidse/%ax) 


— (1—)*05055+2(h?/2m) (1—) vi: 


x fduojPdx— (h?/2m)? 


x( f wd saiax) ( J wx , (44) 


The first and the last three terms in the curly bracket 
are, respectively, the exchange and the direct integrals. 
The last two direct integrals vanish identically. All of 
the remaining terms on the right-hand side of (44) 
combine in the following way: 


A-1 @ 


M2= ie b i (45) 


(1—8)j—B(08/2m) ef 
” "6-6; 


i=l j=A i—6; 


We note that, thus far, the only way in which we 
have used the assumption that the extra nucleon is at 
the center of the core is in the neglect of the terms in- 
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volving Vatep. We now set x4=0 in 2; and A4n,;. If 
the potential »(|x—o|) is large only for distances which 
are small compared to the radius a of the core, then 
%; and A,4v,; are large only if i and 7 both refer to 
s-wave states. We can therefore write 


Mares’ P 


| , (46) 


M,=4>> 2 a a a at aes 


8 a’ 


where s refers to an occupied s-wave state and s’ to an 

unoccupied s-wave state. The factor 4 arises from the 

fact that there are four nucleons in each occupied s-state. 
From (33), v,. is found to be 


(ca/n)-+ (s++s")? 
| (47) 
(<a/a)-+(s—#")? 


which is obviously always negative. Similarly, in terms 
of (40) and (33) 


A Aree’ Cé/a 
— (h?/2m) =— 


8 a’ 





Veer = — (1/4) (Ce*/a) of 





st— sl? 





(ca/e+(+s))) 
. (48) 
(xa/n)*+ (5-5!) 


Since the first term of the curly bracket is always 
larger than the second, (48) is obviously always positive. 

The quantities v,. and (h?/2m)Aavs./(6,—&,'), for 
a given s, may be regarded, respectively, as the com- 
ponents of two vectors in the Hilbert space whose basis 
is given by the s-wave states. If these vectors are 
parallel it is possible to choose 8 so that the contribution 
of the occupied core state s to the second moment 
vanishes. The condition that each term in the sum over 
occupied states, in (46), must be larger than or equal 
to zero, for all values of 8, is equivalent to Schwarz’s 
inequality. 

The second moment (46) was calculated assuming 
a radius of 9.0X10-"cm for the core. This radius 
(a=1.45A*X10-" cm) corresponds to a very heavy 
nucleus (A~240). For such a nucleus the first three 
s-states are occupied." 

The result obtained for the square root of the second 
moment is shown on Fig. 1 as a function of the amount 
of core polarization. The square roots of the separate 
contributions of the 1s, 2s, and 3s states to M2 are also 
shown. The value of M,' for B=0, (M,!=22.3 Mev) 
agrees very well with the result obtained by Lane, 
Thomas, and Wigner (M,'= 22.5 Mev) although these 
latter authors used a different approximation for the 
core functions in evaluating M2 and a smaller radius. 
If the larger radius of the present article is used in the 
second moment calculated by Lane, Thomas, and 


x | ss’ — (xa/2n)? nf 


1 This is consistent with the fact that the 4s state lies at an 
energy of 40.5 Mev, that is, at an energy which is higher than the 
depth of the potential V as calculated by Lane, Thomas, and 
Wigner for this choice of the radius. 


POLARIZATION 


! 











Fic. 1. The second moment of the strength function in terms 
of the amount of core polarization. The curve labeled (M2) is 
the square root of the second moment. The curves labeled 1s, 2s, 
and 3s are, respectively, the square roots of the contributions of 
the 1s, 2s, and 3s states to the second moment. The curve labeled 
— Evorr is the negative of the correlation energy given by (50). 


Wigner their result for M2) is reduced to 18.8 Mev. 
The minimum value” of (M:)![(M:)!=4.75 Mev] 
differs only by a factor of two or three from the result 
obtained with complex square wells‘ for the half-width 
of the strength function. This relatively small difference 
may well lie in the crudeness of the present calculation 
or in the relation between the width of the strength 
function and the square root of the second moment. 

The correlation energy Eeorr, (41), can be calculated 
in a similar way to be 


(040)? 
Evorr= p> hb) ib 


3 a’ 


B 2/2 Vea AADes’ 50 
( "6,6, 6-8," ( 


where s and s’ again refer to occupied and unoccupied 
states, respectively. The term >> .).4'(vss’)?/(8,— 8,) of 
(50) corresponds to a quantity calculated by Wigner,’ 
that is, the second approximation to the energy ob- 
tained by treating the potential V—V as a perturbation 
to the wave functions of the shell model. The result 
obtained by Wigner for this quantity, (2.3 Mev),” 


22 The maximum amount by which the result obtained by Lane, 
Thomas, and Wigner for M2 can be reduced is a factor of 23. 
Previously, A. M. Lane and L. Verlet as well as the present 
author reported a reduction of only a factor of 3 [Phys. Rev. 100, 
956(A) (1955)]. The former authors obtained this smaller re- 
duction in an entirely different calculation of the core polarization. 
The result reported at that time by the present author was due 
to a mistake in the present calculation. 

8 TIn order to correspond with the present calculation equation 
(12) in the appendix of reference 9 must be divided by 4 because 
of the difference between the two-nucleon potentials used in 
reference 9 and the present article. As prescribed in reference 9, 
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agrees very well with the (3.1 Mev) obtained in our 
calculation. E,orr is also shown on Fig. 1. It has a zero 
near the minimum of the second moment. Since Egor; 
is never greater than three percent of Mz the neglect 
of Exor:? in the calculation of the second moment was 
justified. This small value of £..:, ensures, further, 
that the maxima of our partia] strength functions occur 
near the energies, ¢€,, of the single-particle levels in the 
shell model. 

The approximation methods used in the above calcu- 
lation of the second moment are crude and can certainly 
be improved. The perturbation calculation for the core 
functions should be fairly accurate since the square 
integral, NV ;’, of the first-order wave functions, WV“, is 
small, V;? is 

2 


N%{=e > Yeates dle 


51 
s a! (6.—6,)? . , 


where s and s’ refer to occupied and unoccupied states 
respectively. V;* is found to be 0.013 6? so that Vo") is 
at least an order of magnitude smaller than Yo. 


the reduced mass m/2 instead of the total mass of the nucleon, 
m, should be used in this calculation. Because of this Eq. (12) in 
the appendix of reference 9 must be divided by a further factor 
of 2. 
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The approximation involved in placing the extra 
nucleon, A, at the center of the core could be justified 
if the contributions of the various core nucleons to the 
second moment were proportional to their densities at 
the center of the core. The argument for this justifica- 
tion would be similar to that which was used in the 
preceding sections to show that «¢.(x4) was constant 
over most of the volume of the core. At the center of 
the core the relative densities of the 1s, 2s, and 3s 
nucleons are, respectively, 1, 4, and 9. As seen on Fig. 1, 
the contributions of these nucleons to the second 
moment have these relative values for 8=0. For other 
values of 8 the 3s nucleons contribute a greater portion 
of the second moment. The extent to which this effect 
impairs the validity of the approximation used in the 
above calculation has not been investigated. 
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The angular distributions of the neutrons produced in the D(d,n)He’ reaction have been investigated 
experimentally in the deuteron energy range of 0.25 to 0.825 Mev. A two-crystal neutron spectrometer 
providing discrimination against gamma radiation was used as the detector. It is noted that the experimental 


data can be fitted by the deuteron stripping theory. 


INTRODUCTION 


LTHOUGH the angular distributions of the 
neutrons from the reaction D+D—He'+n are 
of the greatest importance from both a theoretical and 
experimental standpoint, there is still some uncertainty 
in the experimental data. Konopinski e¢ a/.' have shown 
that the energy-dependence of the angular distribution 
coefficients can be accounted for by the differences in 
centrifugal barriers corresponding to the different 
components of the incident deuteron waves, provided 
that spin-orbit coupling is introduced. Conversely, the 
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mission. 
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Pw experimentally observed energy dependence of the 


coefficients can be used to determine the amount of 
spin orbit coupling. In Konopinski’s work no distinction 
is made between the D(d,n)He’ and D(d,p)H# reactions. 
Fairbairn? has shown that the angular distributions of 
the neutrons from the reaction D (d,n)He’ can be fitted 
by deuteron stripping at energies above 4 Mev. The 
stripping calculation utilized an interaction radius of 
about 4(10)-* cm. 
Recent experiments*—” on the reaction 


D+D-—n+ He'+3.25 Mev 
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ANGULAR DISTRIBUTIONS OF D+D NEUTRONS 


fall roughly into two groups: those with incident deu- 
teron energies below 100 kev and those where the 
incident deuteron energies were above 1 Mev. One set 
of experiments’ was done between 150 kev and 465 kev. 

In the experiments to be discussed, the deuteron 
energies ranged from 250 kev to 825 kev. 


EXPERIMENTAL ARRANGEMENT 
A. Target Chamber 


Deuterons accelerated in the Van de Graaff generator 
of the Johns Hopkins physical laboratories were used 
to bombard deuterium gas contained in the target 
chamber shown in Fig. 1. A nickel foil nominally 
5X10~* in. thick retains the gas while permitting the 
accelerated deuterons to enter the target material. 
After passing through approximately 2 cm of gas, the 
deuterons stop in an aluminum disk. The stop is easily 
replaceable in case that an appreciable amount of 
deuterium becomes absorbed in it. The chamber was 
filled to a pressure of approximately 700 mm Hg 
with commercially prepared deuterium, 99.5% pure. 
The very thin foil holder and stop should have no 
appreciable effect on the neutrons produced in the 
reaction; the cylindrical symmetry of the outer brass 
chamber assures a negligible effect on the angular 
distribution up to angles of over 165°. 

The same foil was used throughout the course of the 
experiments. An energy calibration for the machine 
was obtained by observing gamma-ray resonances from 
F(p,a)O'™*(y7)O'*. The foil was then inserted in the 
proton beam and the calibration repeated. The shift 
measured for those four resonances which were clearly 
observed was compared with a range-energy curve 
computed from the stopping power data quoted by 
Allison and Warshaw." In this way the foil thickness 
was found to be 1.62+0.05 mg cm~*. The energy loss 
for deuterons was then determined from these data. 
The energy loss in the target gas itself was also com- 
puted from the data given by Allison and Warshaw. 
This ranged from 100 to 225 kev for the various incident 
energies used in these experiments. The over-all error 
in the determination of the average deuteron energy in 
the target is estimated to be +10 kev. 


B. Current Measurement 


The target chamber is insulated from ground to 
provide for measurements of the deuteron current 
reaching the target. A grounded aperture restricts the 
diameter of the beam so that all deuterons entering the 
target chamber must strike the foil. 

A current integrator of the Elmore and Sands 


( na Roaf, and Shaw, Proc. Roy. Soc. (London) A216, 57 
1953). 
®]J. Bartholdson, Arkiv Fysik 2, 271 (1950). 

1 Preston, Shaw, and Young, Proc. Roy. Soc. (London) 226, 
212 (1954). 

1§. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 




















Fic. 1. The deuterium gas target chamber. 


design’? was used to measure the total charge carried 
to the target chamber by deuterons during the course 
of each run. The circuit also allows the mean potential 
of the target chamber to be so fixed as to minimize the 
effect of secondary electron emission and stray ion 
leakages. 

The current integrator was calibrated by passing a 
steady current through it in series with a galvanometer 
whose accuracy is estimated to be +2%. 


C. Neutron Detector 


Although only one neutron group results from 
D(d,n)He®, there is some background consisting of 
neutrons and gamma rays from C!(d,n)N™ and 
C(d,p)C¥, due to deposits of pump oil on the inner 
surfaces of the vacuum system. There is also capture 
radiation resulting from the capture of neutrons in the 
apparatus and in the walls of the room. 

The neutron detector used was an improved model 
of the two-crystal spectrometer“ developed by the 
authors. It combines energy resolution with discrimi- 
nation against gamma rays, thereby obviating the 
difficulties mentioned above. It is subject to a type of 
background due to chance coincidences, but this is 
easily distinguished from the real coincidence spectrum. 

The efficiency of this detector has been calculated in 
detail'*; it depends only on geometry and on the com- 
position of the scintillators, except for one parameter 
related to the sensitivity of the coincidence circuit. 
This parameter could be measured indirectly ; however, 
because of drifts in the electronics, it was found prefer- 
able to derive its value empirically from the angular 
distribution experiments themselves. In the D+D 
reactions, the initial state of the system is symmetrical, 
in the center-of-mass system, about a plane perpen- 
dicular to the beam axis; hence the angular distribution 
of the reaction products must also be symmetrical 
about this plane. For each series of runs, the value of 
the above-mentioned parameter was adjusted to make 
the result symmetrical about 90° in the center-of-mass 
system. The different values used corresponded to 


12 W. C. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 

us eg Owen, and Madansky, Rev. Sci. Instr. (to be 
published). 
( M en Madansky, and Owen, Rev. Sci. Instr. 24, 656 
1953). 
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Fic. 2. A typical spectrum resulting from the neutrons from 
the D+D reaction as obtained with the fast coincidence spec- 
trometer. 


drifts in the average efficiency of not more than 9% 
from the mean value. 


D. Experimental Details 


For each of the bombarding energies, runs were 
made at nine angles. In most cases, each series of runs 
was repeated. The angles were measured to within 
+1°; the angular definition was +2°. A fresh filling of 
deuterium was used each day, although leakage during 
the course of a day was less than 3% of the gas in the 
chamber. 

A 100-channel pulse-height analyzer of the type 
originated by Wilkinson’® and developed by Gatti'® 
was used to analyze the pulses from the spectrometer. 
A typical spectrum shown in Fig. 2, illustrates the back- 
ground subtraction. The shape of the background was 
obtained by operating the instrument at time delays 
different from the delay corresponding to the neutron 
time-of-flight. The known form of the background is 
fitted to the pulse-height spectrum in the regions on 
each side of the peak. The number of chance coinci- 
dence falling under the peak, A, is computed from this 
estimation; then the total number of counts in the 
region of the peak, 7, is found by adding up the counts 
in the appropriate channels. The number of real coinci- 
dences, R, for this line is taken to be 


R=T-—Ax(T+A)}, (1) 

For each run, the statistical uncertainties are about 

+3%, but there is also some uncertainty due to the 

drift mentioned above. Therefore the errors were deter- 
mined from the consistency of the data alone. 

RESULTS 
The data were analyzed from two points of view. 
First the data were fitted by the conventional least- 


48 TD. Wilkinson, Proc. Cambridge Phil. Soc. 46, 508 (1950). 
16 E. Gatti, Nuovo cimento 7, 655 (1950). 


squares method, with an expression of the form 
da/dQ=K (1+ A cos@+B cos*‘@). (2) 


Experiments** carried out at higher energies have 
indicated no cos*@ term below about 1.5 Mev. With the 
representation of Eq. (2), the “total cross section” is 


or=4nK (1+4A+}4B). (3) 


The second type of analysis utilized was the deuteron 
stripping theory.!”® In the case of the reaction 
D(d,n)He*, deuteron stripping can take place from 
either the incident deuteron or the target deuteron 
when viewed in the center-of-mass system. The differ- 
ential cross section can be written 


da/dQ2=C{G*(K (6)) jo?(k(6)R) 
+G*(K (x—8)) j?(k(n—8)R)}, (4) 


where G[K(@)]=2(2ma)!/(o?+K?*), jo(k(0)R)=the 
spherical Bessel function of order zero, K (6) = {k.2+7ki 
—kyka cosb}#, and k(0)={k?+(4/9)k,2— (4/3)knka 
Xcosd}#. ke and k, are the wave numbers of the 
deuteron and neutron. 

In this form, the theory assumes that the major 
portion of the interaction takes place between the 
“capturing nucleus” and the captured proton, while 
the interaction between the nucleus and outgoing 
neutron is small enough to be neglected. 

This latter effect can be included as the “nuclear 
interaction term.” Grant’ has worked out the nuclear 
interaction term in a manner similar to that used by 
Bhatia’® for the primary stripping. The major effect of 
this calculation in the case of the reaction D(d,n)He? is 
to give a small isotropic component which can alter 
the spectrum a small amount mainly through inter- 
ference. 

The data were fitted consistently between 250 kev 
and 825 kev by neglecting the nuclear interaction term 
and using the differential cross section as given by 
Eq. (4). To obtain a reasonable fit with the data, it 
was necessary to allow R, the interaction radius, to 
increase slowly as one goes to lower energies. 

The data and corresponding stripping fits are shown 
in Fig. 3. The ordinate W(@) is the differential cross 


TABLE I. Coefficients K, A, and B of Eq. (2) in the case of 
least-squares fitting, and R of Eq. (4) the case of fitting with the 
theory of deuteron stripping. 








Ea (K X10*7) Gr: a (R X10") 


(Mev) cm? A B 


0.250 1.44 1.03+0.12 0.10-+0.12 
0.400 2.23 1.56+0.08 0.39+0.09 
0.500 2.64 2.230.25 —0.07+0.28 
0.600 3.13 2.08+0.10 0.36+0.10 
0.675 3.20 1.46+0.22 1.22+0.23 
0.750 3.41 1.87+0.29 1.21+0.30 
0.825 3.70 0.60+0.16 2.06+0.18 
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17S. T. Butler, Proc. Roy. Soc. (London) _ 559 (1951). 
A. B. Bhatia et al., Phil. Mag. 43, 483 (19. 
J. P. Grant, Proc. Phys. Soc. (London) AGT, 981 (1954). 
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Fic. 3. The angular distributions of the D+D neutrons in the center-of-mass system as a function of the deuteron bombarding energy. 
The solid curves represent the deuteron stripping theory. 


section normalized to 1 at 02=0. The coefficients K, A, 
and B in the case of the least-squares fitting, and R in 
the case of the fitting with the theory of deuteron 
stripping are given in Table I for each deuteron energy 
used. The total cross section is also listed and is shown 
in Fig. 4. 


DISCUSSION 


The results on o7, K, and B are in good agreement 
with previous work; however, the values of A in the 
present measurements are noticeably larger than those 
of Hunter and Richards.? The background subtraction 
of the neutron spectrometer data is less subject to error 
than that of other detectors. An inherent background 
error will tend to produce angular distributions which 
have a larger amount of isotropy. 

If indeed the deuteron stripping analysis is valid, the 
large value of R and the variation of R with energy 
may be accounted for if one assumes that deuteron 
stripping is not purely an interaction which takes place 
on the nuclear surface, but rather an interaction which 
also can take place when the two deuterons are at a 
distance which is large compared to the radius of the 
nuclear surface. In other words, the stripping can occur 


both by interaction at the surface and by the “tunnel- 
ing’’ of the proton across the space between the nuclear 
wells. 

Let r be the radius of closest approach of the centers 
of mass of the two deuterons, and let the number of 
incident deuterons which come between r and r+dr be 
N(r). If all deuterons between r=0 and r=a interact 
by stripping at the surface with a probability y, and 
if all deuterons which lie in the range r>a interact by 
tunneling with a probability 'P(r), then the average 
radius can be written as 


a r «2 
of vonart— f N(r)P(r)rdr 





(R)= (5) 


a é o ; 
N(r)drt+— | N(r)P(r)d 
‘ rjar of T 7 jar 


N(r) will be a distribution which is similar to the classi- 
cal Rutherford distribution and which gives the proba- 
bility that a scattered particle will have a radius of 
closest approach between r and r+dr. The V(r) chosen 
will not cut off at zz’e?/E..m. but will have values down 
to r=0. The appendix provides a qualitative discussion 
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Fic. 4. The total cross section and 90° differential cross section 
for the reaction D(d,n)He’. 


of N(r) and indicates that the values of R and the 
variation of R with Ez can be fitted by an analysis of 
this type. 

P(r) is the tunneling probability, and to a first 
approximation goes as e~*’. 


CONCLUSIONS 


(1) The present results indicate less isotropy than 
previous work in the energy range from 250 kev to 
825 kev. 

(2) One of the most significant experimental facts 
which arises from the D+D reaction lies in the differ- 
ences between the angular distributions for the (d,n) 
reaction and the (d,p) reaction. In spite of the fact 
that the total cross section for these two modes of 
reaction are very close at low energies, the (d,p) 
reaction shows a larger amount of isotropy. 

If the nuclear reactions are charge-independent, the 


difference must be explained solely by Coulomb effects. 
The suggestion of stripping might well account for these 
differences. If one modifies the wave function of the 
incoming deuteron such that the radius of interaction 
in the case of (d,p) stripping is slightly smaller than 
the radius of interaction for (d,m) stripping, the angular 
distribution of the protons certainly will be more iso- 
tropic than that for the neutrons at the same bombard- 
ing energy. This modification is not unreasonable, since 
one might expect, because of the Coulomb repulsion, 
the proton to be farther from the origin on the average.” 
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APPENDIX 


In the discussion of the parameters of Eq. (5), 
neutron stripping and proton capture from the incident 
deuteron will be considered. 

If tunneling through the nuclear barrier is a process 
by which stripping can occur, a simple order of magni- 
tude estimate indicates two things. First, the radius of 
interaction should be high at low energies where the 
tunneling process will predominate. Second, the average 
radius will decrease as the energy is increased. At 
energies of the order of ten times the Coulomb barrier 
height, the radius should become approximately con- 
stant and equal to the radius of the nuclear surface. 

If the interaction time for the stripping is short 
compared to the time of transit of one deuteron past 
the other, the interaction can be treated as if the centers 
of mass of the two deuterons are stationary, with a 
center-of-mass separation 7. The interaction time can 
be estimated by considering that the impulse Ap given 
to the outgoing neutron can arise only through the 
coupling (F) between the proton and neutron in the 
deuteron. The average coupling force in a square well 
can be obtained by the impulse approximation. If 
Ap~(2MQ)!, where Q is the Q value of the reaction, 
then 


t= AP/(F)=3.4X10-*0! sec 


(Q in Mev). The transit times are of the order 10-*' sec; 
thus the adiabatic condition is satisfied. 

The proton from one deuteron will tunnel to the He’ 
well, which the second deuteron presents, with a 
probability ['P(r) which we shall assume is approxi- 
mately like Te-*", where r equals the center of mass 
separation of the two deuterons.” P(r) is used when 
2r> a, where a is the radius of the nuclear surface. a is 


* J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, 500 (1935). 
2! The exponential probability arises from a one-dimensional 
analysis. 
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Fic. 5. The distribu- 
tion function N(r) for 
bombarding energies of 
0.250 Mev and 0.600 
Mev. The classical 
Rutherford distribution 
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regions indicate the 
magnitude of the inter- 
action as a function of 
r. If P(r)=exp(—ar), 
where a=0.31X (10) 
cm, the calculated 
average R of the inter- 
action is shown for 
y=T=1. These values 
are close to those ob- 
tained from the experi- 
mental data, which are 
indicated as dots in the 
shaded areas. 
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of the same order as 2(2Meq)*h given by ea, the binding 
energy of the deuteron. 

To consider the distribution function N(r) of the 
deuterons, let r equal the distance between the centers 
of mass at the point of closest approach. Then NV (r)dr 
is the probability of finding the two deuterons with a 
separation between r and r+dr. Ultimately, V(r) should 
be obtained from the Schrédinger equation for the 
system. This distribution function must be evaluated at 
small r and also must contain a large number of angular 
momentum components. The essential points can be 
made without involving the details of the wave function. 

A reasonable form of V(r) can be obtained from the 
following three constraints. First, the distribution 
function should be zero at r=0. 

Second, let the distribution function go as the classical 
distribution for Rutherford scattering at large r: 


Nr(r)=2r—f, r2$, 


where {=22'e/E..m., and E,.m.=the deuteron energy 
in the center-of-mass system. In this form, NVr(r) is 
the distribution in terms of the radii of closest approach 
of the classical orbits. 

Third, the number of particles will be conserved. 
The classical distribution Ne(r) can be smeared out 
according to the wavelength \ of the deuteron. By 
folding Nr(r) with a Gaussian of width X, one finds 
that the smeared distribution is essentially Nr(r) for 
values of r greater than 2\. The Gaussian, however, 


20 ° 0 
( 


does not conserve particles, therefore it is reasonable 
merely to find that curve which is zero at r=0, which 
approaches V(r) for r>2A, and which maintains the 
area under the distribution function constant. 

If we now postulate that all deuterons which fall 
within ¢ less than a (where a is the radius of the nuclear 
surface) will undergo stripping with a probability y. 
All deuterons corresponding to r>a can interact by 
means of the tunneling mechanism, ['P(r), and the 
average radius of interaction is given by Eq. (5). 

Figure 5 shows the constructed V(r) as a function of 
r for a bombarding energy of 600 kev and also for an 
incident deuteron energy of 250 kev. The shaded 
portions illustrate the magnitude of the interacting 
regions when a=0.31X10" cm™, y=I'=1, and a=4 
X10-* cm. 

Reasonable assumptions for a, a, and N(r) can 
provide a good fit to the values of R obtained from the 
experimental results. The qualitative nature of this 
calculation, however, is its major value. It does indicate 
that (R) can be greater than a for low energies, and 
that (R) under these conditions decreases to an asymp- 
totic value approximately equal to a for higher energies. 
It should be noted that the denominator of Eq. (5) is 
the total number of interactions and therefore propor- 
tional to the total cross section. 

The calculation is fairly sensitive to all of the pa- 
rameters; thus the method does not warrant use in a 
quantitative analysis. 
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Average Number of Neutrons per Fission for Several Heavy-Element Nuclides* 


W. W. T. Crane, G. H. Hiccins, anp H. R. Bowman 
University of California Radiation Laboratory, Livermore, California 
(Received December 9, 1955) 


The relative average number of neutrons per fission, 7, of several spontaneous fissioning nuclides has 
been measured by making use of the coincidence between fission events and neutrons detected in a 


Lil(Eu) crystal. 





I. INTRODUCTION 


INCE the total energy of fission is divided between 

the kinetic energy of the fragments and the energy 

lost during neutron and prompt gamma emission, it 

has been of interest in understanding the fission process 
to measure these several effects independently. 

Determination of the ayerage number of neutrons 
per fission, 7, depends ultimately on determining the 
number of neutrons coming from a sample, and all the 
problems usually associated with absolute neutron 
counting are encountered. In addition, those neutrons 
not connected with fission must be excluded or de- 
termined accurately. 

To avoid absolute standardization of a neutron 
source, 7 for the spontaneous fission of Cf*** and Cm™ 
was determined relative to a Bureau of Standards 
Ra-Be neutron source,'~* and all other numbers were 
determined relative to one or the other of these values. 


Il. EXPERIMENTAL 
A. Counting Equipment 


The neutron counter consisted of a europium-acti- 
vated lithium-iodide crystal mounted on a photo- 
multiplier, and the fission counter was of the close 
parallel-plate type. The neutron pulse was shaped, put 
through a variable delay unit, and finally tested for 
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Fic. 1. Plot of # vs A, the mass number of a fissioning nuclide. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1J. A. DeJuren (private communication). 

* Higgins, Crane, and Gunn, Phys. Rev. 99, 183 (1955). 

* Crane, Higgins, and Thompson, Phys. Rev. 97, 242 (1955). 


coincidence with the pulse from the fission counter. The 
fission pulse was treated in much the same manner. 
The neutron and fission single events and the neutron- 
fission coincidences were recorded on separate scalers. 

Under normal operating conditions, the delay equip- 
ment was adjusted so that the fission pulse was delayed 
between 1 and 2 wsec and was about 5 sec long. The 
neutron pulse was kept as short as possible, or about 
0.5 usec. The neutron detector was very insensitive to 
gamma radiation and since a very small fraction of 
fission associated gamma occurs between 1 and 10 usec, 
delaying the fission pulse assures that observed coinci- 
dences are with neutrons and not with gamma radiation. 
To increase the probability of neutron detection, at 
these late times, the counter was surrounded with 
about 6 inches of paraffin which served as a neutron 
moderator. To check chance-coincidence background, 
the delays were reversed so that the recorded coincident 
events were those which were with neutrons which 
were detected before the fission event. 


B. Results 


Table I is a compilation of the data obtained from 
several runs. Relative 7 is the average number of neu- 
trons per fission times the neutron counter efficiency, e. 
As long as € is very small compared to 1, e+=c/f, where 
c/f is the ratio of coincidence events to fission events 
measured during the same time interval. The accuracy 
limits indicated in this table are standard deviations of 
the total number of events observed. Each sample was 
reprepared and repurified at least once during the course 
of the experiments to insure against errors from im- 
purities. The sum of all corrections to 7, including those 
arising from chance coincidence, background, and 
isotopic and chemical contamination, is less than 2.5% 
in each case. 


TABLE I. Values of ¥ for several heavy-element nuclides. 








Nuclide 
Cfrs2 


Relative » X10? 7 


0.703+0.011 3.52+0.16 
0.521+0.008 2.61+0.13 
0.464 +0.006 2.3340.11 
0.451+0.024 2.32+0.16 
0.418+0.014 2.09+0.11 
0.409 +-0.022 2.04+0.13 
0.38 0.040 1.89+0.20 
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AVERAGE NUMBER OF NEUTRONS PER FISSION 


The # values for the various nuclides calculated from 
the relative #’s in Table I are based on values for Cf*5? 
and Cm™ of 3.53+0.15 and 2.60-+0.12, respectively.?* 
All these values are on the average about 7% lower 
than those determined by Hicks ef al.,*"> who used the 
b value® of Pu™® to determine the counting efficiency 


‘Hicks, Ise, and Pyle, Phys. Rev. 98, 1521 (1955). 
5 Hicks, Ise, and Pyle (to be published). 
* Diven, Taschek, Terrel, and Martin (to be published). 


PHYSICAL REVIEW 


VOLUME 101, 


1805 


of their neutron detector. This discrepancy arises from 
the difference in neutron counting standardization, and 
since Pu™ was determined relative to the # for the 
thermal fission of U™*, the discrepancy indicates a 
difference in the Bureau of Standards neutron source 
measurement and the U™® > measurement. 

Figure 1 is a graphic presentation of these data, and 
it is interesting to note the regular variation of # with 
mass number. 
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Neutron and Proton Densities in Nuclei* 


LAWRENCE WILETS 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received December 5, 1955) 


A semiempirical investigation of neutron and proton densities in nuclei is made. Experimental values are 
assumed for the nuclear radius, binding energy, surface energy, surface thickness, and symmetry energy. 
It is found that the neutron and proton densities extend to approximately the same radius; these results 
do not depend sensitively on the input data. The nuclear potential extends ~0.7 X 10- cm further than 
the material radius. An estimate of $100A Mev is given for nuclear compressibility. 


I. INTRODUCTION 


HE excellent experiments on electron scattering! 
and on mu-meson spectroscopy’ indicate for the 
charge distribution a surface thickness of 2.2—2.5 
X10-* cm and an “equivalent” radius of 1.2A'/* 10-" 
cm. (An “equivalent” radius is the radius of a uniform 
distribution which leads to the same energy for the 
2p—s transition in mu-mesonic atoms. The point 
where the charge density falls to half its central density 
is more like 1.14"*X10-" cm.) Other experiments? 
which depend upon the nuclear charge distribution do 
not appear to be in disagreement with these results. 
Experiments which measure the nuclear potential,* 
however, quite generally lead to larger values for the 
radius. Attempts to measure the neutron distribution*® 
(as opposed te the charge distribution) are hopeful, 
but as yet inconclusive. 

In a previous paper,‘ density distributions in nuclei 
were calculated neglecting the Coulomb potential. 
Assuming experimental values for the nuclear radius, 
binding energy, surface energy, and surface thickness, 

* Work supported by the U. S. Atomic Energy Commission. 

1R. Hofstadter et al., Phys. Rev. 95, 512 (1954). For analyses 
of the data, see Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 
500 (1954); D. G. Ravenhall and D. R. Yennie, Phys. Rev. 76, 
239 (1954). See also reference 3. 

?V. F. Fitch and J. Rainwater, Phys. Rev. 92, 801 (1953). For 
analyses of the data, see L. N. Cooper and E. M. Henley, Phys. 
Rev. 92, 789; D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 
(1954). See also reference 3. 

3 An excellent summary and analysis of the experiments on 
nuclear density and potential distribution is given by K. W. Ford 
and D. L. Hill, Ann. Rev. Nuc. Sci. 5 (1955). Further references 
to original literature will be found there. 


4R. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956), hence- 
forth referred to as I. 


the calculations yielded the following conclusions: (1) 
The nuclear potential (at half-maximum) extends 
~0.7X10-* cm beyond the nuclear density. (2) The 
nuclear compressibility is estimated to be [100A Mev. 

The present investigation is designed to examine 
effects arising from the Coulomb potential. The primary 
effect of the Coulomb potential is to increase the number 
of neutrons relative to protons, through beta decay. 
The variation in the potential through the nucleus is 
also of consequence in fending to increase the relative 
number of protons at the surface. 

Johnson and Teller’ have proposed that the distri- 
bution of protons in the nucleus may lie within the 
neutron distribution by as much as 1/3 to 1/2 of the 
nuclear surface thickness. Their arguments are based 
on two consequences of the Coulomb potential: (1) 
Owing to the larger number of neutrons than protons, 
the neutrons have, on the average, greater kinetic en- 
ergy and will extend further than the protons. (2) The 
Coulomb potential forms a barrier which inhibits 
penetration of the proton wave functions into the 
forbidden region. The effectiveness of these arguments 
depends upon the approximate equality of the nuclear 
potential for both neutrons and protons. 

There are also factors which tend to counter the 
Johnson-Teller effect. The nuclear symmetry energy 
tends to resist separation of neutrons and protons, and 
the decrease in the Coulomb potential toward the edge 
of the nucleus tends to move protons closer to the 
surface. The present investigation indicates that the 


5M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 
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net result is that there exists no appreciable separation 
of neutrons and protons. 

The technique used here for determining nuclear 
densities is semiemperical and statistical in nature. No 
basic assumptions about the nature of nuclear forces are 
made, but extensive use is made of the experimental 
properties of nuclei. The method is a generalization of 
that used in I, where further details are to be found. 
Other papers on the statistical method for nuclei have 
also been published.® 


Il. FORMULATION 


It is assumed that the expression for the energy 
density of the system can be written in the following 


form’: 
8 (pnsbp) +F (pn) (Vpn) +F (pp) (Vpp)”. (1) 


The first term represents the energy density of a uniform 
medium. It includes both kinetic and interaction 
energies, which are not immediately separated, and 
could include many-body forces, particle correlations, 
etc. The latter terms represent corrections, under 
conditions of varying density, to (1) the kinetic energy 
and (2) the interaction energy, due to the finite range 
of nuclear forces. 

The correction to the kinetic energy can be written 
in the form 


E(?/8M )p~ (Vp). (2) 


This “inhomogeneity term” was first proposed by 
Weizsicker® (with =1). Although Weizsicker’s origi- 
nal arguments are not valid,® Eq. (2) does have the 
proper form, and it has been shown for certain nuclear- 
type potentials® that the exact quantum-mechanical 
densities and energies can be rather well reproduced 
by 1/8<&<1/2, the precise value of ¢ depending on 
the shape of potential. For convenience we express the 
finite-range correction in the same form as Eq. (2); 
this is not critical since the range correction appears 
to be rather smaller than the kinetic energy correction. 
The energy of the nucleus can then be written 


h? [(Vpn)? (Vp,)* 
E= | 4 8(n,0))+$—| —— dr, (3 
fi (p ott “thes “9 |}« (3) 


where ¢ (which we expect to be less than unity) includes 
both the kinetic-energy and finite-range corrections. 
We seek the functions p, and pp which make the energy 
a minimum, subject to condition that 


re f dinishp hie, (4) 


6 W. J. Swiatecki, Proc. Phys. Soc. (London) A63, 1208 (1950). 
P. Gombas, Acta Phys. Hung. 1, 239; 2, 224 (1952); 3, 105, 127 
(1953). E. Feenberg, Phys. Rev. 59, 593 (1941). 

7 The quantity &() used here is the same as &(p)-+-«rp*/* used 
I 


*C. F. von Weizsiicker, Z. Physik 96, 431 (1935). 
*R. A. Berg and L. Wilets, Proc. Phys. Soc., (London) A68, 
229 (1955). 
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be a constant. This variational problem leads to the 
coupled nonlinear differential equations: 


h? whic 0& . 5) 
—{—V"*4 (—)x = Eu,, 5 
2M " Op. Sater 


where “,=+/p,. The index yu indicates either neutrons 
(n) or protons (p). Eo is a Lagrangian multiplier which 
has the physical meaning of being the binding energy 
of the last particle. 

To fit the experimental data, we have available the 
constant ¢ and the function 8(p,,p,). We write & in 
the form: 


E(pnsPp) =f (0) +h (on—pp)*+V edo, (6) 


with p=pntpy. The function f(p)/p (energy per 
nucleon) must have a minimum at the observed nuclear 
density and at a value corresponding to the coefficient 
of the term linear in A in the semiempirical mass 
formula”; the curvature at the minimum is related to 
compressibility (see I). The second term on the right- 
hand side of Eq. (6) represents the symmetry energy; 
the constant & is determined!" from the observed ratios 
of N to Z (or from the semiempirical mass formula). 
V. is the Coulomb potential. For small values of the 
density, the differential equation is governed more by 
the Laplacian term than by the 06/dp, term. It is 
indeed found that the solutions are insensitive to details 
of f(p) beyond those already mentioned. 


Ill. CONSTANT COULOMB POTENTIAL 


In order to gain insight into the relative importance 
of the difference in numbers of neutrons and protons 
on the one hand, and the variation in Coulomb potential 
through the nucleus on the other, the Coulomb po- 
tential was first set equal to a constant in Eq. (6). This 
problem is further simplified by considering a semi- 
infinite nucleus with a plane surface. Such an approxi- 
mation is justified to the extent that the surface thick- 
ness* (2.5 10~" cm) is small compared with the radius 
(~7.5X10-" cm). Equation (6) then becomes an 
ordinary nonlinear differential equation in the distance 
variable x, 


ig tdd New 7) 
ed a, 
ww Ne nia 


subject to the boundary conditions 
(8a) 
(8b) 


thy, Uy, Uy" 90 as x0, 
u—u4,,9 and u,’,u,"—30 as x >—%, 


#0 A. E. S. Green, Phys. Rev. 95, 1006 (1954). 

" k(pn—pp)* is not the most general form for the symmetry 
energy, although this is suggested by the semiempirical mass 
formula for pn*pn,o and pp*pp.o. In the surface region the 
neutron-proton separation is not so great and so the sensitivity 
of the results on the form of the symmetry energy term is reduced. 
The primary effect of variation in the form of this term is on the 
surface energy which is reflected in the estimates of nuclear com- 
pressibility (Sec. IIT. B). 





NEUTRON AND 


PROTON DENSITIES IN 


NUCLEI 








Fic. 1. Semi-infinite nucleus 
with constant Coulomb po- 
tential V.=17.34 Mev. The 
ene’ density function used 
in this example is given by 
&= —91.8p5/8+ 134.3p7/3 

+ 183 (pn —pp)?+ Vepp, 
in units of 10° Mev cm=, and 
¢ was chosen to be 0.7. The 


nuclear compressibility Ky 
=125A Mev. Since the unit 
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A=240;Z=86 
|__A=200;Z=70 
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of distance varies as ¢"/?, the 
length scale may be altered by 
changing ¢. The density scale 
may also be changed by read- 
justing the constants so as to 
leave &/p invariant. The inset 
shows the neutron density 
(solid line) and proton densities 
(dashed line) separately scaled 


alll 





to the same asymptotic values. 




















NUCLEON POTENTIAL (MEV) NUCLEON DENSITY (NO/IOcm)*) 


where the prime denotes 
integrability conditions: 


07/6 
FG) es 
Op, p Pn, 0)Pp, 0 


Pi 
— = F’, 
Opy Pn, 05Pp, 0 


The solution requires an eigenvalue search with, say, 
one boundary condition (for some finite x) acting as 
an eigenvalue. The constant ¢ plays the role of a scale 
factor in Eq. (7). Both the unit of length and the 
surface energy [I, Eq. (14) ] vary as ¢"?. In the solutions 
described below, ¢ has been adjusted so that the proton 
surface thickness is 2.5 10~" cm. 


derivative. This gives the 


(9a) 


(9b) 


A. Density Distributions 


The shape and relative separation of the neutron and 
proton density distributions are found to be quite 
insensitive to the nuclear compressibility. In a wide 
variety of cases calculated, the mean proton radius 
was found to lie inside the neutron radius by a distance 
only 20% of the proton surface thickness. Figure 1 
gives a typical result; other cases calculated are prac- 
tically indistinguishable. 


B. Surface Energy and Compressibility 


The surface energy depends sensitively on the nuclear 
compressibility and thus provides a means of deter- 
mining this important but elusive quantity. The surface 
energy also depends upon the neutron-proton separation 


at the surface; for this reason, discussion of these 
quantities will be deferred until Sec. IV. 


C. Nuclear Potential 


In order to discuss the nuclear potential, it is neces- 
sary to make further assumptions about the nature of 
nuclear interactions. The assumptions which will be 
made now are only for the purpose of obtaining the 
potential, and are not used in obtaining the density 
distributions or the surface energy. 

Brueckner” has shown that a nucleon within a 
nucleus can be described by the equations of motion 
of an independent particle if the nucleonic mass M is 
replaced by an effective mass M*~0.6M. The intro- 
duction of an effective mass accounts for the velocity 
dependence of the interaction which arises from inter- 
particle correlations. (Brueckner assumes velocity- 
independent two-body forces.) 

To the extent that the Thomas-Fermi approximation 
is valid, the wave function of the “last” particle is that 
of one at the top of a Fermi sea of particles of mass M*. 
The “effective kinetic energy” of such a particle is 
given by 2(3n*)**(f?/M*)p,?*, while the total energy 
of the particle is 0&/dp,. Neglecting the Coulomb po- 
tential, this permits the identification of the nuclear 
potential experienced by the last neutron or proton as 


a8 
VP ——— 23a) (8/M*) 9,0 (10) 


on ehe ee ae Pu 
2K. A. Brueckner, Phys. Rve. 97, 1353 (1955). The intro- 
duction of an effective mass in the inhomogeneity correction term, 


which one might also con:ider, would result merely in a re- 
definition of ¢. 
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Fic. 2. Spherica! nucleus 
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with “realistic” Coulomb po- 
tential A=225, Z=93. The 
energy density function used 
in this example (differing some- 
what from the example in Fig. 
1) is given by &=—67.4p%/8 
+72.5p/3+-170(on—pp)?+ Vepp, 
in units of 10° Mev cm™, with 





o 
o 


V. given by (12) for R=7.11 
X10-" cm and Z=82. ¢ was 
chosen to be 0.7. The nuclear 
compressibility is Ky=125A 
Mev. The scale of length is no 
longer free because of the 
spherical geometry and the 
Coulomb energy. The surface 
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thickness is reduced in this 
example (2.15 10-" cm) rela- 
tive to Fig. 1 (2.5X10~% cm) 
by the Coulomb potential. It 
still possible to scale the den- 
sity by readjusting the con- 
stants so as to leave &/p 
invariant. Thus this is also a 
solution for A=198, Z=82. 
The inset shows the neutron 
density (solid line) and proton 
density (dashed line) sepa- 
rately scaled to the same 
central values. 








In the analysis of scattering experiments, the true 
nucleonic mass M is generally used. Schrédinger’s 
equation is invariant with respect to changes in mass 
so long as the quantity M(V—E£) is also invariant. 
For comparison with current calculations, the quantity 


Vi=(M*/M)V,", (11) 


is plotted in Figs. 1 and 2 (i.e., zero-energy scattering 
potentials). The potential is not drawn for low densities, 
since the approximations involved in Eqs. (6) and (10) 
may not be valid there. The depth of the potentials are 
sensitive to the assumed nuclear density. 

The potentials for both neutrons and protons are 
seen to be quite similar in depth and extent. This would 
not be the case for a different value of M*. In fact, for 
M*=M, the proton potential would lie about 10 Mev 
lower than the neutron potential. In the example 
discussed in Sec. IV (Fig. 2) the proton potential lies 
about 4 Mev deeper than the neutron potential even 
with M*=0.6M. 

In the analysis of proton scattering experiments, 
Melkanoff, Moszkowski, Nodvik, and Saxon™ report 
that the energy dependence of the real part of the 
potential is consistent with an effective mass about 
half the nucleonic mass. Their extrapolated zero-energy 
potential seems to lie significantly deeper than the 
zero-energy potential obtained by Feshbach, Porter, 
and Weisskopf for neutrons. One possible cause for 
the discrepancy may lie in the difference in the shapes 


8 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 
“4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


of the potential wells used in the analysis of the neutron 
and proton data. It should be noted, however, that the 
discrepancy is decreased appreciably if the zero-energy 
neutron potential is compared with the proton potential 
at an energy corresponding to the Coulomb potential 
inside the nucleus. At 17 Mev, for example, they give 
for the proton potential 47 Mev, or only 5 Mev deeper 
than the zero-energy neutron potential. 

The potentials are also seen to extend about 0.7 
X10—* cm further than the densities (Fig. 1). This can 
be understood as follows (see I): Near maximum 
density, the potential falls off less rapidly than the 
density owing to saturation of nuclear forces; at 
intermediate densities, the Thomas-Fermi relation 
V-~p** again leads to a less rapid falloff of the potential 
relative to the density. 

While in the right direction, the distance 0.7X10-" 
cm may not be alone sufficient to account for the greater 
radii observed for nuclear potential, although it appears 
to be a substantial contribution. The potentials given 
here neglect the range of nuclear forces and polarization 
of the nucleus by the scattered particle.!® 

This treatment differs from that given in I, where an 
effective mass was not used. 


IV. “REALISTIC” COULOMB POTENTIAL, 
SPHERICAL NUCLEI 


For V. we choose the Coulomb potential of a uniform 
charge distribution (it is not important to make the 
potential self-consistent with the resultant charge 


4 See S. D. Drell, Phys. Rev. 100, 97 (1955). 
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distribution) : 
$[3—(r°/R?)], O<r<R 
1/r, 


This introduces an absolute scale of length into the 
problem, and so ¢ was adjusted according to the value 
obtained in the case V.= constant. 

The differential equations for the case of spherical 
symmetry are given by 


(12) 
R<r. 


nh? ( ng? “Ged R 
et teres (ie aa —Uy = Eqtty. 
—  r. Opry eat 


(13) 


The boundary conditions as r— are the same as 
those of Eq. (8a) (for x), but for r=0 the require- 
ment is «’(0)=0. The Lagrangian multiplier Zy cannot 
be fixed beforehand, but must be varied as an eigen- 
value. The solution thus requires a double eigenvalue 
search. An example is shown in Fig. 2 with the param- 
eters given in the caption. The results on the density 
and potential distribution appear to be insensitive to 
the details of 8—that is, various values of the com- 
pressibility lead to substantially indistinguishable 
results. 
A. Density Distributions 


The variation in Coulomb potential through the 
nucleus tends to push protons toward the surface of the 
nucleus. The actual rise in proton density is slight, in 
general agreement with the analysis of Ford and Hill,’ 
who find that the electron scattering data is best fitted, 
within experimental error, with no rise. The mean 
proton radius is seen to extend about as far as the mean 
neutron radius, thus effectively canceling the rather 
small Johnson-Teller® effect discussed in Sec. III. The 
neutrons do exhibit a longer tail, however. 


B. Surface Energy Compressibility 


In paper I, where the densities of neutrons and 
protons were taken as equal, the surface energy was 
found to arise from equal contributions of (i) the 
inhomogeneity correction term ({h?/8M)fp—(’)*do, 
and (ii) the loss of binding (interaction) energy of the 
nucleons in the surface region. When the neutron and 
proton distributions are unequal, there arises a con- 
tribution to the surface energy from the integral of 
k(pn—pp)? in the surface region. Comparison of the 
surface energy obtained in the present case with that 
obtained for equal neutron and proton distributions, 
indicate that the symmetry energy increases the surface 
energy by about 40%. 

The free parameter which is available for fitting the 
surface energy is the nuclear compressibility. The 
surface energy is an increasing function of the com- 


pressibility parameter (1.17): 


re [om as 


| 4. 
8(p-¥)? Joo 


The example which is illustrated in Fig. 2 leads to a 
value of 1.4<X10%* Mev cm for the surface energy 
compared with 110% Mev cm™ from the semi- 
empirical mass formula,” if one uses 1.1A'/*X10-" cm 
for the nuclear radius rather than Green’s value 
1.2A*X10-" cm, which was used in I. The value of 
Ky in the example is 125 Mev, and this is clearly too 
large. From the dependence of the surface energy on 
Ky deduced from the examples in I, an estimate for the 
compressibility of <100A Mev seems reasonable. This 
is to be compared with Brueckner’s theoretical value 
of ~67A Mev or the empirical value obtained from 
isotope shifts of ~50A Mev. These are not serious 
discrepancies considering the difficulty in isolating the 
effect experimentally, or the general sensitivity of the 
effect to the theoretical assumptions. Furthermore, 
the surface energy and compressibility probably vary 
rather widely with mass number, reaching maximum 
values near closed shells. The surface energy given by 
the semiempirical mass formula is only a particular 
average. 
C. Nuclear Potential 


The nuclear potential shows the same characteristics 
discussed in Sec. ITI. 


Vv. CONCLUSIONS 


The neutron and proton densities are found to extend 
to approximately the same mean radii. There is a slight 
rise in the proton density at the surface, while the 
neutron distribution has a longer tail and surface 
thickness. The nuclear potential for protons and 
neutrons extend to the same radius, which is about 
0.7X10-* cm further than the density distributions. 
These results appear to be insensitive to be insitive to 
details of the function &(p,,,), apart from the position 
and value of the minimum 6&/p which are taken em- 
pirically from the observed values of nuclear density 
and binding energies. The interpretation of the nuclear 
potential does require the separation of & into kinetic 
and potential terms; this procedure is somewhat 
arbitrary, so that the potentials deduced are somewhat 
less plausible than the densities. 

An estimate of <= 100A Mev is given for the nuclear 
compressibility. 
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Five examples of associated production have been found in x~—? collisions at 1.0 Bev. Three cases of 
A°+, one case of 2°+-, and one case of 2~-+K* have been found. From these cases a cross section of about 
1 mb is deduced. The center-of-mass angular distribution of the hyperons is compared with that found by 
W. B. Fowler et al. at 1.4 Bev. The hyperons show a strong correlation between their decay planes and their 
planes of production as has been found previously by Fowler et aJ. The &’s do not show this tendency. The 
possibilities of observational bias are considered. One explanation of these phenomena is that the orbital 
angular momentum vector and spin vector of the hyperon are either parallel or antiparallel. 

From these and other considerations it seems likely that the spin of the hyperons © and A’ is 3/2 or 5/2 or 
possibly as high as 7/2 and the spin of the @ is probably 0 but could be 1. 





I. INTRODUCTION 


HE present paper is a summary of work on as- 
sociated production of hyperons and heavy 
mesons in 1.0-Bev x — # collisions. These data are com- 
pared with those obtained by the Brookhaven cloud 
chamber group in their study of x-— > interactions at 
1.4 Bev.' Particular emphasis is placed on the angular 
correlation in the production processes. 


II. COMPARISON OF CROSS SECTION 


Scanning diffusion cloud-chamber pictures made with 
the Brookhaven magnet chamber, in which 200 1-—p 
interactions were found, revealed five examples of as- 
sociated production. Two of these cases were reported 
previously.? If one estimates from emulsion data the 
number of zero-prong interactions and uses the total 
-—p cross sections as measured by Cool, Madansky, 
and Piccioni,’ a cross section of 1 mb for associated 
production is deduced which is to be compared with 
0.9 mb at 1.4 Bev.' No attempt has been made to cor- 
rect for geometrical loss of the neutral particles; how- 
ever, because of the lower center-of-mass energy of the 
products the geometrical correction must be consider- 
ably less than at 1.4 Bev. The ratio of the cross sections 
can be found by comparing the number of A°’s seen 
emerging from the walls and bottom of the chamber at 
1.4 Bev and 1.0 Bev. The Brookhaven workers found 
27 A”s and 150 x-— p interactions! ; we find 27 As and 
197 x-— p interactions. The cross section is about 50 mb 
at 1.0 Bev, and 34 mb at 1.4 Bev. Calculations from 
these data give the result that the cross section for 
associated production goes up by about a factor of 2 
between 1.0 and 1.4 Bev. 

In any event the x-— cross section for associated 


* Supported in part by the U. S. Atomic Energy Commission, 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953); Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 93, 861 (1954); So, Shutt, Thorndike, and Whittemore, 
Phys. Rev. 98, 121 (19 55). 

*W. D. Walker, Phys. Rev. 98, 1407 (1955). 

* Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954). 


production seems to be nearly constant between 1.0 and 
1.4 Bev. 


Ill. NEW CASES OF ASSOCIATED PRODUCTION 


Previously we reported two cases of associated produc- 
tion.? Case I indicated the production of a 2° hyperon. 
Cases IT, III, and IV are consistent with the production 
of A°+6°. Case V is consistent with the production of a 
=~ and K* meson of mass about 970 m,. The experi- 
mental measurements and the Q values deduced are 
given in Table I. The momenta of the incoming pions 
are estimated by measuring parallel tracks and by spec- 
trum measurements from the kinematics of the elastic 
collisions. 


IV. ANGULAR DISTRIBUTIONS 


To understand in detail the mechanisms of produc- 
tion, it is necessary to know what angular momentum 
waves participate in associated production in both the 
incoming pion wave and the outgoing & wave. To this 
end we study the angular distribution of A”s and 2’s in 
the production process. To supplement the data on 
angular distribution, we use some of the data on A’s 
coming from the walls and bottom of the chamber. 
Scattering inside the parent nucleus will produce some 
perturbation of the angular distribution. In order to 
eliminate as much as possible these side effects we take 
only cases of As which from their angle and momentum 
are consistent with a+ p—A°+@. 

Figures 1 and 2 show the angular distributions of 
hyperons produced at 1.0 and 1.4 Bev, respectively. The 
distribution at 1.0 Bev seems somewhat flatter than that 
at 1.4 Bev. This is not surprising since the A°® has mo- 
mentum 300 Mev/c in the center-of-mass system when 
produced in a 1.0-Bev x-— collision and 500 Mev/c 
when produced at 1.4 Bev. Crudely one can say that 
outgoing waves up to L=3 are involved at 1.4 Bev and 
up to L=2 are involved at 1.0 Bev. It is of course possi- 
ble to push the orbital states higher since angular dis- 
tributions generally only establish lower limits for L 
values. Also this implies that incoming pion waves at 
least up to L=3 at 1.4 Bev and L=2 at 1.0 Bev are 
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ANGULAR CORRELATIONS IN 


ASSOCIATED PRODUCTION 


TABLE I. Description of new cases of associated production.* 








Pi in 
Mev/c 6K oy Oxy py 


Ont K 


Pixin P.xin Qin Qr 
Mev/c Mev/c Mev in Mev 


Pry in 
Mev/c 


Py yin 
Or-K Mev/c 





1100470 5°+2° 13°+1° 35°42° 16.5°+1.5° 
IV 1150+50 20°+3° 54°+10° 6°+2° 


Vs 1150450 31.544° 16°+2° 70°+10° 


18.7°+1° 


53840 41+5 216420 
22415 220+40 
10 


50°+2° 310+10 
70+14 


182+50 








*® P;=Incoming momentum in Mev/c; 


P sy =momentum of the nucleon from the decay of the hyperon in Mev/c; 


Pxy =momentum of the x from the decay of the eoes in Mev/c; 
Pxx =momentum of the « from the decay of the K particle in Mev/c; 
Q =Q value of the hyperon in Mev; 
Qx =Q value of the K in Mev; 
6 =angle of production; 
¢ =opening angle of the decay. 


responsible for the production processes. Work on 
n-—p processes‘® at both of these energies indicates 
that incoming waves up to L=3 or 4 at 1.0 Bev and 
L=4 or 5 at 1.4 Bev are important in pion production 
processes—and could certainly be important in as- 
sociated production as well. 


V. ANGULAR CORRELATIONS 


One of the most interesting features of the production 
processes observed by the Brookhaven group! is the 
apparent strong correlation between the plane of pro- 
duction of the hyperon and the plane formed by the 
decay products of the hyperon. The five cases reported 
here show these same features. Adding these to the 
Brookhaven cases, there are now 12 cases of hyperon 
production and decay in which the dihedral angle be- 
tween planes of production and decay of the hyperon is 
less than 45°. Table II gives the angles between the 
planes of production and decay for the five cases found 
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Fic. 1. This histogram shows the angular distribution in the 
center-of-mass system for hyperons produced at 1 Bev. The cross- 
hatched cases are those produced in the gas. The rest of the his- 
togram is taken from cases of A”s decaying when the point of 
origin is not seen. The momentum of the A° is calculated in the 
=~—p center-of-mass system and is required to be within 150 
Mev/c of the 300 Mev/c expected in the process *~+p—A°+@ 
before it is included in the distribution. 


4 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 97, 797 


(1955). 
5 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 


here for both the hyperons and the #’s. Figures 3 and 4 
give a summation of the Brookhaven and Wisconsin 
data on angular correlation. 

The calculated curves are the distributions of dihedral 
angles for particles decaying with L=2 and L=3 
assuming initially spins S=5/2 and 7/2 and S vector 
oriented perpendicular to the plane of production. It 
should be noted that the @’s do not seem to show the 
correlation. The probability of obtaining the observed 
distribution for hyperons if the true distribution were 
uniform is about 10-*. 

Before going any further with these considerations, it 
is necéssary to consider the effect of scanning bias on the 
data. It is conceivable that the effects observed are just 
a result of the method of search. The probability of 
seeing a A° decay is probably proportional to the length 
of the tracks in the sensitive region of the chamber. 
Also the probability of seeing a decay must be propor- 
tional to the ionization of the tracks. The sensitive 
volume of the chamber is effectively thicker for a highly 
ionizing event. It is worth noting that in the cases in 
which A° and & were both found, the scanner never saw 
the & but only the A°. In this investigation only four 
cases have been found which could be the decay of 
#’s coming out of the bottom. 
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Fic. 2. The histogram shows the center-of-mass angular dis- 
tribution for hyperons produced in collisions at 1.4 Bev. These 
data were taken from the 1955 report of Fowler et al.! The dashed 
histogram is for the cases of associated production in hydrogen. 
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DIHEDRAL ANGLE BETWEEN PLANES OF DECAY AND PRODUCTION 


Fic. 3. This histogram shows the number of cases of hyperon 
production in which a given dihedral angle between planes of 
production and decay is found. These are the cases found in the 
present investigation plus those peatenes by Fowler ef al.! The 
curves are calculated assuming that the decays are for particles 
of L=2, J =5/2 and L=3, J=7/2 in which J is originally oriented 

rpendicular to the plane of production. Each case is represented 
o a rectangle whose width is proportional to the error in the 
measurement of the dihedral angle and whose height is inversely 
proportional to this error. All cases are represented by equal areas. 


Some decay configurations are easier to see than 
others. In particular, if a A° is moving up through the 
sensitive region of the chamber, then it will produce 
more track length in the chamber if its plane of decay is 
perpendicular to the plane of the chamber since prob- 
ably one of the tracks wili traverse a considerable frac- 
tion of the sensitive region of the chamber. Actually, if 
the plane of decay is perpendicular, the A° will be viewed 
edge on and might well be missed so that an angle 
somewhat less than 90° is perhaps most favorable. In 
Fig. 5 a histogram is drawn for the number of cases of 
A°® decay showing a given dihedral angle between the 
plane of the chamber and the plane of decay. There 
seems to be an indication of a peak around 60° or 70° 
and perhaps another at 0°. 

If one examines the A°’s from the walls and bottom 
for correlation between planes of production and decay, 
essentially no correlation is found.* The results of this 


& 1 CASE 
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DIHEDRAL ANGLE IN DEGREES 
Fic. 4. This histogram shows the number of cases of & decay 
having a given angle between planes of decay and production. 
Three of the cases are from the present investigation and three 
from the work of Fowler et al.! The data are presented as in Fig. 3. 


®See Proceedings of the Fifth Annual Rochester Conference on 
High-Energy Physics (Interscience Publishers, Inc., New York, 
1955) for a summary of the work on correlations of planes of decay 
and production for A”s coming from interactions in complex 
nuclei. There are reports by Sorrels, Rossi, and Reynolds. 
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Fic. 5. These data are taken from examples of A° decay in which 
a point of origin is not seen. The histogram gives the number of 
cases versus the dihedral angle between the plane of the chamber 
and the plane of decay. 


search are shown in Fig. 6. Whatever the biases are, 
they are rather similar for A’s produced in the walls and 
bottom and for A”s produced in the gas itself. Thus it 
seems that observational bias alone will not produce 
the correlation. 

We have also looked at only As which are consistent 
kinematically with having been produced in the reaction 
1m +p—A°+®, i.e., showing the right momentum for a 
given angle of production. There are nine such cases, 
and the average angle between planes of production and 
decay is 35° as compared to 51° for the rest of the 
sample. Three of the nine cases have dihedral angles 
greater than 45°. 

The cases of the decays of the =~ are rather different 
as far as possible biases are concerned. The main bias 
here would make it more likely to pick up cases in which 
the a~ goes at large angles relative to the direction of 
flight. The azimuth dependence of detection should be 
dependent only on the particular orientation of the 2 in 
chamber. The fact that the 2’s also show a strong cor- 
relation is independent evidence for the correlations of 
the hyperons. 

If the hyperons tend to decay in the plane of produc- 
tion, this means that the spin of the hyperon must be 
oriented nearly normal to this plane. If this is the case, 
it means that also the spin is nearly normal to the direc- 
tion of motion of the hyperon. Therefore the products of 


TABLE II. Data on angular correlations.* 








Particle ” 


I A° 8°+10° 
P 72°+18° 
I A? 38°+15° 
ca 40°+15° 
Il A° 35°+15° 
Pe 80°+20° 
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0, 5° 
3°90 








* » =dihedral angle between planes of decay and production. 
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Fic. 6. This histogram shows the number of cases of A° decay 
in which the planes of production and decay have a given angle 
between them. Most d the A”s seen come from the walls and 
bottom of the chamber. There is a pool of alcohol on the bottom 
so that some of the A”’s from the bottom plus a few from out of the 
illuminated region will actually have been formed in x~-proton 
collisions. 


decay of the hyperon should go preferentially in the 
forward and backward directions in its rest frame.’ 
The forward and backward directions are in this case 
parallel and antiparallel to the direction of flight of the 
hyperon in the laboratory system of reference. The 
angular distributions of the 7’s from As and =~’s are 
shown in Fig. 7. It can be seen that the angles close to 
90° in the center-of-mass system are not preferred. It is 
puzzling that more cases close to 0° and 180° have not 
been found; indeed the evidence on correlation and this 
observation seem almost mutually exclusive. Again it is 
necessary to consider the possibilities of scanning bias. 
In the cases of 2-, all four decays occur with the 2 
going backward in the center-of-mass system of the =~. 
These cases are considerably easier to see than cases in 
which the z~ goes forward, so that one suspects that 
bias effects could explain the peculiarity of the 2~’s. In 
the case of the As, there seems to be reasonable sym- 
metry fore and aft, but many cases close to 0° and 180° 
are lacking if our hypothesis is correct. Such cases 
should not be very difficult to see. In either case a 
a heavily ionizing particle will be produced. If the r 
goes almost directly backwards in the center-of-mass 
system, the decay may not have the usual V appearance 
since the 7 will be quite slow and at a large angle, but 
it should be quite visible. In Fig. 8 we have plotted the 
angular distribution of the x~’s from As coming from 
the bottom of the chamber. These A°’s do not show any 
great correlation with the plane of production, so that 
we expect the spins to be oriented in a random fashion. 
Within the statistics these cases do show a slightly ani- 
sotropic distribution of the secondaries, but there is no 
hole in the distribution fore and aft. It thus seems likely 
that the cases in which the *~ mesons go very nearly 
forward or backward are not missed. 


1 This fact is obvious from classical considerations. Calculations 
have been made by L. Wolfenstein, Phys. Rev. 94, 786 (1954), and 
have been particularly stressed by Treiman, Reynolds, Hodson, 
Phys. Rev. 97, 244 (1955). 
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Fic. 7. This histogram shows the angular distribution in the rest 
system of the hyperon of the ’s from the decays of hyperons 
tormed in x~—> collisions. Equal intervals on the abscissa repre- 
sent angular intervals containing equal solid angle. The angle 0° is 
in the direction of flight of the hyperon. 


We are left with three alternatives in explaining the 
lack of consistency between the center-of-mass data 
and the correlation data. They are: (1) The spin is not 
perpendicular to the plane of production. (2) Errors in 
measurement may occur which tend to smear the center- 
of-mass data. (3) There may be statistical fluctuations 
which would give too strong a correlation and too weak 
a peaking in the center-of-mass system. The last alter- 
native seems the best in that the cases in which the 
decay is nearly forward and back are the cases which 
give the large dihedral angles. It is precisely these cases 
that are missing from the angular distribution data.® 

Figure 9 shows the angular distribution of the z’s in 
the center-of-mass system of the #. As expected, it 
seems isotropic. 

From these data, one can make rudimentary deduc- 
tions concerning the spins of the hyperons. 

The first conclusion is that the hyperons seem to 
have their spins oriented nearly perpendicular to the 
plane of production. The @’s do not seem to show the 
effect. Thus probably the spin of the hyperons is 
predominant in determining the angular distribution of 
the reaction. It seems likely that the spin of the @ is 
considerably less. For the sake of argument, we assume 
the spin of the @ to be zero. 

A simple model that qualitatively accounts for the 
data would be as follows. Associated production takes 
place in rather high angular momentum 2~ — p collisions, 
say with J=5/2 to 9/2. It seems very likely from the 
analysis of the s-—® interaction data that inelastic 


® It is possible that experimental errors in the angles and mo- 
menta of the products have pushed the distribution forward. It 
would be expected that errors might randomize a peaked distribu- 
tion. The nine cases of A”s coming from the walls which are con- 
sistent with having been produced in a x —>? collision do show a 
fairly strong peak for the z’s in the forward direction. Except for 
the fore and aft asymmetry, this is consistent with a § spin perpen- 
dicular to the trajectory. This result of asymmetry is consistent 
with the Brookhaven observations! in which the ’s showed a 
tendency to go forward in the center-of-mass system of the A°. 
comes of this might be a result of observational bias but perhaps 
not 
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Fic. 8. Figures 7 and 8 are the same except that Fig. 8 shows 
the angular distribution for x’s coming from As from the walls 
instead ef from x~—> collisions in the gas. The distribution is 
similar to that found by Fowler ef al.! in that these cases show 
more x’s going forward than backward. The dashed histogram is 
for cases of A° which are consistent with x~—/ production. 


collisions of these angular momenta occur. If one sup- 
posed that s-wave collisions gave rise to the particles it 
would be impossible to get the correlations observed. If 
the orbital angular momentum in the A°—@ system 
were zero, it would be impossible to have the correlation 
between planes of decay and production. In one-Bev 
collisions, the A° and @ can come out with about two 
units of orbital angular momentum. The orbital angular 
momentum and the spin of the hyperon must be ori- 
ented parallel or antiparallel. The direction of the 
orbital angular momentum defines the plane of produc- 
tion providing it is perpendicular to the direction of the 
incoming beam. (J very nearly is.) If L, the orbital 
angular momentum, and S, the spin of the hyperon are 
parallel to each other and to J, then it is difficult to get 
correlations as strong as those observed. For example; 
with J=7/2 and L=2, S=3/2. Then in this case the 
correlation between plane of production and decay 
would be somewhat weaker than the one for the curve 
drawn for L=2 in Fig. 3. Such a possibility cannot be 
ruled out because of the meager statistics, especially in 
conjunction with the hyperon center-of-mass angular 
distribution. If L and § are antiparallel, then for J=7/2 
and L=2, S could be as high as 11/2 which seems too 
high for other reasons. Any higher spin than 7/2 would 
be difficult to understand because of the data concerning 
the capture of K-. 

It is known that K-+p—-2*%+2t or A°+79,9.10 
The cross section for these processes is apparently large 
even at low energies.°"" The @ seems to have consider- 
ably smaller spin than the hyperons, according to the 
data on angular correlations. If we suppose that # and 
K~ have the same spin, than it is difficult to see where a 
large amount of angular momentum could come from in 
the process K-+ p—+-°+-x*°, The K- can come in via 
a p state down to low energies, and the x can go out via a 
p state or possibly a d state. Thus it would be difficult to 

® H. De Staebler, Phys. Rev. 95, 1110 (1954). 


0 J. Hornbostel and E. O. Salant, Phys. Rev. 98, 218 (1955). 
1 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 1448 (1955). 
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see how the spin of the could be more than perhaps 7/2 
if the spin of the K~ is zero.” If the spin of the K’s were 
1, then the spin of the 2’s could be boosted by one unit 
of angular momentum. For the reaction K-+p—9°+-A°, 
it is possible to get the 7° out in a d state a little more 
easily because of the extra 80-Mev kinetic energy. 

The lack of correlation of the decay plane of the 
#, in conjunction with the correlation of the A°, would 
indicate that if the # has a spin it is on the average at 
right angles to that of the A°. This in turn would mean 
that the spin of the A° could not be aligned as well with 
the orbital angular momentum. The fact that the A° 
spin and orbital angular momentum are probably 
closely aligned indicates that the spin of the & is prob- 
ably zero or at most 1. 

The apparent strong correlation between orbital 
angular momentum and spin of the A° or hyperon might 
indicate a strong spin-orbit coupling between the K 
particles and hyperons. 

To sum up the data, we can say the following: The 
odds against a spin of 4 for the hyperons are greater 
than 1000 to 1. The data on angular correlations indi- 
cate a spin of 5/2 or more On the other hand, the data 
on the distribution of 2’s in the rest system of the A° 
indicate that a spin of $ must be considered a possibility. 
These data are not independent, and consequently it 
seems possible to interpret the results in terms of a spin 
of $ for the A°. The spins of the 2’s are probably the 
same or differ at most by one unit from that of the A° 
This follows from the correlation data and the fact that 
in K~ capture 2 production competes very favorably 
with A®° production. If the x from the capture process 
had to come out in a state of higher orbital angular 
momentum in the case of the 2 than the A°, then one 
would expect A° production to predominate. The fact 
that the rates of production of 2’s and A°’s in the capture 
of K~’s are comparable in spite of the additional 80 
Mev available in the case of A° production indicates 
actually that the x’s probably come out in an s or p 
state relative to the hyperon. It is of course possible to 
circumvent these arguments by having several kinds 
of K~’s and special r-hyperon forces. The data on the 
correlations and rest-system angular distribution indi- 
cate a spin of zero for the ®. 


2S. B. Treiman has pointed out that the spin of the 2’s and A° 
can be deduced from the angular correlations observed in the cap- 
ture of K~’s in hydrogen with the subsequent decay of the “4 
perons. We wish to thank Dr. Treiman for a preprint of this work. 
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The problem presented by air showers which have particle densities ~500 per sq meter around the 
shower axis and which have no multiple peaks with separations of more than a meter has been analyzed 
previously by Hazen ef al. using Fermi’s model of meson production. The object of this paper is to show 
that, contrary to the conclusion of Hazen et al., Fermi’s model cannot generate such showers. On the other 
hand, we show that a modification by Bhabha, to the phenomenological models of meson production, 
which predicts greater angular concentration of the mesons produced in nucleon-nucleon collisions, can 
generate the showers of the type referred to above for a suitable choice of the parameter e, which in this 


theory is the ratio of field mass to proper mass. 


INTRODUCTION 


ROM a large number of experiments,'~* performed 
during recent years with counter systems, ioni- 
zation chambers, and cloud chambers, it has been 
established that the distribution of ionizing particles in 
a shower agrees closely with Moli¢re’s distribution at all 
places except within a distance of one meter from the 
axis of the shower, where there is a certain irregularity 
in structure. Moreover, no evidence was found for a 
multiplicity of cores* separated by distances varying 
from one meter to 200 meters. A cloud-chamber study 
of the cores of showers revealed that small showers have 
particle densities of the order of 500 particles per square 
meter around the shower axis. We shall refer, hereafter, 
to such showers as “showers of minimum size.” If we 
assume that the extensive air showers are produced by 
the 7 rays resulting from the decay of +° mesons created 
in nucleon-nucleon interactions, considerations of 
energy balance in the shower demand, as we shall see 
later, that the primary protons giving rise to showers of 


1 Cocconi, Tongiorgi, and Greisen, Phys. Rev. 76, 1020 (1949). 

2R. W. Williams, Phys. Rev. 74, 1689 (1948). 

3J. M. Blatt, Phys. Rev. 75, 1584 (1949). 

4W. E. Hazen, Phys. Rev. 85, 455 (1952). 

5 Hazen, Randall, and Williams, Phys. Rev. 93, 578 (1954). 

6 Decoherence measurements of O. El. Mofty (Phys. Rev. 92, 
461 (1953) ] seemed to indicate that an average shower has about 
20 cores within a distance of about 5 meters from the shower’s 
center. But W. E. Hazen [Nuovo cimento 11, 393 (1954)] has 
shown that the observations require no core multiplicity for 
interpretation, but are consistent wtih the occasional occurrence 
of multiple cored showers with core separations < one meter. 
Recently W. P. Davis et al. [Nuovo cimento 12, 233 (1954) ] have 
obtained evidence for multiple peaks within a mean separation of 
about 50 cm. 


minimum size must have energies a few times 10" ev. 
This fact is of considerable importance, since any theory 
which can predict the possibility of the generation of 
showers of minimum size by primaries of energy 10" ev 
will make rather stringent demands on the model of 
meson production we are going to assume, particularly 
concerning the angular concentration of the mesons 
generated in a nucleon-nucleon collision. 

For a theoretical approach to the problem of multiple 
cores, or their absence in actual showers, one needs a 
knowledge of the fluctuations in the number of particles 
which strike a detector when placed at a given distance 
from the axis of a shower of given energy. It would not, 
however, be fruitful to formulate the problem on these 
general lines, since the stochastic problem in the usual 
one-dimensional cascade theory has not been solved so 
far in a manner which leads to easy numerical com- 
putations. Hence we investigate the problem under the 
approximation that the y rays arising from the decay 
of energetic +° mesons, created in the initial collision 
of a primary proton, determine essentially the core 
structure of an extensive air shower. Further, we 
consider only ° mesons of energy > 10" ev since they 
alone will be relevant to the production of multiple 
cores. Whenever we speak of energetic particles we 
mean, hereafter, particles with energy > 10" ev. 

On these simplified lines, the problem presented by 
showers of minimum size has already been investigated 
by Hazen et al.,’ employing Fermi’s* model of meson 
production. Now, in order to generate a shower having 


7 Hazen, Heinman, and Lennox, Phys. Rev. 86, 198 (1952). 
8 E. Fermi, Phys. Rev. 81, 683 (1951). 
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500 particles per square meter around the shower axis, 
the initiating energy must be 3X10" ev for a single 
7 ray, or 10" ev for each y ray if there are four of them, 
if one assumes that the shower originates at an atmos- 
pheric depth of 100 grams per square cm. Then, in 
order to obtain an irregularity in distribution around 
the shower axis, Hazen ef al. argue, we need a multi- 
plicity of energetic x® mesons with an angular spread of 
not more than 8X10~-* radian (one meter separation 
at an observational level of 3000 meters). Considering 
collisions with an average impact parameter, Hazen 
et al. find that a primary of sufficiently high energy to 
give the correct angular spread of the energetic 7° 
mesons would generate a shower having a density of 
particles higher than the observed value by a certain 
factor, while a primary of sufficiently low energy to 
generate the correct particle density would give an 
angular spread of the energetic r° mesons larger than the 
observed value by a similar factor. Thus the require- 
ments of both angular spread and particle densities 
could not be reconciled for any primary energy. How- 
ever, by choosing a different impact parameter p=0.99 
which corresponds to a distant collision of the nucleons, 
and a primary energy of 6X10" ev, they inferred that 
the requirements of angular spread and particle density 
could be reconciled, since one obtains, in this case, three 
energetic 7° mesons with an angular spread of the right 
order. These authors, however, have not taken’ into 
account the average energies of the energetic x° mesons 
in all their considerations. For instance, in the above 
case, each of the three energetic 7° mesons would have 
an average energy of 210" ev and hence the density 
of shower particles would be twenty times the desired 
value. Though a distant collision of the nucleons will 
result in a smaller number of mesons and a greater 
angular concentration, there is, at the same time, a 
hardening of the spectrum of mesons in such a way that 
the total energy of the energetic x° mesons is not much 
altered. 

The purpose of this paper is to re-examine the Fermi 
model in a more systematic way by obtaining expres- 
sions for the angular distribution of energetic 2° mesons 
in the laboratory system, their total number and their 
total energy. Next a similar analysis is carried out for 
a model of meson production proposed by Bhabha, 
which is a modification to the existing phenomeno- 
logical models of meson production. 


CALCULATIONS 
Fermi Model 


According to Fermi, the pions and possibly nucleon- 
antinucleon pairs are initially produced in a sphere of 
radius R= (h/m,c)=1.4X10-" which is Lorentz-con- 
tracted to volume V=(2Mc?/W’')(4/3)aR®, where W’ 
is the total energy of the colliding nucleons in the 
center-of-mass system. 

The number of x° mesons created in a volume element 
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of phase space in the center-of-mass system is given by 
Me? (R?— x?) p’*dp'ddn’ 
2xh®W’ exp (cp’/kT)—dan! p’"J—1 





dN,.= 


(1) 


where 7’=cos#’, 3 being the angle of emission of the 
particle in the center-of-mass system. Other symbols 
have the same meaning as in Fermi’s paper. 

From expression (1), we write down the expression 
for the number of x° mesons in a volume element of 
phase space in the laboratory system by making use of 
of the following transformations: 


’ ee — 1)! v 
7’ tand’=sind cosd — » (2a) 
7y  (1) 


(3a) 





py’ = vy’ — (v?—1)#(y’2—1)! cos, 


where y’=W'/2Mc and y’ is the energy of the +° meson 
in the center-of-mass system in units of its rest mass. 
The symbols without primes denote the corresponding 
quantities in the laboratory system. Since we are 
interested in r® mesons of energy >10" ev, we have 
v>vy’. Putting v=cp and v’=cp’, we can write (2a) 
and (3a) approximately as 
sind? 


cosd— (1—1/y’2)? 
p'=7'p— (1-1/7)! cose. 





7’ tand’= 


(2b) 


(3b) 
Writing cos#’=1/(1+tan?d’)! and making use of (2b) 


and (3b), we get the transformation laws for 7’ and 9’ 
as follows: 
(2c) 


(3c) 


n' = (n—B’)/(1—B'n), 
p'=y'p(1—6'n), 
B’=(1—(1/y”) Jt. 


Making use of (2c) and (3c) in (1) and expanding the 
term involving the exponential, we get the number of 
m® mesons in a volume element of phase space in the 
laboratory system as 


where 


¥ (1-8)(1—B'n)p? 


wh? n=1 


dN ,°= 


xe ~ 1 (0— Om) fepand, (1b) 


where £=2/R, a=1+6’pt, b=6’+pt, and p=ARRT/c. 
Integrating (1b) for for —1 to +1, for p from fp to 
co and for 7 from #’ to 1 [this includes, as can be seen 
(2c), only mesons emitted in the forward direction in 
the center-of-mass system ], we get 
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Multiplying (1b) by cp and integrating as before, we 
get the total energy carried by all the 7° mesons with 
energies >cpo. Thus 
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The angular distribution of mesons with energies >cpo 
is obtained by integrating (ib) for ¢ from —1 to +1 
and for p from o to ©. But one gets the same result 
by integrating (1a) for ¢ from —1 to +1 and for p’ 
from fo’ to © and finally substituting for ’ and 9’ 
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from (2c) and (3c). Thus 
R? 1 > 


} age 
2h’ ¢3 n=1 n3 


"| 2 


2 [——" 
p'n*L  1—pn 1+’ p*n’® 


X[—Ei{ — ng po'(1—pn’)}+Ei{ — nf po'(1+pn’)}), 


an expression given by Hazen et al. 

The value of ¢ occurring in formulas (4), (5), and 
(6) is determined by equating the total energy of the 
colliding nucleons in the center-of-mass system to the 
total energy carried by the liberated particles in the 
same system. This equality, as shown in Fermi’s paper, 
leads to the equation 

2 R* Mc 1 
W'=-— —gfo(p), 
3 2rh® W’ ¢ 


2°(po'n’) = hn(§ po ,pn’), (6) 





h,= 


(7) 
where 

1+) 2 
Bag 
p i1-—p 1- 


falo)=~ 


and g=g,B,+¢-B_ if we assume emission of nucleon- 
antinucleon pairs along with pions, while g=g_B_ if 
pion emission alone is assumed. 


g+=8, g-=3, 


1 a 
—=5.682; B_=6>—=6.494. 
4 


n=1 n* 


B,=6> (-1)"41 


n=1 n 


Bhabha’s Modification of the Phenomenological 
Models 


Bhabha,’ in a recent paper, has pointed out the 
necessity of considering the spatial distribution of the 
observed mass of a nucleon in very energetic collisions. 
If the major part of the nucleon mass were concentrated, 
as proper mass, in the core of the nucleon, and the rest 
distributed as the mass of its field, then, during the 
short interval of collision, the core of each colliding 
nucleon could only interact with a small packet of the 
field of the other nucleon and the energy available for 
meson production would only be a fraction of the total 
energy of the colliding nucleons. It is assumed that the 
core of each nucleon, on collision, becomes fused with 
a packet of field of the other nucleon and moves in its 
own direction with a reduced velocity but with an 
increased rest mass. The extra mass will be dissipated 
by the emission of mesons symmetrically in the rest 
system of the fused material. Though meson production 
takes place from all the elementary packets of field 
energy into which the entire field of the nucleon could 
be divided, we consider, in this paper, meson production 
only from the two regions of the colliding nucleons 
where the cores of the nucleons are interacting. 


9H. J. Bhabha, Proc. Roy. Soc. (London) A219, 293 (1953). 
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To calculate the number of mesons produced, one 
makes use of the theories of Fermi or Heisenberg. We 
shall restrict ourselves in the following to Heisenberg’s 
theory, according to which the region of impact 
becomes the source of a shock wave represented by a 
nonlinear wave equation, and the energy is distributed 
among different mesons according toa spectrum deduced 
by a discussion of the solution of the nonlinear wave 
equation. 

Let cB» be the velocity of the fused material in the 
center-of-mass system and c@ its velocity in the labora- 
tory system. If, further, 


= 1/(1—Bo*)! 


1\! i \} 
rarofe(-A)(-4)] © 
yy"? Yo" 


where 7’ is the same quantity defined in Eq. (2a). The 
value of yo is given by Eq. (23) in Bhabha’s paper 
which involves the parameter ¢ which is the ratio of 
field mass to proper mass. Let »’’ and #” represent the 
energy of the meson and the angle of its emission in the 
rest system of the fused material while v and # are the 
same quantities in the laboratory system. The trans- 
formation relations between double-primed v”, 3”’ and 
unprimed », # are the same as between »’, #’ and »v, 3 
given by Eqs. (2a) and (3a), except that 7’, there, is 
to be replaced by 7. In addition, we note a further 


relation 
—po?t-[1—(u?— 1)a*}! ay 
n’=cosd” = an (9) 


a®+1 
where 


(77-1)! y" 
a=Ftand and -( )( ). 
4 /\w-1 


In Eq. (9) the (+) sign applies if u<1 and the (+) 
sign if «>1. But the (—) sign refers to meson energies 
v<¥; for the energetic mesons which we consider in 
this paper the (—) sign is therefore not relevant and we 
shall take account of only the (+) sign. We shall not 
employ here the approximation involved in Eqs. (2b) 
and (3b), since 7 is greater than y’ by a factor yo which 
can be quite large, depending upon the value of ¢, the 
ratio of field mass to proper mass. Hence we shall make 
use of the exact transformation relations. 

If n(v" n'’)dv’dn”’ is the number of mesons which in 
the rest system of the fused material are emitted into 
the angular interval between 7” and 9’+dyn” with 
energies lying between v” and v’’+dy’”, then the 
number of mesons N (vo,»)dy in the laboratory system 
emitted with energies greater than yo into an angular 
interval dy at n is given by 


and ¥=1/(1—6)}, 
then 








> ” 


On!” 
dv!’ n{_v"" 9" (vn) J (—) ’ 
On a 

(10) 


N (vo.n)dn=dn f 


vo’’ (vo,0) 
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where 0n’’/dn as calculated from (2) is given by 
dn” -¥*{ut+[1— (u?—1)a*}!}? 


naa") — (u?— 1a?) 
and 
vo" = Yvo— (¥?— 1)4(v0?— 1) iy. 


Heisenberg assumed a differential spectrum of mesons 
which is proportional to dv’’/»'”*. We assume, for sim- 
plicity in calculations, a spectrum proportional to 
(v’?—1)4dy’’/v’®, which is proportional to the phase 
space at low energies, but approximately the same as 
that of Heisenberg at relativistic energies. Thus 


(v’"2—] ; 


—dv"'dn"". 


n(v"n!")dv!'dn! = A 
"3 
v 


(13) 


To determine the constant A in (13), we equate the 
total energy of the mesons produced to the total energy 
E, available for meson production in the rest system of 
the fused material. We have 


+1 7 (y'2—1)! 
Ey=A f dr!" f ————-dv"~2A (logy’—0.307). 
«nh Vv 
(14) 


The value of Ep is given by Eq. (27) of Bhabha’s 
paper. We have assumed, with Heisenberg, that the 
maximum energy of the meson in the rest system of the 
fused material is y’. If we substitute for A from (14) 


in (13) and use the expression for n(v’’,n’’) given by 


(13) in (10), Eq. (10) becomes 
Eo dn ¥ 
2(logy’ —0.307) * (1+a?)? 


7’ B? 
x f ay"| 1 
v0!” v'[ (v!"?/n*) — (1+a*) }} 


Leat= (+0) 28 


” 
v 3 y’2 





N (v0,n)dn= 








(15) 


Evaluating the above integral and writing »=1—0?/2 
for small values of 3, we get 


Ey F208 
2(logy’—0.307) ](1-+827)? 
. e 1+9%72)! 
x|- Loe ” 
2 (1+0%)AL / 
4 un 4 
(1+07?) [7?—(1+08*7") ] 
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To get the total number of particles with energies > vo, 
we integrate in (16) with respect to # from 1+0*7*=1 
to 1+07?=y". The upper limit is fixed by the fact 
that with a maximum energy y’<¥ for mesons in 
the rest system of the lump, the minimum value for 7 
in the laboratory system satisfies 


Shere? 4, 
min > i- ) ‘ 
( y—1 


On carrying out the integration with respect to # in 
(16) and neglecting quantities of order 1/7’ in com- 
parison with unity, we get the following for the total 
number N(y) of particles with energies > vo: 


Ey 5 y 2 
SSS aa 
2(logy’—0.307) (2\ vo 


y vo" 
vo (vo?-+-F") 


$0} © 


To obtain the total energy w(vo) of mesons with energies 
>vo, we multiply the integrand in (15) by v(v’,n), 
which is given by 


v(v""n) =F" + (F?—1)8(v'2—1)! 
{| ¥ 
1+a? 1+a? 
x {vr +[9'?— (1+a") }} 





for values of n nearly unity, and integrate with respect 
to v” and nas before.SWe then get 


Evy BS 
w(r)~———__| 2(logy’—1)+ (~) 
2(logy’— 0.307) vo 


177 \*  wtt9 
--(-) —2 log ; (18) 
2\ v9 2v0F 


To determine the values of #;, the angle at which the 
intensity of mesons with energies > is half its value 
at #=0, we consider Eq. (16) for the number of mesons 
at a given angle #. When #7<7’ and we neglect quan- 
tities of the order 1/y’ in comparison with quantities 
of order 


1/00" ~209/(7>+ (1+ 97") v7], 
Eq. (9) can be approximated by the following: 
4Eoy’ 
N (v0,8)8d9~——_ 
(logy’—0.307) 
Xx = 
(1+-0°7)L9+ (14+0°9")y0") 





(19) 
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TABLE I. The energies and numbers of emitted + mesons 
calculated on the basis of Fermi’s theory for an impact parameter 
p=0.959 when only x mesons are produced. 








Half- 
angle for 

Total all 
energy of 
energetic 
x® mesons 
in units of 

10% ev 


energetic 

® mesons 
in units 
of 10-* 
radian 


W’ in 
units of 
10% ev 


1.2 10.4 
3.0 13.3 
4.7 14.6 
10.0 18.3 
19.0 20.5 
29.0 23.4 
42.0 25.6 
60.0 27.5 
120.0 32 

1900.0 64.2 


Total No. of 
0. of energetic 


W/MC? x* mesons 7° mesons 





~ 
we 


SSSSr Sr rNws 
Un OK wan oO 








By the definition of 3; and in view of Eq. (19), the 
angle #, satisfies the relation 


2 1 1 
(1+ 95°92) [72+ (1+ 9y°94)n0%] Ft? 





On rearranging the terms in this equation, we get 


a%5 » ia 
+97)+(—) (1+9479)-2( 14+) =o, 


Vo Vo 


which is a cubic equation for 1+ 0;°7? and can be solved 
numerically for 3. 


DISCUSSION 


The results of calculations based on Fermi’s theory 
are presented in Tables I-III. The results in Table I 
refer to the case of production of pions alone and those 
in Tables II and III refer to the case of production of 
nucleon-antinucleon pairs in addition to pions. Cal- 
culations in I are made for the average impact param- 
eter and in II and III for an impact parameter p=0.99. 
Inspection of column (v) in the tables shows that a 


TABLE II. The energies and numbers of emitted ® mesons cal- 
culated on the basis of Fermi’s theory for an impact parameter 
p=0.959 when both + mesons and nucleons are produced. 








Half-angle 
Total for all 
energy of _ energetic 
energetic 2° mesons 
x® mesons in units 
in units of of 1074 

10% ev radian 


Total No. of 
No. of energetic 
w® mesons 7° mesons 


0.32 
0.84 


W/Me 
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TaBLe III. The energies and numbers of emitted +° mesons 
calculated on the basis of Fermi’s theory for an impact parameter 
p=0.99 when both x mesons and nucleons are produced. 











Total 
energy of 
energetic 
x® mesons 
in units of 

10% ev 


0.91 


Half-angle 
for 
energetic 
in units 


of 10-¢ 
radian 


2.40 


Total No. of 
No. of energetic 
w® mesons x° mesons 





~~ 
we 


0.28 
0.55 
0.74 
1.17 


120.0 
1900.0 
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primary which can generate energetic +° mesons of 
total energy 4X10" ev in a collision with an average 
impact parameter will have an energy 3X 10" ev if pion 
emission alone is considered or an energy 5X10" ev 
if nucleon-antinucleon pairs are also included. One may 
consider, in a similar way, the secondary collisions of 
the nucleons and one would, then, find that there would 
be roughly 2 to 3 energetic x® mesons in the above 
cases. In column (vi), the values of the half-angles 
at which the intensity of the energetic x° mesons has 
fallen to half its value at y»=1, are tabulated. The values 
of m are taken to give a measure of the spread of the 
energetic ° mesons. Now, the half-angles for the 
primary energies 3X 10 ev and 5X10" ev are 3X10 
and 2.5 10~ radian, respectively, which means that the 
energetic ° mesons will have a spread 7 meters across 
at the observation level. Hence the showers generated 
by them will exhibit multiple cores and large deviations 
from Moliére’s distribution. With increasing energy of 
the primary the angular spreads decrease, but only 
slowly, and we get correct angular spreads only at 
primary energies ~10'* ev. But the particle densities 
at these energies will be too large, not by a factor 4 as 
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noted by Hazen et al.,” but by a factor 100 if pion emis- 
sion alone is considered, or by a factor 30 if nucleon- 
antinucleon pairs are included. But, in the latter case 
where the nucleon pairs are carrying away the bulk of 
the energy, secondary and tertiary collisions of nucleons 
will be important and the actual factor will be larger 
than 30. Even at a primary energy of 10" ev, the par- 
ticle density will be too large by a factor of 10 instead 
of being of the right order as inferred by Hazen et al.” 
Taking an impact parameter p=0.99, we improve the 
situation regarding the angular spreads of the energetic 
®® mesons, but the particle densities are not affected to 
any appreciable extent. Thus, on the Fermi model, it 
is not possible to accommodate all the observed facts 
regarding showers of minimum size and the model fails 
to generate such showers. 

It is of interest to note that Messel and Green,! 
studying a different aspect of air showers, come to the 
conclusion that the Fermi model cannot explain the 
relatively small angular and radial spreads of the nucleon 
component of the cosmic relation in the atmosphere. 

The results of calculations based on Bhabha’s theory 
are presented in Table IV. 

From the results in Table IV, we see that the angles 
are already of the proper order in the energy range of 
the primaries considered here, namely, 10 ev to 6X10" 
ev. In calculations based on Fermi’s theory, the angles 
for particles in the same energy range are larger by as 
much as a factor 10. Looking for an exact fit between 
the calculations based on Bhabha’s theory and the 
experimental data for showers of minimum size, we 
find that the choice of a primary energy 2X10" ev and 
a value e=0.05 for the ratio of field mass to proper mass 
seem to satisfy the requirements demanded by experi- 
ments. For this case, the angular spread of the energetic 
7° mesons is 4.5 10~ radian and the total energy of the 
energetic 7° mesons is 5X10" ev, quantities which are 
of the right order of magnitude. Moreover, there are 
two energetic x° mesons and three more in the range 
10 ev to 10 ev, which will constitute a sufficient 


TABLE IV. The energies and numbers of emitted x° mesons calculated on the basis of Bhabha’s theory 
for an average impact parameter. 








Primary energy W =10" ev W =2 X10" ev 
Total 
energy 
wo, of 
No. of the 
ener- energetic 
sin getic s * mesons 
10-5 mesons in 10" 
radian Ny ev radian 


}in 
10-5 


W =4X10% ev W =6 X10" ev 


} in 
10-5 
radian 





16 1.1 1.42 10.2 
11 1.1 1.7 7.3 
8.8 1.1 1.88 5.9 
6.7 1.1 2.05 4.5 


4.3 1.1 2.2 2.9 
2.9 1.1 2.7 2 








. Messel and H. S. Green, Phys. Rev. 87, 378, 738 (1952). 
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multiplicity to give rise to a plateau around the shower 
axis. With the same value of ¢ but with primary energies 
10" ev and 4X10" ev we get particle densities which 
are respectively half and twice the observed value and 
the angular spreads, too, are in error. Thus the value of 
the primary energy which can generate showers of 
minimum energy seem to be fixed quite sensitively. If 
we now alter the value of e, keeping the primary energy 
fixed at 2X10" ev, the results are not so sensitively 
affected. But the values for e=0.15 and e=0.01 are in 
error since in the former case the angular spread is 
nearly twice and in the latter case half of what is 
required by experiment and particle densities around 
the shower axis also be in error by magnitudes of the 
same order. The value of e=0.05, chosen as giving best 
agreement with experimental results corresponds to the 
field mass being equal to } the mass of the r mesons. 


CONCLUSION 


It is shown that on the basis of Fermi’s model of 
meson production it is not possible to generate showers 
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of the minimum size which contain 500 particles per 
square meter around the shower axis and no multiple 
peaks separated by distances more than a meter. On 
the other hand, Bhabha’s modification to the phenome- 
nological models predicts a more concentrated angular 
distribution which seems to be in accord with the 
requirements for the showers of minimum size. A com- 
parison between the theoretical calculations based on 
this theory and the experimental data leads to a value 
of ¢, the ratio of field mass to proper mass, which 
appears to be reasonable. These satisfactory results may 
be accidental but they form one more bit of evidence 
for the importance of the structure of nucleons and 
mesons in all phenomena concerning the interactions of 
nucleons among themselves or the interactions between 
nucleons and mesons. 
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Albedo of Cosmic Rays in the Earth’s Dipole and Quadrupole Magnetic Field* 
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Albedo trajectories for protons of 0.5, 1.0, 1.5, and 2.0 Bev in the earth’s dipole and quadrupole magnetic 
field were computed. The zenithal, azimuthal, latitude, and magnetic rigidity effects were studied. The 
quadrupole induces an asymmetry which seems only to be important near the geomagnetic equator. Shadow 


cones were obtained for one point of incidence. 


INTRODUCTION 


HE present work on albedo consisted in calcu- 

lating 412 trajectories of secondary protons in the 
earth’s magnetic field. The energies chosen for the 
particles were 0.5, 1.0, 1.5, and 2.0 Bev. (The same 
trajectories are followed by alpha particles of energies 
shown in Table I.) 


TABLE I. The relations between the values of the constant C, 
the magnetic rigidity R, and the energies Ey, Eq of protons and 
alpha particles. 





The model used for the magnetic field is that of 
Schmidt and Chargoy.! It consists of a dipole and a 
quadrupole, both eccentric, the axes of which form an 
orthogonal system. The origin of this system resides at 
the point (— $44, 150, 96) in km, given in geographic 
coordinates.? The magnitude of the quadrupole field, 


TABLE II. The geomagnetic coordinates of the seven incidence 
points on the earth’s surface; the ratio of the quadrupole field (H,) 
to the dipole field (Hz) ; the number of trajectories computed (J). 





Point 1 2 3 4 5 6 7 





¢ 10-R (volts) 


13.5682 1.091 
8.7206 1.697 
6.5720 2.252 
5.3118 2.786 


Ep (Bev) Eq (Bev) 


0.59 
1.31 
2.12 
2.97 











* Presented at the Fifth International Congress of Cosmic 
Rays, September, 1955 in Guanajuato, México. 


» 30°N) -75°N  75°N 75°N GO°N 0° 0° 
¢ 25°E 0 90°E  45°E 45°E 45°E 0° 
H./Hi% 84 1.5 1.5 0.9 34 15.9 10.6 
N 244 16 16 16 16 52 52 








1S. Chapman and J. Bartels, Geomagnetism, II (Clarendon 
Press, Oxford, 1940), p. 651. 

2A. Chargoy, Revista Mexicana de Fisica, 2, 1 (1953). 

3 Based on the map of the geomagnetic field of 1945. 
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Arc tength (s) 


Fic. 1. The orbits of secondary protons of energy 0.5 Bev in the 
earth’s dipole and quadrupole magnetic field. Point of incidence: 
A=30°N, g=22.5°E. The inset table indicates the zenith and 
azimuth angles of incidence. 


relative to that of the dipole, varies with the geomag- 

netic longitude and latitude and is maximum at the 

geomagnetic equator, where its highest value is 16%. 
Choosing a velocity equal to 1 and taking the earth’s 


radius to be 0.5, the differential equation of motion | 


becomes 


fr dt 4 xy 
-c—x|v(=)+0r(=) } (1) 
dé dl r r’ 


C is inversely proportional to the magnetic rigidity of 
the particle: C=—my,aqg/4pc; where a is the earth’s 


radius, equal to 6.371X10* cm, g is the charge of the 
proton in esu, ¢ the velocity of light, p the relativistic 
momentum of the particle. Also, a=3m2/4m, a con- 


s 


Fic. 2. Orbits of secondary protons in the earth’s shadow. Point 
of incidence: A=0°, g=0°. Projection of the unit sphere on the 
horizontal plane. The solid points represent the directions of 
— in the earth’s shadow, for energies of 0.5, 1.0, 1.5, 
2.0 Bev. 
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incidence 
point 
d 20%: 22°S E 


Fic. 3. Simple shadow cones for secondary protons of 0.5 and 
2.0 Bev. The circle represents the projection of the unit sphere on 
the horizontal plane. The solid points represent the directions in 
the earth’s shadow. 


stant; here m,=M4/a*=0.3097 gauss, m.=M,/a‘* 
=0.0219 gauss, and M4, M, are the dipole and quad- 
rupole moments, respectively. 

No integral except that of conservation of velocity 
was found; therefore a unit of length analogous to that 
of Stérmer could not be introduced. 

Seven points of incidence on the earth’s surface were 
chosen. (See Table II.) Point 1 was chosen to have 
medium latitude and longitude. Points 2, 3, 4, 5, lati- 
tudes larger than the knee for 1950 and points 6 and 7 
at the geomagnetic equator at longitudes of maximum 
and minimum magnitude of the quadrupole field. 


gnetic rigidity 
@ 1,09 « 109 voits 
b 1.70 x 109 volts 
¢ 2.25 1 109 voits 
@ 2.79 « 109 voits 
Z= 30° A:27 


— 30.578 Km 


Radius squore (r)? 


Arc tength (s) 


Fic. 4. Effect of the magnetic rigidity on the albedo trajectories. 
Point of incidence: A=0°, ¢=0°. The table contains the magnetic 
rigidities of the protons and the direction of incidence. The plot 
shows four trajectories followed by four particles of different 
energies incident on the same point, in the same direction. 


‘W. E. Milne, Numerical Calculus (Princeton University Press, 
Princeton, 1949), p. 135. 





ALBEDO 


The method suggested by Milne* was used in the 


numerical integration. The integration formulas are: 
“Predictor” : 


fn=fn—st (44/3) (2f'n1— f'n—2t2f' ns), 
“Corrector’’: 
Sn=fn-2t (h/3) Cf’ nt 4f' n-rt+f n-2). (3) 


The interval between equally spaced points is h=0.0024 
(=30.578 km). The maximum length traveled along 
the trajectory is 860 km. The position of the particle as 
calculated is precise to the third significant figure, as 
with the interval chosen the accumulated error over the 
28 points of travel does not affect the third decimal. 
With the interval chosen for each point of the trajectory, 
the field and the position had to be calculated only once. 
The velocity was calculated first by the “predictor” 
[Eq. (2)], then by the “corrector” [Eq. (3)]. From 
these two approximations to the velocity, two values of 
the acceleration were obtained by Eq. (1). The calcula- 
tions were performed with the IBM Punch Card 
Calculating Machine, Model 602 A. Several other auxili- 
ary IBM machines were used. 


(2) 


GRAPHIC REPRESENTATION OF RESULTS 


The results are shown graphically in Figs. 1-8. The 
graphic representation is also valid for alpha particles of 
the energies appearing in Table I. It should be pointed 
out that in Figs. 1, 4, 5(a), 5(b), 6(a), 6(b), 6(c), 7(a), 
and 7(b), the curves do not represent projections of 
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Fic. 5. The effect of zenith angle on albedo. Trajectories of 
protons of 0.5 Bev. The inset tables indicate the values of the 
azimuth angle and the variable zenith angles. Two different 
points of incidence are considered. The comparison of 'the two 
figures shows the influence of the latitude on the zenith angle effect. 
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Fic. 6. The effect of the azimuth angle on the albedo. Tra- 
jectories of protons of 0.5 Bev. The tables give the values of the 
azimuth angles of incidence for constant zenith angles. (a) and (b) 
show trajectories that meet at the same point of incidence but 
under different zenith angles; (b) and (c) show trajectories that 
enter with the same zenith angle (60°) but fall on two different 
points on the earth. The comparison of these two plots illustrates 
the influence of the latitude on the azimuth effect. 


the trajectories on a plane. In some of the figures, the 
shaded area represents the earth’s surface. 


DISCUSSION 


The object of the present work was to obtain a model 
of the albedo of cosmic rays. We hope that it will be of 
use in the experimental work presently carried out in 
the low-energy region of the spectrum. In the computa- 





R. GALL 


we 9245 
ab: 60° O°N 
ed: 60° 180° 


a 


4=0°, y= 0 
A 


ab, 60° OPN 
ed, 60° 180° 


J imi 


Arc length (s) 


(b) 


Fic. 7. The asymmetry caused by the magnetic quadrupole. 
Albedo trajectories incident on the geomagnetic equator. The 
tables indicate the directions of incidence and the longitudes of the 
two points of observation. For greater clarity, the northern orbits 
were drawn to the right and the southern to the left. 


tions we have ignored the presence of the atmosphere 
and its possible interactions with the albedo. The 
analysis of this model is based on 412 trajectories com- 
puted and illustrated in the figures. The maximum 
length of travel is 860 km, consequently nothing definite 
can be said about orbits which do not return to the 
earth within this path length. The trajectories which do 
return within this limit are said to be in the earth’s 
shadow. 

Figures 2 and 6(c) indicate that at the geomagnetic 
equator, at 0° longitude, all orbits for energies 0.5 Bev 
or less are in the earth’s shadow. On the other hand, for 
higher energies, the particles approaching from the 
western directions may come from outside. Only 50% 
of the orbits of 2-Bev protons are in the earth’s shadow. 
For higher latitudes (see Fig. 3), the percentage of 
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Fic. 8. The effect of the magnetic quadrupole on the albedo 
trajectories. Projections on local horizontal planes of two protons 
trajectories of energy 0.5 Bev incident on the equator, in the same 
local directions. To compare the trajectories, the projection planes 
were superimposed. The table gives the incidence direction and the 
longitudes of the observation points. 


orbits in the earth’s shadow diminishes and is 30% for 
0.5 Bev and 25% for 2 Bev protons. The number of 
orbits in the earth’s shadow is smaller in the WSW 
directions [see Figs. 6(a) and 6(b)]. At latitudes of 
60°N and 75°N, only orbits for very small zenith angles 
were calculated; these do not return to the earth. 

A more detailed study of shadow cones and the 
comparison with those obtained by Schremp would 
require the calculation of a greater number of orbits. 

For greater magnetic rigidity, the particle reaches 
greater distance from the earth’s surface (see Fig. 4). 

The zenithal effect on albedo [Figs. 5(a) and 5(b)} 
seems to indicate that for two latitudes studied 
(0°, 30°N), the intensity of albedo increases with the 
increase of the zenith angle. 

The quadrupole is most important at the geomagnetic 
equator, in the vicinity of the earth, for particles of low 
rigidity. In order to study the quadrupole effect, 
trajectories of low-energy protons (0.5 and 1.0 Bev) 
incident on two different points of the geomagnetic 
equator were considered. At the point of incidence of 0° 
longitude, the magnetic quadrupole field is horizontal 
and directed towards the east; at the other point 
(g=45°E) the quadrupole field is radial. In Figs. 7(a), 
7(b), and 8 the asymmetry of albedo, due to the differ- 
ence in the two local fields, is shown. 
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By means of some special unitary operators, theorems are obtained extending classical properties of 
of Kennard’s packets (classical motion of the center, and periodic time-depencence of Ax) over all solutions 
of the oscillator wave equation. These results are also generalized for the quantum field theory. Using a 


” 


special “functional representation, 
general free field. 


nonspreading wave packets with classical properties are given for a 





T was found long ago! that, on assuming a general 
Gaussian function as the initial condition for a 
harmonic oscillator, one obtains a consistent wave 
packet with same classical properties. The properties 
are the following: the center of the packet moves ac- 
cording to classical mechanics, and the mean square 
error in position, which is to be considered as the packet 
width, is a simple periodic function of time. 

Recently? we have shown that arbitrary wave packets 
of an harmonic oscillator (i.e., corresponding to arbi- 
trary initial conditions) have in a certain sense the 
classical properties of a Kennard packet. A little later, 
but independently, a special case of these results was 
obtained by Senitzky.’ In the present note, which sum- 
marizes briefly the results previously obtained, some 
new results concerning the “field wave packets’ will 
be given.’ 

Let «x and p be the position and momentum operators 
respectively of an harmonic oscillator of mass m and 
angular frequency w. We shall use the dimensionless 
quantities = (mw/h)'x, n= (mwh)-'p, and r=wt. The 
quantities | £’) and |n’) are the 6-normalized eigenkets® 
of the operators £ and » (satisfying [£,y ]=i). The state 
vector of the oscillator |y¥(7)) is obtained from the initial 
state |Wo) as |y(r))=e-**# |Yo), H being equal $(#+-7°). 
It is well known that H has its orthonormal complete 
set of eigenkets |) (satisfying H|n)=(n+})|m)), the 
phases of which can be so chosen that their repre- 
sentations in the position and momentum spaces are 


given as 
(1a) 


(1b) 


qn(é’) =(é'|n) =U, (£')i"?, 
n(n’) =(n'| 2) = Un(n')i-”?, 
U,,(a)=2-*(2"!) 3H, (a) exp(—a?/2). 


where 


Let |yo) be an arbitrary fixed initial state to which 
corresponds the probability amplitudes in position and 
momentum space. 


QUE 7) =(E |e | Yo), Pn’) =(n' |e“ | Yo). 


1E. H. Kennard, Z. Physik 44, 326 (1927). 

2 J. Plebanski, Bull. Acad. Polon. 11, 213 (1954). 

37. R. Senitzky, Phys. Rev. 95, 1115 (1945). 

4 A more extensive paper on this problem containing full proofs 
and discussion is published in Acta Phys. Polon. 14, 275 (1955). 

5 We use Dirac notation: P. A. M. Dirac, The Principles of 
Quantum Mechanics (Oxford University Press, New York, 1947). 


P and Q evidently satisfy the Schrédinger equation in 
the position and momentum spaces respectively. Let us 
now consider as the initial vector 


| ¥o)=expLi(n°€— &n) ] expLi loga- 3 (En+né) ]| Yo), 


which is obtained from |) with use of some unitary 
operators (£, 7°, and a>0 are all real numbers).* We 
can show that the probability amplitudes connected 
with | Po), 


Q(E 7) =(E'|e-*# | Yo), P(n’,r)=(n' |e*** | Yo), 
are to be expressed in terms of Q and P as 


Q(é,7) =b-1Q[ (¢’— )/d, tan! (a tanr) } 


dr 


d 
xexpl #4 o+4(E—B)*—logh— se] (2a) 


P(n' 7) =c PL (n’—4)/c, tan (a? tanr) ] 
d 
xexpil —vE+0+5(—9) ; loge-+ | (2b) 


at 
the quantities £, 4, b, c, and wW being given by 
(3a) 
(3b) 


(é, 4 are also the solutions of the equation of motion of 
classical oscillators) 


b= (a? cos’r+a™ sin?r)!, 


E=£ cosr+7) sinr. 


R=n° cosr— £ sinr 


(4a) 
(4b) 


c= (a cos*r+<a? sin?r)!. 


rredeyt 
=1o-ew-3f a|(S)-e] 


(w also has the meaning of the classical action integral.) 
The validity of (2) can be proved immediately: If Q 
satisfies the wave equation, on substituting Q from 
(2a) into that equation we see that Q is a solution too, 
involving the arbitrary parameters £°, n°, and a. On 
using the assumption that P is the Fourier transform 

6 More extensive discussion of the unitary operators appearing 


above can be found in L. Infeld and J. Plebanski, Acta Phys. 
Polon. 14, 41 (1955). 
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of Q, we can show immediately that P is the Fourier 
transform of Q. 

Now let the state e~‘*¥ |.) depend on time r by the 
phase factor only. It is well known, that this is the 
property of stationary states only: 


| m(r))= eH | n)= eit (nth) | n). 


On specializing (2) for the case |yo)=|m), and also for 
the initial state 


|¥o)= | )=expLi(n’—&n)] exp —i loga} (én-+n8)]|n), 


using (1a) and (1b), we can find the family of generalized 
Kennard packets for which the explicit formulas are 
given in reference 2. The centers of these packets move 
according to classical mechanics. The mean square 
errors in position and momentum are simple periodic 
functions of the time. All the quantities in the ex- 
pressions for these packets have immediate physical 
meaning.” 

The above results will now be generalized for the 
case of quantized free relativistic fields (in the case of 
linear field equations). 

In the case of a periodicity box, we can treat the 
Hamiltonians of such fields as a series of Hamiltonians 
of independent harmonic oscilators. It is obvious, that, 
on generalizing our results for one oscillator, we can 
obtain for this case generalized wave packets with 
classical properties.*® 

We can, however, obtain similar results without use 
of the periodicity box. For definiteness, let us consider 
a scalar meson field ¢(x,/), satisfying (O—yz*)y=0. 
The state vector of this field is a solution of 


0 
} f dse{x+ (Ve)?-+ue) |¥())=ih—lV), (©) 
él 


where the operators r(x) and g(x) satisfy the conven- 
tional commutation rules. Let |[¢’ ]) be the eigenkets 
of the g(x) operators, i.e., o(x)|[¢'])=¢'(x)|[¢’]). 
[The eigenvalue, an ordinary function ¢’(x), is written 
in [ ] form to denote the, so to say, functional, de- 
pendence of that vector on g’(x).] The quantity 
¥L¢’]()=(Le’]|¥(®) is the state functional. Corre- 


7A particular case of generalized Kennard packets, where the 
packet width is time-independent (in this note that case cor- 
responds to a= 1) was independently found by Senitzky, reference 
3 


® The discussion of the classical wave packets for the field with 
periodicity box is given in the paper referred to as reference 4; 
the proof of the theorem on “functional wave packets” is given 
there too. 
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spondingly, for ¥[y’](t) the operation w(x) is the 
variational derivation: 


6 
(Ce’]| #(x)|¥)= -ih—pL¢'}(9), 
by’ (x) 


so, that the state functional satisfies the following 
equation: 


& 
; f as —ch* +(Vo')?+y2o" WL’ ](0) 
g(x) 


ce) 
=ih—y[¢"}(). (7) 
ot 


Let us assume that we know y[2’ ](#), the fixed 
solution of this equation. On using the direct substi- 
tution in (7), after simple calculation we can show that, 
if we demand that 


We’ (O=vLe’— aI 
ex fase'e(-0] (8) 


be the solution of (7) too, then the functions #=#/(z,{), 
%= (x,t) must be the arbitrary solutions of the clas- 
sical field equations: e#=0¢/d1, (A—u?)S=d#/dt, and 
w(t) must be the corresponding classical action integral, 
i.e., 


w(i)=4 f dt f dye{ct#?— (Va)—p29"}. 


Similar results are to be obtained for other fields: If 
g“(x,t) is a relativistic linear field (where A denotes 
tensor or spinor indices), then, if the state functional 
¥L¢’4](t) satisfies the corresponding wave equation, 
the functional 


We'4]()=vLe'4— 24) (0) 
i 
xexp-| 5 J exe # ()-w0| 


is a solution of the wave equation too. In this ex- 
pression #4, g4 are the arbitrary solutions of the clas- 
sical field equations, and w(t) is the corresponding 
classical action integral.® 

I should like to express my sincere thanks to Pro- 
gessors L. Infeld and A. Rubinowicz for their kind 
interest in this work. 


® The physical discussion of all results presented in this note 
is given in reference 4, and in part in reference 2. 
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Paramagnetic Resonance Spectra of Some 
Ions of the 3d and 4f Shells in 
Cubic Crystalline Fields* 


W. Low 
The Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Illinois 
(Received January 20, 1956) 


ARAMAGNETIC resonance spectra are useful in 
determining the low-lying energy levels in crystals. 
The degeneracy and splittings of these levels are a func- 
tion of the crystalline symmetry. Most of the para- 
magnetic ions of the iron group have been investigated 
in crystals like Tutton salts or alums, crystals which 
show deviations from cubic symmetry. Results for the 
rare earth group have been obtained using crystals of 
trigonal symmetry.! These deviations from cubic sym- 
metry, in particular tetragonal and rhombic components 
of the crystalline symmetry, remove the orbital and 
spin degeneracies of the ground state. 

We have investigated a number of paramagnetic 
ions in single crystals of cubic symmetry. A summary of 
the results is presented here. The detailed results of the 
spectra of the individual ions will be presented at a 
later date. 

Ni**: Nickel was diffused into single crystals of MgO 
at 1100°C. The outer layers of the crystal were cleaved 
off in order to reduce the line width. In a cubic field, 
the *F, ground state splits into two threefold-degenerate 
levels and one singlet, the latter being the lowest level. 
The threefold spin degeneracy is not removed in a 
cubic field even with spin-orbit interaction. Only one 
line was observed, with the following g-values: g= 2.225 
+0.005, T=290°K; g=2.22740.002, T=70°K; g 
= 2.234+0.002, T=4°K. Assuming a reduced spin- 
orbit coupling constant \= — 250 cm ,?* and an aver- 
age value of g= 2.23, one finds the separation between 
the single and the next higher lying triplet to be 8700 
cm", 

Mn”: Crystal MgO, concentration of Mn 0.01- 
0.001% by weight. The ground state is °Ss/2 and the 
sixfold degenerate level is split into close-lying twofold 
and fourfold levels by higher order interactions. The 
nuclear spin of Mn* of 5/2 splits each level into 6 
components. In a pure cubic field the hyperfine struc- 
ture splitting is larger than the fine structure splitting. 
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The spectrum consists, therefore, of 6 groups of 5 
lines of relative intensity 8:5:9:5:8. The separation 
of the fine structure lines is a function of the angle 
between the external magnetic field and the crystalline 
axes. The spectrum is described by g= 2.0014+0.0005, 
A=86.8+0.2 gauss, a ground-state splitting of 59.8 
gauss, line width of about 4 gauss. A very slight devia- 
tion from cubic symmetry (presumably rhombohedral) 
was found. The ground-state splitting is larger than 
that found in ZnS: Mn which is about 20 gauss.‘ This 
may be because of the reduced spin-orbit coupling in 
covalent ZnS (the hyperfine structure in ZnS is also 
reduced to 68 gauss), and because of stronger crystal- 
line fields in MgO. 

Eu**: Crystal SrCl, (fluorite structure), concentra- 
tion of Eu~0.001%. As in the manganese spectrum, 
the *Sz2 state is lifted by higher order interactions of 
the combined cubic field and spin-orbit coupling and is 
split into twofold, fourfold, and twofold degenerate 
levels which are separated in the ratio of 3:5. The 
known value of 5/2 for the spin of the two isotopes of 
Eu gives a complicated spectrum of 94 lines. The 
spectrum can be represented by g= 1.9959+0.001, Aisi 
=34.5+0.3 gauss, A1iss=15.5+0.3 gauss, half-width 
about 4-5 gauss. The hyperfine structure, as in Mn, is 
caused by configurational interaction, and to a first 
approximation should be independent of the crystal 
host. The results should be compared with the spectrum 
found in powdered SrS (NaCl structure) : g= 1.991, Aisi 
= 32.61 gauss. These small changes in the hyperfine 
structure constant are possibly due to differences in 
the amount of covalent bonding. 

V+: Crystal MgO, concentration of V ~0.0005% 
(determined spectroscopically). A cubic field splits the 
4F 32 state similarly to the Ni, leaving a singlet as the 
lowest lying level. The spin quadruplet remains de- 
generate in a cubic field including spin-orbit interaction. 
The hyperfine structure due to the dominant isotope 
51 with spin 7/2 splits the levels. Experimentally one 
finds that each hyperfine-structure line is flanked by 
2 satellites with intensity ratios of 2:3:2.6 The pa- 
rameters are g=1.9803+0.0005, A=80.340.2 gauss, 
T=290°K, line width of about 3-4 gauss. The maxi- 
mum separation between the two satellites is about 15 
gauss. This splitting can possibly be ascribed to the 
small deviation from cubic symmetry that has been 
noticed for Mn and spin-spin interaction.’ It is in- 
teresting to compare the ratio of the hyperfine-structure 
constants of Mn and V for similar environments. 
In the Tutton salt (NH4)2ZnSO,-6H,0 this ratio is 
1.06+0.03,* while in MgO the corresponding ratio is 
1.09+0.01, the hyperfine splittings in the Tutton salts 
being about 10% larger. 

We have observed the spectrum of Fe?+ in MgO 
(g~3.428, 6.90) and in ZnS (g~2.26). A detailed 
calculation will be presented in the future. Work is in 
progress on Cu** and Cr* in MgO. 
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Spectra of divalent Mn in NaCl (g= 2.0022, A= 86.6 
gauss) and in KBr (g= 2.0041, A = 94.96 gauss), of diva- 
lent Eu in KCl, and of trivalent Gd in CaCl, and in 
SrCl, will be reported in a separate paper. 

The author should like to thank Dr. P. Dorain for 
assistance with 1-cm measurements at liquid helium 
temperatures, and Dr. C. A. Hutchison, Jr., for kind 
encouragement. He is also grateful to the Norton Com- 
pany, Niagara Falls, for the gift of the single crystals 
of MgO. 

*This work was supported by the U. S. Atomic Energy 
Commission. 

1 For a critical review of the paramagnetic resonance data see 
K. D. Bowers and J. Owen, Repts. Progr. Phys. 18, 304 (1955). 

2 J. H. E. Griffith and J. Owen, Proc. Roy. Soc. (London) A213, 
459 (1952). 

3 J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955). 

*L. M. Matarrese and C. Kikuchi, Phys. Rev. 100, 1243(A) 
(1955). We are indebted to Dr. Kikuchi for advance communica- 
tion and valuable discussion on their results on ZnS. 

( 5B. Bleaney and W. Low, Proc. Phys. Soc. (London) A68, 55 
1955). 

® Professor J. Wertz has independently observed the spectrum 
of V and Mn in MgO. Weare grateful to Dr. Wertz for communi- 
cation on this subject. 

™M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 

® The data are taken from reference 1 for Tutton salts at a 
dilution of 1000 and at a temperature of 20°K. 


Possible Method of Measuring Magnetic 
Moments of V Particles 
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T is reasonable to assume that those V particles 

which have a spin J>0 will, as a rule, be produced 
partially polarized with respect to their line of flight 
or their production plane. If their decay is observed 
before they have interacted with other particles or 
external fields, their “memory” of the polarization 
should remain intact and should, for V particles with 
I>1/2, lead to angular distributions of the decay 
products which are not isotropic. In fact, the study of 
such angular distributions, or some of their character- 
istic features, e.g., the distribution of dihedral angles 
between the decay planes and the production planes 
of V particles, has recently been discussed in detail as 
a promising method of determining the spins of V 
particles.'~* There are strong indications in the experi- 
ments of Fowler, Shutt, Thorndike and Whittemore* 
and of Walker and Shepard’ that the decay planes of 
A”s, produced in the reaction p+2-~—> A°+@, are 
oriented in such a way as to form preferentially small 
dihedral angles with their production planes. Tenta- 
tively it thus appears that the A° has a spin J>3/2.° If 
this should be confirmed it would seem possible to 
measure, besides the spin, the sign and magnitude of 
the magnetic moment of A° by studying the effect of a 
magnetic field on the distribution of decay planes. In 
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the nonrelativistic limit (»/c<1), we find that in a 
magnetic field of strength B, a particle with a magnetic 
moment y will carry out Larmor precessions around the 
axis of the field with an angular frequency 


w=uB/Th, 


in a sense determined by the sign of the magnetic 
moment. Any discernible characteristic of its angular 
distribution at decay which can be established in field 
free space (e.g., a plane of symmetry) will precess 
around the axis of the magnetic field through an angle 


g=wt=2.744X 105 gBt (degrees), 


where the gyromagnetic ratio g=u/J (u measured in 
nuclear magnetons), and ¢ is the time (in sec) spent in 
the magnetic field, e.g., before entering a cloud chamber 
or inside one. Thus, with the perhaps optimistic, but 
not completely unrealistic assumptions of a magnetic 
field B= 18 000 gauss, a time of flight in this field of the 
order of 10-* sec, and a gyromagnetic ratio g~2, we 
should find a precession angle g~ 10°. 

Similar methods could be applied to obtain spins and 
magnetic moments of specific hypernuclei with J>1/2, 
especially if they could be produced in well-defined 
reactions, such as 


K-+He! — ,H‘+7, 


K-+He'‘ — ,H*+42, etc. 


Because of the smaller distances involved here, the use 
of more intense (pulsed?) magnetic fields may be 
considered. 


* Under the auspices of the U. S. Atomic Energy Commission. 

1S. B. Treiman and H. W. Wyld, Phys. Rev. 100, 879 (1955); 
S. B. Treiman, Phys. Rev. 101, 1217 (1956). 

2R. A. Adair, Phys. Rev. 100, 1540 (1955). 

3 R. Gatto, Nuovo cimento 2, 841 (1955). 

‘Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). 

5W. D. Walker and W. D. Shepard, this issue [Phys. Rev. 
101, 1810 (1956) ]. 

5 M. Ruderman and R. Karplus [Phys. Rev. (to be published) ] 
point out that the high “internal conversion’ of x mesons found 
for hyperfragments is compatible with a A° spin J = 1/2 or 3/2 only. 

7H. P. Furth and R. W. Waniek, Nuovo cimento 2, 1350 (1955). 


hfs Separations and hfs Anomaly in the 
6 *Ps;2 Metastable Level of T1°” and T1**t 
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(Received January 23, 1956) 


RECISION measurements at weak field of the 
frequency of the hfs line (F=2, mp=0+> F=1, 
mr=0) in the metastable 6?P, level of the thallium 
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isotopes have been made with an atomic beam magnetic 
resonance apparatus.’ A qualitative estimate of 0.008 
cm™ has previously been given for the hfs splitting of 
the 6?P; level of Tl from optical measurements.? In 
order to produce a large enough population in the 
metastable level to allow observation of the lines, the 
beam was illuminated between the oven and the “A”- 
magnet by an “Osram” argon-thallium spectral lamp. 
The thallium resonance radiation excited the atoms 
principally to the 7 *S; level from which they decayed, 
in part, to the 6?P; level before entering the “A”- 
field. Details of the experiment and further results will 
be published later. The transition frequencies at zero 
field are as follows: 


For TI, 

Av = 2a;= 524 060 100+ 200 sec"; 
for T]*5, 

Ave= 2a2= 530 076 600+ 200 sec. 


The moment ratio measured by the nuclear magnetic 
resonance technique® is u1/u2=0.990258--0.000001. 
From these values the isotopic hyperfine structure 
anomaly in the 6 ?P, level is found to be 


Ay= (axs2/aau1)— 1= —0.001626-+0.000002. 


The hyperfine anomaly in TI is largely due to the 
Breit-Rosenthal effect'*-* wherein the electron wave 
functions are altered differentially for the two isotopes 
from those characteristic of a point nucleus because of 
the finite nuclear charge distributions. A smaller con- 
tribution to the anomaly (Bohr-Weisskopf effect’) 
occurs because of a differential distribution of the 
nuclear magnetization in a finite volume for the two 
isotopes. Schwartz® has shown that an accurate calcula- 
tion of these effects for gallium in the 4s°4p?P; term 
requires inclusion of the perturbation by the 4545s 
configuration. In the present case the effect of the ad- 
mixture of the 6s6p7s configuration into the nominal 
6s°6p?P, level is even more striking. In fact, the 
anomaly in the ?P; level is almost entirely due to the 
admixed s-electron wave function since the electron 
density of a pure *P, state is very nearly zero at the 
nucleus. The quantity b, proportional to the effective 
electron density at the nucleus and on which both the 
B-R and B-W contributions to the hfs anomaly depend 
linearly, may be written® in the form 


b;(eff) = (1—B;)bpj;+8;b., 


where 63= (1—50a;/a;)/(1+50) and 8y= — (a;/a4)p; are 
the respective fractional s-admixtures to the *P; levels. 
Taking into consideration shielding of the p-electron 
from the nucleus, Schwartz® has calculated for T] that 
b,/b,4= 3.39 and that 50= a;/a, (theoretical relativistic 
value for p-electrons only)= 12.08. Experimentally'“ 
| a,/a;| = 80.5, but it is here assumed that the upper hfs 
is normal and that the ratio is positive. Since b,3~0, 
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one obtains 
by (eff) = 1.15555), 
by (eff) = — 17.740,,, 
and 
by/by= — 15.36. 


This is in excellent agreement with the experimental 
ratio': 


Ay —0.001626-+0.000002 
A; 0.000105-0.0000015 


= —15.49+0.26. 





These results indicate that the assumption that a, is 
positive is probably correct, but a further experimental 
check on this point would be desirable. 

I gratefully acknowledge my debt to Professor P. 
Kusch for his stimulating suggestions and his active 
cooperation in some aspects of this work. Also, the 
experience which Professor I. I. Rabi, Dr. M. Perl, and 
Mr. B. Senitzky have gained in their work on the 
optically excited states of the alkali atoms has been 
generously shared with me. 

¢ This work was supported in part by the Office of Naval 
Research. 
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Spurious Solutions of a Bethe-Salpeter 
Equation 


D. A. GEFFEN, Oak Ridge National Laboratory, 
Oak Ridge, Tennessee 


AND 
F. L. Scarr, Laboratory for Insulation Research, Massachusetts 


Institute of Technology, Cambridge, Massachusetts 
(Received January 16, 1956) 


N a recent publication! the one-dimensional eigen- 

value problem associated with Wick’s Bethe- 
Salpeter equation? was investigated in the limit of zero 
binding energy. In this problem the coupling constant, 
A, represents the eigenvalue and the total energy, 
n (n= E/2M), is a parameter. It was shown that the 
eigenfunctions are those solutions of Heun’s equation 
possessing certain regularity properties and frequently 
known as Heun’s functions. In the limit of zero binding 
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energy (n=1), the determination of the spectrum is 
complicated by the fact that this limit represents a 
confluence of singularities; all nodes of the eigen- 
functions shrink to the origin and the eigenfunction 
cannot be represented as a convergent power series 
around the origin beyond z=(1—y*)!/y. Since the 
nonrelativistic applications involve 4 very near one 
[for the hydrogen atom ground state, 1—7=0(10-*) ], 
this region is important. 

In an attempt to obtain the eigenvalue spectrum in 
the limit of zero binding energy, an expansion of 
Heun’s functions in terms of hypergeometric functions 
was used in reference 1 [Eq. (19) ]. A further examina- 
tion of the derivation of this expansion has revealed 
that this series was used incorrectly. The series pre- 
sented, while a solution of Heun’s equation, does not 
represent a Heun function in general. A correct ex- 
pansion of this type for the eigenfunctions is of the 
following form (for »=1): 


gre(2)= (1—2") x C.Qen) 21-2) 


1 5 
XsPi( 145, —+55—425; 901-2) ), (1) 


where the A, are the roots of a certain transcendental 
equation. This series does not simplify for z=0 as Eq. 
(19) did, so that the proof that g,(0) (« even) is non- 
vanishing for all », including n=1, breaks down. In 
particular, the series expansion (1) is no longer valid 
for »=1 so that it is not clear that the limit of gp, .(z) 
for 7=1 has meaning. While it is true that if one as- 
sumes that this limit is meaningful only the \=0 eigen- 
values satisfy the integral equation for 7=1, the proof 
that all A, + 0 as n> 1 is invalid. 

Further investigations have been made. The poten- 
tia] term, Q(x), in the equivalent Schrédinger equation 
has been examined in more detail. It has been found 
that Q(x) is much closer to the inverted wine bottle 
shape necessary to obtain A,—> }, x>0 than had been 
anticipated in reference 1. While it is not possible to 
determine the , as 7— 1 in a rigorous manner from 
this argument, Wick’s results would seem to follow as 
a natural consequence of the shape of Q(x). It appears 
from this study that the x>0 solutions would be 
somewhat less stable against perturbations than x=0 
levels. 

By an application of Sturm’s comparison theorems, 
upper and lower bounds for the A, for 1—7 finite can be 
obtained by the solution of a continuous eigenvalue 
problem very similar to Wick’s approximation pro- 
cedure. This leads to essentially Wick’s results as 
n—1. The basic assumption used in applying the 
comparison theorems is that the nodes of the solutions 
are well behaved. This should be so as long as n+ 1, but 
we observe that all nodes also shrink to the origin in 
the comparison problem as 7 — 1. 
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Finally, it is interesting to note that an exact nu- 
merical calculation of \, for y7~1 (by solving the trans- 
cendental equation defining \,) would be completely 
unfeasible even if a high-speed digital computer were 
used. It has been estimated that in evaluating the con- 
tinued fraction which appears in this equation for ),, 
one would have to perform roughly (1—7n*)~} divisions 
before the fraction would begin to converge. 

It seems clear that for 1—7 small but finite, the «>0 
eigenvalues will occur in the region AS} (A=} corre- 
sponds to two charged scalar particles with Z= 10.3), 
and thus for interactions stronger than this, there will 
be an overcomplete set of three-dimensional wave func- 
tions. Most likely the additional orthogonality condi- 
tion proposed in reference 1 [Eq. (64) ] will yield addi- 
tional information in these cases. It still remains to be 
seen whether the spurious set of solutions is peculiar 
to this particular equation or foreshadows similar 
occurrences for cases of strong interactions with non- 
zero rest mass quanta and with interactions more 
exact than the ladder approximation. 

Some of these results will be presented more com- 
pletely in a subsequent paper by one of the authors. 
We wish to thank Dr. T. A. Welton of Oak Ridge 
National Laboratory and Professor H. Feshbach and 
Professor F. Villars of the Massachusetts Institute of 
Technology for interesting and helpful discussions. 


1F. L. Scarf, Phys. Rev. 100, 912 (1955). 
2G. C. Wick, Phys. Rev. 96, 1124 (1954). 


Spectrum of a Bethe-Salpeter Equation 


R. E. Curxosxy anp G. C. Wick 
Department of Physics, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania 
(Received January 19, 1956) 


E have shown! that a particular type of Bethe- 

Salpeter equation can be reduced exactly to a 
one-dimensional eigenvalue problem. In order to discuss 
the behavior of the solutions in the nonrelativistic 
limit, we have employed an approximation method 
concerning which some serious doubts have been ex- 
pressed.? We believe, however, that our procedure is 
fundamentally correct. 

In support of this belief, we shall prove here the 
incorrectness of the assertion? that, contrary to our re- 
sults, all eigenvalues \ tend to zero in the limit of zero 
binding energy (n?— 1). Consider for simplicity the 
solutions with principal quantum number n=1; they 
are obtained from the eigenvalue problem 


g’+dv(z)g=0; —1<z<1, 
o(z)= (1-2) "(1-2)"; g(+1)=0. 


With the exception of the two lowest eigenvalues, for 


(1) 
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which g(z) has, respectively, no zeros in the interval 
—1<z<-+1, ora single zero at z=0, every solution‘ of 
(1) must have a zero in the interval 0<z<1. Let then 
g(z) be a solution of the equation, such that 


&(20)=g(+1)=0, O0<2<1. (2) 


We will show that if \<}, Eq. (2) is impossible. There 
is a well-known comparison theorem which states that, 
if there is a solution with the properties (2), then the 
equation 

go +V (z)g=0, (3) 
where 

V(z)>Av(z)>0 (4) 


has a solution such that 
g(+1)=0; g(z)=0, (5) 
where 2 <z1<+1. We choose 
V (s)=[422(1-—2) 
By means of a change of variable 
2=(1—x)!, g=(i—x)'xf(x), 


(3) reduces to the hypergeometric equation 


df df 15 
«(1—x)—+ (2—3x)——-—/f=0. (8) 
dx? dx 16 


It can be seen that the conditions (5) now reduce to 
f{(0)=finite; f(x)=0 (9) 


where x; is positive and <1. Any solution of (8) 
which is finite at x=0 is a multiple of the Gauss hyper- 
geometric function® 


F(5/4,3/4,2; x). 


This, however, is obviously positive in the whole inter- 
val 0<«<1, and thus (9) is impossible. 


1G. C. Wick, Phys. Rev. 96, 1124 (1954); R. E. Cutkosky, 
Phys. Rev. 96, 1135 (1954). 

2F. L. Scarf, Phys. Rev. 100, 912 (1955). 

3 We understand that Dr. Scarf is now in essential agreement 
with us; see preceding Letter by D. A. Geffen and F. L. Scarf 
[Phys. Rev. 101, 1829 (1956) ]. We are indebted to these authors 
for advance communication of their paper. 

4 Notice that eigensolutions of (1) must be either even or odd 
functions of z. 

5 Compare Eq. (64) of the first paper of reference 1. 


Nuclear Moments of Hf’ and Hf'”*} 


D. R. Speck AND F. A. JENKINS 
Department of Physics, University of California, Berkeley, California 
(Received January 26, 1956) 


HE only previous estimate of the spins of the 
odd-neutron hafnium isotopes was made many 
years ago in a brief note by Rasmussen.’ From the 
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number of observed hyperfine structure components in 
the Hf 1 spectrum he concluded that the spins were 1/2 
or at most 3/2. Various types of evidence that are 
incompatible with such low values have recently 
appeared.?~ A reinvestigation of the hyperfine structure 
using enriched isotopes therefore seemed indicated. 
Under the high resolution afforded by multilayer 
coated Fabry-Perot etalons, both isotopes show flag 
patterns with as many as eight components. The over-all 


(a) 4621, He!?? 
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Fic. 1. Microphotometer traces of structure in Hf r lines. 


widths are greater for Hf!’ and the intensities are 
degraded in opposite directions, so that the magnetic 
moments must have opposite signs. Using a classifica- 
tion of the lines made by Meggers® we find that the 
observed structures can only be interpreted by assign- 
ing J=7/2 to Hf!” and J=9/2 to Hf”. Figure 1 shows 
two patterns, (a) for \ 4620.87 (a°F,—2z'F;°) of Hf!” 
and (b) for \ 4438.03 (aPy»—2S,°) of Hf!”. In the 
former case, all eight components are resolved, thanks 
to the influence of a considerable quadrupole moment 
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which distorts the pattern in such a way as to render the 
spacing nearly uniform. In the latter, the intensities 
and separations are approximately those expected for 
I=9/2, but because of disturbing lines and the inter- 
mediate coupling they could not be relied upon for a 
quantitative result. Instead, we have used a method 
of finding which value of J gives the best fit to the 
second-degree hfs equation® for the resolved compo- 
nents in each of two lines of high J value (4621 and 
5453 A). The result is unambiguous, and is confirmed by 
the fact that only for J=9/2 does the ratio of the 
quadratic coefficients for the two isotopes have the 
same value for the two lines. This ratio is equal to the 
ratio of the quadrupole moments of the two isotopes. 
Its mean value was found to be Q(177)/Q(179)=0.99 
+0.02. 

From the coefficients of the linear term in the above 
solutions, the ratio of the magnetic moments is found 
to be u(177)/u(179)= —1.276+0.008. The difference in 
sign is not surprising in view of the different spins. 
Calculations of the magnitudes of the magnetic and 
quadrupole moments are under way, and the results 
will be reported in the complete description of this 
work to be published elsewhere. 

We wish to acknowledge the assistance rendered by 
Dr. W. F. Meggers in making available his term analy- 
sis in advance of publication. We are also indebted to 
Dr. G. M. Temmer and Dr. C. D. Jeffries for helpful dis- 
cussions, and to the latter for the loan of the separated 
isotopes, which were obtained from the Stable Isotopes 
Division of the Oak Ridge National Laboratory. 

_ t This research was supported by the National Science Founda- 
mre. Rasmussen, Naturwiss. 23, 69 (1935). 

2.N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
_ and T. Wiedling, Phil. Mag. 46, 1139 (1955). 

4B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

5 W. F. Meggers (private communication). 


*H. Kopfermann, Kernmomente (Akademische Verlagsgesell- 
schaft M. B. H., Leipzig, 1940), p. 64, Eq. (12.4). 


Optical Model of Nucleus with 
Absorbing Surface* 


F. E. Byorxiunp, S. FERNBACH, AND N. SHERMAN 
University of California Radiation Laboratory, 
Livermore, California 
(Received January 30, 1956) 


REVIOUS optical-model calculations using square 
wells or almost square wells' have reproduced quali- 
tatively the angular distribution of elastically scattered 
14-Mev neutrons. Attempts to fit the 14-Mev data with 
tailed wells which fit the 17-Mev proton data so well? 
failed except for the very light elements.’ For the 
heavy elements the cross sections in the region ~90° 
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(lab angle) dropped off considerably. Other potential 
wells were then tried in order to bring the cross sections 
into better agreement with the experimental data. 
Taking the Pauli principle into account, one is in- 
clined to think of nonelastic events as taking place at 
the surface of the nucleus, at least for low-energy nu- 





U+ 40,3, V0 (R<Rj) 
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Fic. 1. Potential wells for the theoretical calculations. 


clear events. For this reason a Gaussian-type well was 
used for the imaginary part of the potential and the 
usual tailed well for the real part. These wells are 
indicated in Fig. 1. The real part is given approximately 
by 

U=U)/[itexp(R—R»)/a], 


where Up=40.3 Mev, Ro=(1.2A!+0.64)X10-" cm, 
and a=0.6X 10-" cm, and the imaginary part by 
V=Vo expl— (R—Ro)*/8*], 


where Vo>=8 Mev, b=0.978, and Rp is as defined above. 
An exact phase-shift analysis using these wells was 
carried out for 14.6-Mev neutrons incident on Mg, Ca, 


TaBLeE I. Theoretical cross sections for elastic and nonelastic 
scattering of 14.6-Mev neutrons (in barns). 








Ca Cd 


0.88 3.1 
1.23 1.9 











Cd, and Bi, these being the only elements for which 
experimental data‘ were available over a range of 140°. 
The results obtained are extremely sensitive to the 
changes in Uo, Ro, b, and the position of the center of 
the Gaussian. The results of these calculations appear 
in Fig. 2. The total cross sections for elastic and non- 
elastic scattering appear in Table I. 

It is possible to improve this fit somewhat by making 
the Gaussian wider as one goes to lighter elements. In 
the case of magnesium, a better fit is actually obtained 
by using the same shape for the imaginary part of the 
potential as for the real part. The width of the Gaussian 
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Fic. 2. The angular distributions for magnesium, calcium, 
cadmium, and bismuth—experimental and computed. 


should also narrow as one decreases in incident neutron 
energy. Preliminary results obtained for 4.1-Mev neu- 
trons show this to be the case. 

Further calculations are in progress in the low-energy 
region. The same wells will be used in an attempt to fit 
the proton data presently available. 


* Work performed under the auspices of the U. S. Atomic En- 
ergy Commission. 

1 Culler, Fernbach, and Sherman, Phys. Rev. 101, 1047 (1956). 

2 Melkanoff, Nodvik, Saxon, and Woods, University of Cali- 
fornia at Los Angeles, Department of Physics, Technical Report 
No. 7-12-55, 1955 (unpublished). 

3D. Saxon, private communication, as well as independent 
calculations performed at University of California Radiation 
Laboratory. 

4W. Cross, Chalk River, Canada (private communication). 
These data were not corrected for multiple scattering and angular 
resolution. 


Possible Origin of 1-s Forces in Nuclei* 


Davip H. Friscu 
Department of Physics and Laboratory of Nuclear Science, Massa- 
chusetts Institute of Technology, Cambridge, Massachusetts 
(Received January 23, 1956) 


N a quantitative meson theory of nuclear forces, 
the I-s interaction between a nucleon’s spin and 
orbital motion in a nucleus would be calculated in 
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terms of all the interactions of both the core and meson 
cloud of this nucleon with all other nucleon cores and 
mesons in the nucleus. The following is a poor substi- 
tute, in which the I-s interaction is estimated from the 
average interaction of this whole nucleon with all the 
other mesons only. 

A proton (or neutron) moving in a nucleus feels a 
meson wind in passing by the mesons from the other 
nucleons. If the proton has orbital angular momentum, 
from its standpoint the mesons appear to circulate 
around it, and if l and s are parallel the circulation is in 
a sense such as to form the J/=3/2 state of the pion- 
proton system. If, on the other hand, I and s are anti- 
parallel, the sense of rotation corresponds to the J/= 1/2 
excited state of the pion-proton system. Now the 
T=3/2 part of the J=3/2 state appears from meson- 
nucleon experiments to have an exceptionally attractive 
force field compared with the T= 1/2, J=3/2 state or 
with the J/=1/2 states, i.e., 


T=3/2, J=3/2 attractive, 

T=1/2, J=3/2 not so attractive, 
T= 3/2, J=1/2 not so attractive, 
T=1/2, J=1/2 not so attractive. 


Thus the coefficient c of the interaction energy cl-s 
should be negative, as observed. 

An estimate of the magnitude of c is based on the 
following: (1) The density of mesons from other 
nucleons (added incoherently), relative to its own, is 
(r;/ro)®, where r;~0.8X 10-" cm is a guess at the aver- 
age effective interaction distance from the center of 
the proton, and r>=1.2X10-* cm is defined as usual 
by R=rA!. (2) The interaction energy is taken pro- 
portional to the velocity of meson circulation at 7;, so 
that the ratio of the interaction energy of the mesons 
from other nucleons to that from one of its own mesons 
at r; is (r;/roA). (3) The interaction energy for one 
meson in the 7=3/2, J=3/2 state must be at least of 
the order of the energy of the resonance in pion-proton 
scattering, ~200 Mev. We will take the interaction 
energy as ~400 Mev, per meson with I=1 at r;. We 
must also multiply by the difference between the proba- 
bilities of being in the T=3/2, S=3/2 state when I-s 
is positive and when it is negative. (‘The other states 
are disregarded.) In the classical limit where the 
Clebsch-Gordan coefficients are either 1 or 0, the sta- 
tistical factor is roughly 1/2, because the T= 3/2 state 
for a proton can be formed only with the * mesons 
from other protons rather than from all the other 
nucleons. Likewise neutrons interact only with the 
mesons from neutrons and, assuming charge symmetry, 
one might thus expect the I-s interaction to be slightly 
larger for neutrons than for protons in heavy nuclei. 

The result is c~—(0.8/1.2)*(0.8/1.2A)(400X $4), 
which for example for A~100 is ~8 Mev instead of 
the “observed” 1 Mev.' But this crude estimate may 
be useful in indicating that the volume dilution of 
mesons and their low angular velocity around the 
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nucleon may reduce by a factor of the order of 100 the 
spin-orbit splitting of the free meson-nucleon system, 
to give something like the observed I-s splitting for a 
nucleon circulating in nuclear matter. 

Dr. Drell, Dr. Wattenberg, and Dr. Weisskopf are 
thanked for helpful discussions. 

* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 


1See, for example, S. G. Nilsson, Kgl. Danske Videnskab, 
Selskab, Mat.-fys. Medd. 29, No. 16, 18 (1955). 


Further Evidence on the Nature of the 
Neutral Particles in the Decay 
Scheme of K,;7 


T. F. Hoanc,* M. F. Kapton, anp G. YEKuTIEttt 
Department of Physics, University of Rochester, 
Rochester, New York 
(Received January 30, 1956) 


ECENTLY it was shown in this laboratory' that 

the K,s+ decays via the scheme: K,3+— ut 

+7°+X°. X° represents a neutral particle with mass 

less than 217 Mev. This neutral particle could be 

either a m°, y ray, or neutrino. In this paper we report 

the analysis of a new case of K,3; decay and show that 
the neutral particle, X°, is massless. 


Fic. 1. The decay of a K* meson into a light secondary and an 
electron pair. The event is interpreted as Ky3+ — p*++2°+X° > 
uttet+e-+y+X°; Mx®<75 Mev. 


In a systematic scanning for stopped K* particles 
in a nuclear emulsion stack exposed to the K+ beam of 
the Cosmotron the following event was found. From 
the end point of a stopped K* meson, a light (near 
minimum) secondary and an electron-positron pair are 
ejected (see Fig. 1); the electron pair makes an angle 
of 146.5° to the light secondary. The mass of the K+ 
particles was found to be 960+50m, by range vs 
momentum measurements. 

We can immediately rule out the possibility of a 
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Ky decay or the alternative decay mode of a 7 meson. 
The K,2 decay is rejected since its decay is known not 
to involve y rays,? and the low ionization of the charged 
secondary rules out the alternative r decay. Next we 
prove by two independent arguments that it is not a 
K,2 decay. If we observe the decay of a Kygt—> xt 
+n — x*++2e+7, an electron pair ejected at an angle 
of 146.5° to the light particle should have an energy of 
122 Mev. The observed electron pair consists of a slow 
and a fast electron of 542 and 60415 Mev, respec- 
tively. (The energy was measured by multiple scatter- 
ing.) The upper limit for the pair energy is 82 Mev, 
which rules out the possibility of a K x2 decay. 

Measurements of ionization and multiple scattering 
on the light secondary support this conclusion. The 
normalized blob densities* at 0.9, 4.9, and 19.8 mm 
from emission are 1.02+0.06, 1.04+0.04, and 1.08 
+0.03, respectively, with an average of 1.06+0.02. 
The normalized blob densities of secondaries from Ky2 
and K,2 measured in the same emulsion stack are 
0.995+0.03 and 1.13+0.03, respectively, at emission. 
Thus, on the basis of ionization alone, we show that 
the light secondary is not a u from K,» decay, a x from 
K,2 decay, or an electron from K,3 decay since an elec- 
tron in these plates has a normalized blob density of 
1.03; in terms of the known decay schemes of K* par- 
ticles, the observed event is therefore a K,3. In addi- 
tion, a » meson with a normalized blob density of 
1.06+0.02 should have a value of p8c=166+11 Mev; 
the measured 8c is 153210 Mev which further sup- 
ports the conclusion that the secondary is a yw meson. 
We conclude that the observed light particle is a p 
meson of 110+10-Mev kinetic energy at 1 cm from the 
point of emission. 

Following the argument of reference 1, we can show 
that if the observed decay is assumed to be Kys+ — yt 
+2e+Y°, the mass of the neutral particle Y° satisfies 
170 Mev<My*<224 Mev. As there is no observed 
neutral particle of this mass and if we do not wish to in- 
vent a new interaction, we are led to the following decay 
scheme: K,3+—> ut+-2°+ X° > wt+2e+7+X°. If the 
unknown neutral particle is a °, the kinetic energy of 
the ~ meson cannot exceed 79 Mev. This corresponds 
to a normalized blob density of 1.15 at emission. The 
observed light secondary has at emission a normalized 
blob density of 1.02+0.06 and a kinetic energy of 
117+10 Mev, and we thus exclude the possibility that 
the missing neutral particle X° is a x° meson. Further- 
more, we can put an upper limit of 75 Mev on the mass 
of the unknown particle X° in the decay scheme 
Kys* — wt++2°+X°; this will in addition rule out the 
possibility of X° being a yu° (if such exists). We thus 
conclude that the unknown neutral particle is either a 
photon or a neutrino and the observed decay scheme is 
either Ky3t—> uwt+y+7° or K,y3t— wt+v+7°. How- 
ever, if we assume that all K particles are bosons the 
latter decay scheme is appropriate. 

We wish to express our appreciation to the staff of 
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the Cosmotron laboratory, particularly to Dr. G. Collins 
and Dr. R. Adair for their cooperation in obtaining the 
exposure. We are particularly grateful to Dr. G. Harris 
of Columbia University for his assistance both pre- 
liminary to, and during the actual exposure and to 
Dr. J. Blum for his assistance in the technical prepara- 
tion and processing of the emulsion stack. 


t This research was supported in part by the U. S. Atomic 
Energy Commission and the Office of Scientific Research of the 
Air Research and Development Command, U. S. Air Force. 

*On leave from Laboratoire Leprince-Ringuet, Ecole Poly- 
technique, Paris. 

‘ t - leave from the Weizmann Institute of Science, Rehovoth, 
srael. 

? Yekutieli, Kaplon, and Hoang, Phys. Rev. 101, 506 (1956). 

_? The possibility that we observe an internally converted radia- 
tive decay mode of Kyat — ut+2e+-» is ruled out in the fifth 
paragraph by the fact that the missing mass is finite. 

’ The blob density is normalized to that of 1.5-Bev x~ mesons. 


Errata 








Possibility of a Zener Effect, GreEGorY H. 
WannterR [Phys. Rev. 100, 1227 (1955) ]. Additional 
study of the problem treated reveals that the specula- 
tion following the formal development of band functions 
is not correct. To justify the speculation, one must be 
able, for sufficiently small, but nonvanishing electric 
field, to construct Bloch type functions 6,(x; k) which 
are derived from the equation stated and which are 
periodic and continuous in k, with continuous deriva- 
tive (since the operator 0/dk enters in the defining 
equation). One verifies immediately that the free- 
electron wave functions e‘** are not of this type: as 
written they are not periodic in the reciprocal lattice, 
and if periodicity is artificially imposed the derivative 
with respect to k acquires discontinuities. We have 
been able to prove that this same situation prevails for 
the Bloch bands due to a periodic potential when a 
uniform electric field is superimposed, however small. 
Either one must assume that the periodicity in k is 
lost, or else one finds that the derivative with respect 
to k ceases to be continuous. It follows from this that 
W_(x,t;k) is actually modified after traversing in time 
a quasi-period of k, and that, hence, the Zener effect 
exists. It is not yet known whether a quantitative 
evaluation of his proof yields agreement with his 
formula. 


Nonelastic Scattering Cross Sections for Fast 
Neutrons, H. L. TayLor, O. L6nsj6, anp T. W. 
BonNER [Phys. Rev. 100, 174 (1955) ]. The value of 
To given at the bottom of the second column of page 
177 as “To=e-%**” was incorrect and should read 
“Ty=e-Netr, where oy, is the transport cross section.” 
All computations were made using the correct expres- 
sion for 7». 


1835 


Polarization Effects of the Brightness Waves of 
Electroluminescence, FRANK Marossi [ Phys. Rev. 
98, 434 (1955) ]. Equation (7) should be replaced by 


i=: $eLexp(— AiNi)—exp(— Ami) | 
+36Lexp(—Amt)—1]. 
From this it follows that 
bm= (1/A ym) In[ (m/N)(1—B/e) ]. 


The last term of C’ of Eq. (15) should read 
—a(b—g)(kb—gd) instead of —ak(b—g)*. From this 
there follows a new Eq. (3): 

| a 4u°A Pm'+-w?m?[ 160+ A (A 2—A1)?N2m? | 
= eee 


[16c*-+-4w°A 2m?+ A 2A 2N2m? P 
q/p=[4w—A1(A2—A1)Nm]/2wA mm, 





with appropriate changes in Eqs. (4a), (5), and (6). 
We note only that 


wo=3[(A2—A1)AiNm }}; 
mae 1.25A 1(Nm)* for A\=Az. 


The general conclusions of the paper are not affected 
by these corrections. 

Recently, Steinberger ef al! have disputed the 
validity of the proposed theory on the grounds that it 
leads, for ac fields, to a ripple pattern with two peaks 
per period of the field while in some important cases 
only one peak is observed. But the appearance of two 
peaks is not a necessary consequence of the general 
theory. It depends on the special form ¢ cos*w/ of the 
additional terms of Eq. (2). This form was chosen just 
for the fact that it accounts for the then only observed 
double periodicity of the ripple pattern. Any other 
function f(t) instead of cos*’w/ could have been used, 
which would give the desired result about the ripple 
pattern without altering the principle of the theoretical 
approach and the general conclusions. Of course, the 
specific formulas, for instance the dependence of o on 
w, would be changed. 


! Steinberger, Low, and Alexander, Phys. Rev. 99, 1217 (1955). 


Masses of Light Nuclei, |. E. Dkummonp [ Phys. 
Rev. 97, 1004 (1955) ]. The error in the ratio of the 
three sulfur masses given by Geschwind and Gunther- 
Mohr (reference 2) was incorrectly quoted by the 
author. The value (S*®—S$*)/(S*—S*)=0.500714 
+0.000003 should have read 0.500714+0.000030. This 
is confirmed in a later full report.’ 


1 Geschwind, Gunther-Mohr, and Townes, Revs. Modern Phys. 
26, 444 (1954). 


Perturbation Calculation of the Elastic Scattering 
of Electrons by Hydrogen Atoms, SIDNEY BoROWITz 
[Phys. Rev. 96, 1523 (1954) ]. There are several errors 
appearing in the subject paper. In the following dis- 
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cussion, all equation numbers pertain to this paper. 
Equations (2.3) and (2.5) should be replaced by 


V=[(1/r1)— (1/riz) J, 
V=—1/nie, 


(2.3) 
(2.5) 


and consequently all subsequent equations for fo, and 
Zoe Should be multiplied by a factor of }. In (4.2) and 
(4.3), the minus sign should be omitted; the same 
follows for all subsequent equations for go,. Equation 
(4.20) should be replaced by 


1 (n+s—1)! 
AvAy-A, ~ G= Mi 








%1°O (41+ +++ +4,—1)dx-- dx, 
<f | 


(4.20) 
(Ayert +++ +A nt)" 


If (4.20) is correctly applied to the calculation of go., 
it is found that the term in 1/k* vanishes and that the 
leading order terms are of order 1/k*. Equations (4.37) 
and (4.38) therefore should be replaced by 


go.=2i/k5u when u>I, (4.37) 


and 
£0e= 2/k* p=0. (4.38) 
In addition, (4.40) and (4.41) should be replaced by 
S0a= (—2/k*)(8—1/y*), (4.40) 
Soa=2/k’, p=0. (4.41) 


when 


ku>1; 


The general conclusions of the paper hold since the 
energy dependence of the exchange scattered ampli- 
tudes in all but the forward direction still differs from 
the results when the plane waves are used. We wish to 
thank Dr. Milton M. Klein for calling our attention to 
this discrepancy. 





ERRATA 


Influence of Atomic Electrons on Radiation and 
Pair Production, JoHN A. WHEELER AND WILLIs E. 
Lams, Jr. [Phys. Rev. 55, 858 (1939)]. Several kind 
friends have brought to our notice that the scale in 


1.0 1.5 


Fic. 1. Screening factors for inelastic pair production and 
radiative processes. The two points marked WN give the factors yr 
and y as calculated for nitrogen from atomic wave functions. For 
free electrons yi=y2=y. 


Fig. 1 was mistakenly labeled. Consequently, we 
show the curves with corrected scale. 
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cussion, all equation numbers pertain to this paper. 
Equations (2.3) and (2.5) should be replaced by 

V=[(1/r1)—(1/ri2)], (2.3) 

= —1/riz, (2.5) 


and consequently all subsequent equations for fo, and 
gos Should be multiplied by a factor of 3. In (4.2) and 
(4.3), the minus sign should be omitted; the same 
follows for all subsequent equations for go,. Equation 
(4.20) should be replaced by 


1 (n-+s—1)! 
At'Ay:*+A,  (s—1)! 








%1°S (41+ +++ +-4%,—1)dx---dx, 
x f . (4.20) 


(A 141+ — +A ad 


If (4.20) is correctly applied to the calculation of go., 
it is found that the term in 1/4 vanishes and that the 
leading order terms are of order 1/k*. Equations (4.37) 
and (4.38) therefore should be replaced by 


Zoe= 2t/k5s when kyu>1, (4.37) 
and 


(4.38) 

In addition, (4.40) and (4.41) should be replaced by 
S0a= (—2/k*)(8—1/n"*), (4.40) 
£oa= 2/k?, w=0. (4.41) 


The general conclusions of the paper hold since the 
energy dependence of the exchange scattered ampli- 
tudes in all but the forward direction still differs from 
the results when the plane waves are used. We wish to 
thank Dr. Milton M. Klein for calling our attention to 
this discrepancy. 


Zo=2/k? when p=0. 


Ru>1; 
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Fic. 1. Screening factors for inelastic pair production and 
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